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NOMENCLATURFE,

Aij = generalized hydrodynamic added mass coefficient
ajy = generalized ship mass coefficient
Bij = generalized hydrodynamic dampina coefficient
B = ship beam at midship
boyo = internal ship springing damping coefficient
Cij = generalized hydrostatic restoring coefficient
Coo = internal spring constant
(k)
Eo = amplitude of the kEE order springing excitation
e;(t) = Qﬁh generalized wave excitation periodic in time
(k)
ey (t) = KEE order of the qgeneralized springing excitation periodic in time
Fp = Froude number
fq = external force applied at Xoq
fa = external force applied at Xeey_
g = gravitational constant
H = total springing excitation transfer function
g (k) = kth order springing excitation transfer function
(k)
Hp = kth order springing response transfer function
hy = linear impluse response function
h, = guadratic impulse response function
I = mass moment of inertia of the model about midship
Ia = mass moment of inertia of the after part of the model abhout Xaq
Ip = mass moment of inertia of the forward part of the model abhout xcqp
Kg = model midship spring constant
k = wave number of the incident wave (=2w/))



z(t)

1]

ship length

magnitude of distance from midship to the center of gravity of the
after model section

magnitude of distance from midship to the center of qravitv of the
forward model section

mass of the model
mass of the after model section

mass of the forward model section

amplitude of the kth order midship bending moment

midship bending moment periodic in time

kth order midship bending moment periodic in time

the ith generalized coordinate

i = 0 : vertical rigid body motion
1 : rigid body rotation about the y axis
i = 2 : two noded body motion

one sided incident wave spectrum

one sided springing excitation spectrum

one sided midship bhending moment spectrum

ship speed

model speed

the longitudinal ship coordinate axis, positive towards the how

x coordinate of the center of gravity of the after model section
(= -2p)

x coordinate of the center of gravity of the forward model section
(= 2p)

transverse ship coordinate axis, positive to port
ith vertical mode shape

vertical ship coordinate axis, positive up

;EE phase angle of the qj(t) mode of motion

time dependent water surface elevation due to waves
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= damping ratio in springing

= incident wave amplitude

= midship deflection angle due to springing motion

= incident wave length

= rigid body heave amplitude

= rigid body pitch amplitude

= incident wave frequency as seen from a stationary observer
w1, wp = wave frequencies of encounter

= difference frequency (=wq - wj)

= sum frequency (=wq + wy)

= natural frequency of main hull girder
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Executive Summary

Under the joint sponsorship of the American Bureau of Shipping and the
Maritime Administration, a Research program investigating Great lakes spring-
ing was funded at the University of Michigan. The emphasis of the project was
placed on determining whether non-linear long wave springing excitation is
important. Based upon the model tests conducted in the Ship Hydrodynamic
Laboratory's towing tank and based upon the analytical work done, it is clear
that the methodology used to analyze ship springing must include both a linear

and a non-linear part.

Consider a bulk carrier operatinag on the Great Lakes. If it encounters
an incident wave of frequency w , then there will be a springing excitation
at w . This is the so-called "linear" excitation and will produce a linear
response in the form of a midship bending moment. The term linear implies
that if the incident wave heiqght is doubled, then the bending moment is also
doubled. Preliminary springing excitation and response experiments conducted
by Troesch (1980) have shown that there is also a siqnificant transfer of
energy from the fundamental) frequency of encounter, ® , to higher harmonics
such as 2w and, sometimes 3w . Should 2w or 3w equal w, , the natural
frequency of the hull, then there will be a substantial increase in the spring-

ing response, and, consequently, the midship bending moment.

The sea is not composed of a single wave component, but rather a complete
spectrum. The steepness of the water surface and the interaction of different
wave components introduce non-linearities. Wave components at one frequency
will interact with components at other fregquencies. The result will he waves
with frequencies w3~ w5 and wi+wy where w®{ and wy are the frequencies

of the first order wave components. The implication of this for ship spring-

-xiii-



ing is that, in addition to the long wave excitation resulting from 2w and

3w , there will also be long wave excitation from witwg .

This report describes how the non-linear behavior of Great Lakes ship
springing was investigated through model tests. Both the harmonic (wy, = 2wq)
and the sum freguency (wg = wq + wp) conditions were investigated. A de-
scription of the experimental equipment and data ccllection procedures is in-
cluded. An empirical form of the equation describing the non-linear springing
response is given and verification offered. The use of the model test results
in statistically evaluating the importance of the non-linear sprinagina is

shown through an example.

Based upon the results of this report, it is possible to draw the follow-

ing conclusions:

- The non-linear excitation and consequently the response to the non-
linear excitation are dependent upon ship speed, wave frequencv of

encounter, and wave height.

- The non-linear effects tend to be quadratic in wave amplitude. (The
distinction between linear and quadratic systems is the following: As
stated earlier, a linear system with an incident wave of encounter fre-
quency ® Wwill produce a response at that same frequency, and if the
wave heiqght is doubled, the response will also double., 1In a guadratic
system, an incident wave of encounter frequency w Wwill produce a re-
sponse at twice that frequency, or 2w . Of equal importance, however,
is that if the wave height is Adoubled the response at 2w will in-

crease by a factor of four.)

