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IIST OF SYMBOLS

In the following some of the more frequently used mathematical

symbols are defined. Whenever possible the equation in which the symbol

is first introduced is given and the reader is referred to the text for

definition., Some symbols are

meanings should be clear from

A
A(K "k 5Kk )
a

a+(§;515) ) a(E:E, S)

a_.,a ,a,,8
1’ 2’ "+ “con’ 8 ine

A+l

B(

J J
(B',B), B (B',P),B ("P,P)

used for more than one quantity, but their

the context.

Atomic mass
Scattering "frequency", Equation (5.2)
"Free-atom'" scattering length

Creation, destruction operators for
neutrons at (X,K,s)

Scattering lengths, see Equation (4,71),
(4.72), and (L4.76)

2
(m + My - MA+1) c

Fission frequencies, Equations (2 80),
(5.43b), and (5.43c)

Density operator, Equation (2.29); also
see Equation (4.45)

Density matrix, Equation (2.28)
Neutron energies, mv2/2 or h2K2/2m
Step function, Equation (2.2)

Nuclear recoil energy, Equation (4.33)
Photon energy, fick

Relative energies, Equation (k4.k4)

External energy of mass A nucleus in
external state k

Internal energy of mass A nucleus in
internal state Q

vii



A+l
E - Excitation energy of a-th level in mass

a A+l compound nucleus
* +

EA+1 _ EA+l _ BA 1

o a

(0 ( ) a a

n

F(X,K,t) or Fl (X,K,t) - Coarse-grained neutron singlet density,
Equation (2.27)

Fs(g,g,t) - BSpin-dependent coarse-grained neutron
density, Equation (3.65)

FX(K,E,t) - Coarse-grained photon density, Equation
(3.67)

Fia)(K,g,t) - Coarse-grained singlet density for o

particles, Equation (5.L4k4a)

Fo(X,K,X",K!,t) or

Fen)(g,g,g',g',t) - Coarse-grained neutron