-xiv-



- For Great Lakes bulk carriers, particularly the "thousand footers,”
heave and pitch motions are considered to bhe small. However, hoth the
non-linear excitation and non-linear response are influenced hy the

magnitude of these relatively small motions.

In addition to the abhove conclusions, an example is given in the text
where the non-linear effects are included in estimating the area under the
springing spectrum. It is found that the non-linearities account for approxi-

mately 25% of the total area.

&






I. INTRODUCTION

Under the joint sponsorship of the American Bureau of Shippinag and the
Maritime Administration, a Research program investiaqating Great Iakes spring-
ing was funded at the University of Michigan. The emphasis of the preject was
placed on determining the answer to two questions: (1) Can a linear theory
predict springing response? and (2) Is non-linear lonag wave excitation impor-
tant? The unexpected answer to both is ves! Based upon the model tests con-
ducted in the Ship Hydrodynamic Taboratory's towinag tank and bhased upon the
analytical work done, it is clear that the methodology used to analyze ship

springing must include both a linear and a non-linear part.

Most current ship motions and wave loading programs use a linear theorv.
(An exception is the work described by Jensen and Pedersen (1981)). This im-
plies that any of the quantities of interest, i.e., the heave amplitude or
midship bending moment, are directly proportional to the incident wave heiqht.
Also implied is that the response has the same frequency as the encounter
frequency of the incident wave., Specifically omitted from the model is the
possibility that low frequency, long waves will excite high fregquency ship
springing. While the linear model has worked well in vast applications, the
work done here at the University demonstrates that it will only martially de-

scribe the sporinging excitation and response of the Great lakes ore carriers.

An analytical linear theory has been developed by Bishop and Price (1977)
and Maeda (1980). Parts of this linear model have been validated hy towing
tank experiments; see, for example Troesch (1980). Mne of the theory's defi-
ciencies, however, is its inability to accurately predict a springing damping
coefficient. While damping prediction is an important problem, this report

will address another aspect of ship springing. TIf all the waves on the Great



Lakes were short, then a linear theorv, with perhaps an empirical damping
coefficient, would be sufficient. This has heen demonstrated with the short
wave experiments described by Troesch (1980)., However, an ore carrier will
encounter long waves in addition to short waves. Preliminary springing exci-
tation and response experiments conducted by Troesch (1980) have shown that
there could be a significant transfer of enerqgy from the fundamental freqguency
of encounter to higher harmonics. If the incident wave elevation was given as
z(t) , where

z{t) = n cos (wt) ,
then there was a measurable springing excitation at 2w and, sometimes 3w .
Here w 1is the encounter freaquency and n 1is the incident wave amplitude.
Should 2w or k3w equal w, , the natural frequency of the hull, there will

be a substantial increase in the springing response.

The sea is not composed of a single wave component, but rather a complete
spectrum. The steepness of the water surface and the interaction of different
wave components introduce non-linearities. If we wish to describe the non-
linear behavior of water waves, there are a numher of approaches available.
For example, if a perturbation technique is used, wave components at one fre-
quency will interact with components at other freaquencies. The result will he
waves with frequencies w3 =W and  wy + wg s where w3y and wj are the fre-
guencies of the first order wave components. A good description of this
theory is given by Lonquet-Hiqgins (1963). The implication of this for ship
springing is that, in addition to the long wave excitation resulting from 2w
and 3w , there will also be long wave excitation from wy + Wy This is

shown schematically in Figure 1.



2w1=w0

Wave Spectrum

Springing

E 4 - =
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|
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i 1 Jj 0 o}
Figure 1: Linear and Non-Linear Transfer of Fnerqgy

In Fiqure 1, the spectra of the incident waves and the resulting spring-
ing response are indicated. The hull has a natural frequency of ws - The

response at w5 is the result of the following sources of excitation:

i) Waves with an encounter frequency of Wy « (This 1is the 1linear
case., We are able to estimate this excitation usina the theory

developed by Bishop and Price (1977) or Maeda (1979)).

ii) Waves with an encounter frequency of wy , where 27 = Wo « (This

is the non-linear excitation due tn harmonics of long waves).

iii) Waves with encounter frequencies of wy and w5 where

w1 + wy = wo « (This is also a non-linear excitation caused by

the interaction of two different wave components).

A recent attempt to analyze the transfer of enerqy from low frequencies
to high frequencies is described in articles by J. Jensen and P.T. Pedersen

(1978) and (1981). 1In those articles the authors calculate the wave-induced



bending moments in ships by a quadratic theory. There are a number of AdAiffi-
culties associated with their theory, however, one heing the improper handling
of the free surface condition. This problem, though, only effects their abil-
ity to predict the magnitude of the non-linear bending moment. In principle,
their procedure is correct. Specifically, they give the total hendina moment
response as follows:

m(x,t) = m(1)(x,t) + m(2)(x,t) + eee
where m(1)(x,t) is the linear moment due to wave excitation as previously
described in case i) and m(z)(x,t) is the non-linear moment due to wave
excitation described hy ii) and iii). While it is extremely difficult to
analytically estimate m(z)(x,t) , it should be possible to determine its

value experimentally.

Jensen and Pedersen (1981) also show how a spectral density function of
the bending moment can be calculated if the spectrum of the incident wave is
known and if the bhending moment response amplitude operator (RAO) is given or
can be determined. The RAO is the hending moment Aue to waves of unit height
and may include the effects due to non-linearities. The bending moment spec-

trum would then include both linear and non-linear parts.

This report will describe how the non-linear behavior of Great lakes ship
springing was investigated through model tests. Both the harmonic (wg = 2wq)
and the sum frequency (w5 = wq + wp) conditions were investigated. A de-
scription of the experimental equipment and data collection procedures is in-
cluded. &An empirical form of the equation describing the non-linear springing
response is given and verification offered. The use of the model test results
in statistically evaluating the importance of the non-linear springing is shown

in an example.



II. INSTRUMENTATION AND EQUIPMENT

The fiberglass model used in the experiments described by Troesch (1980)
was used again for the non-linear experiments described in this report. A
description of the model and test apparatus will he included here for com-

pleteness.

A 15 foot fiberglass model of the S.J. Cort was constructed for the ear-
lier project. 1In a manner similar to that described by Hoffman and van Hooff
(1976), the model was made in two halves connected by a spring at midships.
See Table I for the model characteristics and Fiqure 2 for the body plan. See

Figure 3 for a description of the quantities measured.

£
1
~—
—— . "A e o o !'F ——p—t
Figure 3: Schematic of Model for Springing Experiments
In Fiqure 3, f4, and fa are external forces, M, 1is the midship
bending moment, Lp = ~Xcq where Xoq is the x coordinate of the center
A A

of gravity of the after part of the model and L = Xeq where Xeq is the
F P

x coordinate of the center of qravity of the forward part of the model.

The model has three deqgrees of freedom. The normalized linear coupled

equations of motion can he written in the following form.

—5-
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Table I: Model Characteristics

Characteristics - Total Model

scale 66.67:1
Length Overall, m(ft) 4,572 (15.00)
Length between Perpendiculars, m(ft) 4.569 (14.99)
Beam, m(ft) 0.4783 (1.569)
Draft (mean), m(ft) 0.1179 (0.387)
Displacement, N(lbhs) 2,245, (504.8)

Longitudinal Center of qgravity
(% . fwd midships) 0.1%
Moment of Inertia about Midships,

kq-m2 (slugs~ft2) 331.6 (244.6)

Characteristics - Fore Body
Length Overall, m(ft) 2.286 (7.50)
Displacement, N(lbs) 1,142, (256.7)
Longitudinal Center of Gravity
(% L fwd midships) 22.5%
Moment of Inertia about Forebody

LCG, kg-m? (slugs-ft?) 40.86 (30.14)

Characteristics - After Body
Length Overall, m(ft) 2.286 (7.50)
Displacement, N(lbs) 1.103 (248.1)
Longitudinal Center for Gravity
(% L aft midships) 23.1%
Moment of Inertia about Afterbody
LCG, kg-,m? (slugs-ft2) 41.86 (30.88)



. 2 .
qol(tlagp + L [Apj aj(t) + Boj aj(t) + Coj aj(t)]
i=0
= f1 + f2 + eqn (1)
- 2
qi(tlary + ] (B3 qj(t) + Byg aj(t) + C§ a3(t)]
j=0
= chAf1 + xchfg + e (2)

2

as(t)asy + qa(t)byy + ) [Any aj(t) + Boj as(t) + Cpy aj(t)]

3=0
Xeqp
= + mp 1 = ——— + eH (3)
XC(]‘F

The generalized coordinates are aiven as

iwt+ia0
ap(t) = g3 e
iwt+ia
aq(t) = &g e 1
iwt+ia
qs(t) = [Bg/(14+22/8F) ) e 2
where

£3 1is the heave amplitude,
£g 1is the pitch amplitude,

and 0p 1is the midship deflection anqle.

The mode shapes, z; , are defined as follows:

ZO=1

N
Py
]
b



La+x for x<0
22=
(2a/8%) (Lp-x) for x30

The midship bending moment, mg , is given as

mo(t) = Kg(1 + La/8F)as(t)

where Kg 1is a spring constant.

The coefficients have the following forms:

agp = M , the mass of the model,

aq1 = I , the mass moment of inertia of the model ahout midships,
LA

asyg = In + — Ip where Ip and Ip are the mass moments of
Ly

inertias about the centers of gravity of the after part

and forward part respectively.

ey = f dx z{(x) fa(x,t) where fo 1is the sectional hydrodynamic
L
exciting force and periodic in time,
and Cij = f dx z4(x) Zj(x)pq B(x) where pg 1is the weight density
L
the fluid and B is the heam of

the ship.

-

Also Aij represents the 1i-th qgeneralized hydrodvnamic force due to
acceleration in the 4-th mode,
Bij represents the i-th generalized hydrodynamic force due to

unit velocity in the <H-th mode,

and boys represents the springing internal mechanical damping.

of

an
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Note that fo is a result of the inteqration of the hvdrodvnamic pressures on
a hull section and may include forward speed effects if the model is moving
forward. For the complete theoretical expressions of these coefficients, see

the corresponding formulas given by Maeda (1980).

As explained in the linear theory section of Troesch (1980), the vertical
displacements are expanded in terms of the dry modes. For our partiecular case
this is heave, pitech, and springing. These mode shapes must satisfy a
condition of orthogonality that requires

Mp + Mp = M ,
Mpfn = Mplf ,
and Ia = (La/2F) Ip .
here Mp and Ip and Mp and Ip are the mass and mass moment of inertia

of the after part and forward part respectivelvy.

The rationalization of using dry mode expansions instead of the more com-
mon wet mode expansions will be briefly explained. The hydrodynamic pressures
are treated as external incremental forces allowing the hydrodvnamic coeffi-
cients to be expanded in terms of the orthogonal drv mode shapes. This per-
mits both the added mass and damping coefficients to be expressed in the same
rigorous, consistent manner. When the frequency of oscillation become suffi-
ciently high and the damping forces go to zero, either the wet or dry mode ex-
pansions are correct. However, the relatively low springing frequency (that
is relative to typical ship vibration frequencies) causes hydrodynamic reac-
tive forces that are in phase with both the acceleration and velocity of the
displacement. The non-conservative nature of the external forces suggests the
use of the dry mode shapes. The derivation of the general equations of motion
for an elastic ship's hull is given in detail by Bishop and Piece (1977) or

Maeda (1979).
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In the experiments, measurements were made of the midship hending moment
and the incident wave. The motions were not measured since the incident waves
were typically shorter than the model and thus did not noticeably excite heave

or pitch,

If the springing excitation was to be measured, then the spring constant,
Kg , must be large enough so that the contribution of the dynamic terms in the
equation of motion, equation (3), be effectively zero. This was accomplished
by using a stiff 4450N (1000 1lb) load cell. The actual experimental configur-
ation is detailed by Troesch (1980). When measuring the springing response,
the load cell was replaced with a relatively soft spring that qave the model a
full scale, two noded, natural frequency of approximately 0.30 cycles per sec-

ond.

The wave elevation was measured using a Wesmar IM7000 sonic wave probe.
The probe was attached to the carriage approximately 2m (7 ft) in front of the

model's bow.

The output from the instruments were in analoq form. These signals were
converted to digital form on a Tektronix 4052 minicomputer equipped with a
Trans Era A/D converter, Memory module, and special purpose FFT ROM pack. The
record length was 4096 sample points per channel, and all record processing
was done on the Tektronix. FRach signal was Fourier transformed and the spec-
tral peaks in the wave record were located. Given the incident wave transform
and the convolution of that transform, the first and second order transfer
function could be determined. The actual data reduction method is described

in detail in the Appendix.

As described earlier, the non-linear experiments consisted of both harmon-

ic and sum frequency tests. The harmonic tests followed a format similar to
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Troesch (1980). 1In those tests, the wave maker produced waves of a single
frequency with the non-linear excitation or response occurring at twice the
encounter frequency. In order to conduct the sum frequency tests, two wave
trains were generated. Since waves are dispersive (i.e., the speed at which
they travel depends upon their frequency), the wave maker was driven by a pre-
determined signal that had the two wave groups meet at a particnlar location
in the tank. By properly coordinating the start of the towing carriage and
the start of the wave generator, the model and the wave qroups arrived at the
same place at the same time. This produced a springing excitation of five
distinct frequencies. If the frequencies of the two wave qroups are given as
w1 and wp , then the linear responses were at w4 and w5 . The three non-
linear responses Were at wq + w2 , 2wy , and 2wy . The location of non-
linear responses could be accurately determined by simply viewing the convolu-

tion of the Fourier transform of the incident wave signal.

The graphics screen of the Tektronix 4052 was used to monitor the input
signals from the load cells/strain gages and wave probe. It also was used to
display various quantities of interest at selected steps in the data reduction
procedure. Examples of the traces shown on the screen are reproduced in Fig-
ures 4 through 7. The time, frequency, and magnitude axes are indicated.
Figure 4 shows the time histories of the incident wave and resulting bending
moment for the harmonic response test. The fundamental and harmonic content
of the response are clearly visible., The relative magnitudes can be seen in
Figure 5 where the Fourier Transform of the bending moment is graphed. The
transform of the incident wave and the convolution of that transform are also
presented. The use of the convolution is described in the Appendix. Figure 6

shows the time histories of the wave and bending moment for the sum frequency
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Harmonic Springing Response Test

(201 = wg)
Encounter Frequency w1 = 7.55 rad/sec
Froude Number F, = 0.132

Time

AN S

Time

Figure 4: Time HisTorY ofF A SinecLE WAVE GROUP AND THE

ResuLting MipsHip Benping MoMENT-
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Harmonic Springing Response Test

(207 = wg)
Encounter Frequency wq = 7.55 rad/sec
Froude Number F, = 0.132

Incident Wave
Fourier Transform

OF| Frequency

Fourier Transfornm

Convolution of
Incident Wave

2wq Frequency

Bending Moment
Fourier Transform

1 2w Frequency

Ficure 5: FrReauency DoMAIN REPRESENTATION OF A SiNGLE WAVE

Grour AND THE ResuLTinGg MipsHir Benpine MoMENT.
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Sum Frequency Springing Response Test
(wl + w2 = wo)
Encounter Frequencies w4

w2
Froude Number Fn = 0.132

8.80 rad/sec
6.30 rad/sec

it R

Time

| AAAAN VNI MM

Time

Ficure 6: TiMme HisTorY oF A Two CoMPONENT WAVE GROUP AND

THE ResuLTing MipsHir Benpine MoMENT-
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Sum Frequency Springing Response Test
fwy + w2 = wq)
Encounter Frequencies wq = 8.80 rad/sec
wp = 6.30 rad/sec
Froude Number Fp = 0.132

R

Fourier Transform

Incident Wave

Wy W2 Frequency

Fourier Transform

Convolution of
Incident Wave

Frequency

Fourier Transform

Bending Moment

Wy, Wo wy+wo Frequency

Ficure 7: Freauency DoMAIN REPRESENTATION OF A Two COMPONENT

Wave Group AND THE ResurLTing MipsHip Benpine MoMENT-
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response test. The beat phenomenon that occurs when waves of two slightly
different frequencies interact is present. Fiqure 7 contains the Fourier
Transforms of the incident waves and bending moment and also the convolution
of the wave transform. The doubly spiked graph of the wave transform demon-
strates the two wave component nature of the incident wave. The bending mo-
ment transform shows the linear response at w4 and w3 and the non-linear
sum frequency response at wwi+w « The difference in the magnitude of the
response at wq relative to that at w9 again demonstrates the hump-hollow

behavior of the linear excitation curve as shown by Troesch (1980).



III. EXPERIMENTAL RESULTS
Introduction to the Experimental Results

let the springing excitation transfer function, H , be the sum of the
first order excitation, n(1) , and the second order excitation, u(2)
Since the transfer function H(z)(w1,m2) is a function of two freauency
arquments, its magnitude might be presented in the form of a three-dimensional
graph. For example, if we take the wq-axis to lie in the x-direction, and
the wp-axis to extend in the y-direction, we can plot the transfer function

magnitude in the z-direction as a function of w7 and w> .

Alternatively, we can represent the transfer function by a series of two-
dimensional curves, each showing a sectional vertical cut of the three-dimen-
~ (2) - : i
sional surface H (wq,wp) « This was the method used here. The directions
in which the sectional cuts were taken were chosen to provide the most useful
quantitative and qualitative information in view of the computational formulas
presented in section IV. Let us define the encounter freguency sum w; by

and the encounter frequency difference w_ by

We = W] — W2 . (5)

We can then write

2 2 . 1 1
) (wy,09) = HF) 5(w+ + wo), ;(m+ - w)| . ()

As can be seen from the formulas in section IV, the calculation of the
non-linear excitation spectral density at a given freguency w, requires a

knowledge of the bhehavior of the transfer function as w. varies and w; 1is

-18-
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non-linear excitation spectral density at several different frequencies Wy
we are also interested in the behavior of the transfer function for constant

w- and varying w4 .

In order to illustrate the relationship between the arquments wq and

wp and the newly defined parameters wy and w. , lines of constant w4

and lines of constant w. are plotted on the wq,wp plane in Figure 8. We
emphasize here that the arguments w4, and w_ are used merely as an alter-
native (and more appropriate) set of coordinates with which to specify a loca-
tion on the wq,wy plane. We are in all cases interested in non-linear ef-
fects at the "sum frequency" w4 , and use of the frequency difference para-
meter w. does not in any instance imply that we are investigating non-linear

"difference frequency" phenomena.

The non-linear transfer function was determined experimentally by testing
the model in wave systems composed of two wave components, one at encounter
frequency w1 and the other at encounter frequency w2 « (A description of
the analysis procedure used to calculate the transfer function is given in the

2,41 1

appendix). The behavior of () 5(w+ + w_),;(w+ - m_) for varying ws; was
investigated by changing the wave frequencies w9 and w2 for each test run
such that w. was held constant at some chosen value and w,; was systemat-
ically varied. The results of these tests are plotted versus w, , and the
constant value of w. for a given set of runs is indicated in the caption to
the corresponding data plot. Conversely, an investigation of w_ dependency
was conducted by allowing w. to vary while w,; was held constant. These
results are plotted versus w. , and the constant value of w, is given in

the caption. Line segments shown in Fiqgure 9 indicate the regions of the w9,

wy plane for which experimental data was obtained.
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Several tests were conducted for the important special case in which w_
= wq - wp = 0 and wy varies. 1In this situation, the transfer function
H(Z)(w1,m1) was determined by testing the model in a monochromatic wave sys-
tem. Since only one wave component was present in these tests, the results
can bhe plotted against the ship length to wavelenqgth ratio as well as the fre-

quency sum (or, in this special case, the "harmonic" frequency) wy = 2w1 .

The linear transfer function H(1)(w) was determined from measurements
taken in these "single wave" tests, and is in all cases plotted as a function

of ship length to wavelenagth ratio.

Both the linear and non-linear excitation transfer functions are norma-
lized by factors sugqgested by zero-speed Froude-Krvlov calculations., The 1lin-
ear excitation data is aqiven as

rL) ()
2

{H(l)(w)]norm = — 7 (7)
pgRLZn

in which E;I)(w) is the amplitude of the linear generalized springinag exci-
tation measured at encounter frequency w and n is the wave amplitnde mea-
sured at the same frequency. The mass density of water 1is denoted hy p ,
gravitational acceleration by g , B 1is the ship beam, and T denotes ship
length., The non-linear excitation data is aiven as

E(2) (wy+w5)
9 1Tw2

[H(2) (wq,02) Inoym = — ' (8)
paBL2YK 1k onq (wq)no(wsy)

where E(Z)(w1+w2) is the amplitude of the non-linear excitation at the

2
frequency sum w4y = w1 + w3 , nNq(wq) and na(wy) are the measured wave
amplitudes at encounter frequencies w7 and wy , respectively, and kg and

ko, are wave numbers corresponding to w1 and wp .



The relationship between the actual time historv of the springing excita-
tion, es(t) , and the amplitudes of the various components of the excitation,
(1) , and r(2) , is described in Section IV and the Appendix.

2 2
The non-linear response is plotted in the form

R(z)(w1+w2)
2

(H(2) (wq,02) Inorm = (9)
R pgBLZVk 1k on1n2
in which R(z)(w1+m2) is defined by the expression
2

R;Z)(w1+w2) = (1+£A/ZF)Mé2)(w1+w2) (10)

with M(z)(w1+w2) denoting the amplitude of the non-linear hending moment at
0 .

the frequency sum w; = w1 + wy .
Presentation of Experimental Data

(1) Fiquggs 10 through 28: Experimental Data from Measurementi_gf_gri
Non-linear ngigg}nq Excitation

Figqures 10 through 13 show the results of the primary thrust of the in-
vestigation. The normalized non-linear transfer function as defined hy equa-
tion (8) is shown for each of the three line seaments in the wjq,w; plane
which are indicated in Figure 9. The data for all four plots was obtained from
tests at Froude number F, = 0.132 (model speed Up = 2.90 ft/sec), with the

model restrained in heave and pitch by rigid attachment at the node points.

Figure 10 shows the data taken in the "single wave" tests, in which w_
was held constant at w. = 0 , and w; was systematically varied.

[H(Z)(w1,m2)]norm is plotted versus encounter frequency sum w; (model

scale).
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Figure 11 shows the same data, plotted as a function of ship to wavelenath
ratio, This data agrees well with the non-linear excitation data qgiven hy

Troesch (1980).

The data in Figure 12 was obtained in tests in which w_. was held con-
stant at w_= 1,424 radians/sec (model scale) and w4y was varied.
[H(Z)(w1,w2)]norm is plotted versus w; (model scale). Note that there is

little difference between the curves in Fiaqures 10 and 12.

The purpose of taking the data in Figure 13 was to show the variation in
the transfer function magnitude at constant w; for different values of w_ .
[H(z)(m1,m2)]norm is plotted versus w. , for wy = 13.949 radians/sec.
Unfortunately the quality of this data is veryv poor, for reasons which have

not vet been determined.

To investigate the effects of forward speed, the "single wave" tests (w.
= 0) were repeated for different Froude numbers, again with the model re-
strained, Fiqures 14 through 17 show the results of these tests plotted

against w; . Figure 14 corresponds to tests at Froude number Fp = 0.086

(model speed U, = 1.90 ft/sec). 1In Figqure 15, Fp = 0.109 (7, 2,40 ft/sec).

Fiqure 16 is a reproduction of the data in Fiqure 10, with ¥, = 0,132 (U, =

!

2.90 ft/sec). 1In Figure 17, Fy = 0.155 (U, = 3.40 ft/sec). A curve has heen
faired through the data in each of these plots, and all four faired lines are

shown together in Fiqgure 18.

Fiqures 19 through 23 show the same data as Fiqures 14 through 18, but
this time [H(z)(w1,w2)]norm is plotted on a ship length/wavelenath scale.
We note that plotting the data on this scale seems to collapse the curves

(compare Fiqures 18 and 23), indicating that the magnitude »f the transfer
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function is predominantly dependent upon the ship length/wavelength parameter.
There is clearly a speed dependence, but it is not severe over small changes

in Froude number.

In order to show that the transfer function itself is not Adependent upon
the wave amplitude, tests were conducted with reduced and increased wave am-
plitudes. Fiqure 24 shows the results of amplitude variation tests for w._=
0 and varying w, . Fiqgure 25 shows the data from amplitude variation tests
for w_= 1.424 radians/sec and varying w; . In both plots "medium amplitude”
data was measured in waves with amplitudes of approximately 0.8-1.0 inches.
This is the amplitude level maintained in all other tests. The "medium ampli-
tude" data in Fiqures 24 and 25 is in fact the same as that shown in Fiqures
10 and 12, respectively. It is reproduced here for purposes of comparison.
"High amplitude" data was measured in waves of approximately 2.0-2.3 inches in
amplitude, a 130%‘increase. Data from "low amplitude" tests was measured in
waves with amplitudes of approximately 0.5-0.7 inches, a 35% reduction. Fig-
ures 24 and 25 do not seem to support the statement that the transfer function
is amplitude independent. We remark, however, that the results shown in these
two plots are suspect. Since the non-linear excitation is small, there were
inevitably some noise related problems in all of the excitation measurements.
Waves of "medium" amplitude produced excitation signals which could be measur-
ed with reasonabhle accuracy. "Low" amplitude waves, however, produced signals
which could not be analyzed with the same degree of confidence. 1In "high" am-
plitude waves, on the other hand, the model experienced a definite longitudi-
nal impact as the how entered each successive wave crest. This most likely
caused a shudder in the support structure which would appear in the load cell
signal as contaminant noise. In any event, the amplitude tests were repeated

in the response experiments (in which the signal to noise probhlem was much
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less severe) with a hiqgh degree of success (see Figure 43).

In order to investigate possible coupling effects hetween vertical riqid-
body motions and the non-linear springing excitation, tests were conducted in
for tests with w_ = 0 , and w4+ varving. Data from the restrained model
test (Figure 10) is also plotted for purposes of comparison. Unlike the linear
transfer function, which was shown by Troesch (1980) to be independent of
heave and pitch, the non-linear transfer function appears to depend strongly

upon vertical rigid-body motions.

In Fiqure 27 the data in Fiqure 26 is plotted against the ship length to

wavelength ratio.

Figure 28 shows the results of tests with the model free to heave and
pitch for w.= 1.424 radians/sec and w,; varvying. The normalized transfer
function is plotted versus w; . The quality of the data is poor for unknown
reasons.

(2) Figures 29 through 44: _Experimental NData from Measurements of the
Non:linear Springing Response

Figures 29 through 32 show plots of the normalized non-linear response
transfer function as defined by equation (9). These correspond to the excita-
tion data in Fiqures 10 through 13, The data was obtained in tests at Froude
number Fp = 0.132 (Uy = 2.90 ft/sec), with the model restrained in heave and

pitch.

The data shown in Figure 29 was ohtained in "single wave" tests, in which
w_. = 0 and w4 varied. [H(z)(m1,w2)}norm is plotted versus w; (model
R

scale) .
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Figure 30 shows the same data, plotted versus ship length/wavelenath.

The data in Figure 31 was obtained in tests in which w. was held
constant at w. = 1.424 radians/sec and wy varied. [H(z)(w1,m2)]norm is
R
plotted against w; (model scale). Note that there is no significant differ-

ence between the curves in Fiqures 29 and 31.

Figure 32 shows the results of tests conducted with wy = 13.949
radians/sec and varying w. . [H(z)(w1,w2)]norm is plotted versus w- .
R
As was the case in the corresponding excitation tests (Figure 13), the data

quality is poor for unknown reasons.

Speed variation tests equivalent to those conducted in the excitation
measurements (Figures 14 through 23) were run to determine the effects of
forward speed on the non-linear response. Fiqures 33, 34, 35, and 36 show the
results for Froude numbers F, = 0.086, 0.109, 0.132, and 0.155 respectively,
with w_ = 0 in all cases. [Héz)(w1,w2)]norm is plotted against w3 , and
faired lines are shown in each plot. The four faired curves are replotted for

comparison in Fiqure 37.

The data from Figures 33 through 36 is plotted versus ship lenagth/wave-

length in Figures 38 through 41.

Faired lines are shown on a ship length/wavelength scale in Fiqure 42,
Since the dynamic non-linear response is dependent primarily upon the proximi-
ty of the frequency sum w, to the springing natural freguency (15.08 ra-
dians/sec for the model), plotting the response data on a ship length/wave-
length scale does not collapse the data as was the case with the excitation

data.
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Amplitude variation tests were conducted to show that the normalized
response transfer function is independent of the wave amplitude. Fiqure 43
shows the data obtained in tests with . = 0 and varving w; . "Low,"
"medium," and "hiqh” amplitudes are defined in the same manner as in the
excitation measurements. Since signal quality was not a problem in the
response tests, the quality of the data for "high" and "low" amplitude waves
is much better than that for the corresponding excitation tests. Figqure 43
supports the statement that the normalized response transfer function tends to

be independent of wave amplitude.

Fquation (9) implies that the non-linear response at the sam frequency
w1 + Wy = wy 1is proportional to the product. n1n2[HR(2)(m1,w2)]norm . If
[HR(Z)(w1,w2)]norm is itself independent of the wave amplitudes nq and

n, , the non-linear response is wave amplitude dependent onlv through the
quantity nqns and therefore is the result of non-linear effects are
"quadratic" in wave amplitude. 1In the special "single wave" case, in which

w1 = wy , this quantity becomes n2 , and the response obevys an "amplitude

squared" law,

To investigate possible couplinag effects between vertical rigid-body
motions and non-linear springing response, tests were conducted in which the
model was allowed to heave and pitch. Fiaqure 44 shows the results for w. =
0 , with w, varying. Data from the restrained model test ({(Fiqure 29) is
also shown for comparison. The non-linear response appears to be strongly
dependent upon vertical rigid-bodvy motions.

(3) PFigqures 45 through 48: FExperimental NData frqm MeagEEgmenE§~gf thg
Eipear Springing Excitat%pq

The linear excitation data, obtained from "single wave" tests (w_= 0) is
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shown in Fiqures 45 through 48 as [H(!)(w)lporm versus ship lenqth/wave-

length. This data compares well with that agiven hy Troesch (1980).

Fiqure 45 shows the data obtained in tests at Froude number F, = 0.132

(Up = 2.90 fr/sec) with the model restrained in heave and pitch.

Fiqure 46 is a plot of linear excitation data from the amplitude varia-
tion tests. "Low," "medium," and "hiqgh" amplitudes are defined as before.
Clearly, the linear transfer function seems to be independent of wave ampli-

tude,

Figqure 47 shows the data obtained in speed variation tests, in which the
linear transfer function was determined for Froude numbers F, = 0.086, 0.109,
0.132, 0.155. This figure shows that small to moderate changes in forward
speed have minor effects on the linear excitation, at least in the ranqge of

ship length/wavelength shown.

Figure 48 is a comparison which shows the effects of heave and pitch on
the linear springing excitation. DNData from Figure 45 (model restrained) is
shown along with data obtained in tests in which the model was allowed to
heave and pitch. The effects of vertical rigid-body motion are noticeabhle

but tend to be small.

Comparison of Non-Linear Excitation and Response

Given the definitions (8), (9), and (10), we can show that the normalized

excitation and response transfer functions are related by

) [H(Z)(w1,w2)1norm €22
[H' %) (wq,w9) 1] = .
N 1/wW2) Inorm w, 2 1/2[ wp2lany + A22)

Wo
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(See equation (16) in Section IV.) This expression holds under the assumption

that the second order excitation is the only source of non-linear effects.

In order to investigate the validity of this hypothesis, the normalized
response transfer function [Héz)(m1,w2)]norm was calculated from equation
(11) using experimentally measured valies of the normalized excitation trans-—
fer function [H(z)(w1lw2)]norm as shown in equation (8). The calculated
values were then compared to the measured values from the non-linear response

tests.

Figure 49 shows this comparison for w_ = 0 and ¥, 0.132 with the

model restrained in heave and pitch.

Figure 50 illustrates the analogous comparison for the case in which the

model is free to heave and pitch.

Note that in the region near the resonance the measured response is in
both cases lower than that predicted by egquation (8). This indicates that
there exists significant non-linear effects which are associated with the

response, possibly influencing the motion through non-linear damping.

Conclusions

The following conclusions can he drawn from Fiqures 10 through 50:

1. The non-linear excitation is dependent upon hoth ship speed and

wavelength. See Figure 23.

2. The non-linear excitation is only weakly dependent upon ship speed.
For small changes in Froude number the speed dependence can be neglected., See

Figqure 23.
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3. Both the non-linear excitation and non-linear response show only a
slight dependence upon the encounter frequency difference parameter w_ , at
least for w. < 1.424 radians/sec model scale. 1In some region near w_ = 0
both can be treated as a function only of the frequency sum parameter Wy o
Compare excitation plots in Fiqures 10 and 12, and compare response plots in

Figures 29 and 31.

4., The non-linear effects are "quadratic" in wave amplitude., See Figure

43 and the corresponding discussion,

5. Both the non-linear excitation and non-linear response are influenced

by heave and pitch motions. See Fiqures 26 and 44.

6. Although second order excitation is the Aominant source of non-linear
effects, it appears that response dependent non-linearities are also

significant. See Figures 49 and 50.

7. The linear excitation data agrees well with that obtained by Troesch

8. The linear excitation is independent of speed in the range of wave-

lengths tested. See Fiqure 46.

9. The linear transfer function is independent of wave amplitude. See

Fiqgure 47.

10. The linear excitation is not qreatlv influenced hy heave and pitch

motions. See Figqure 48,
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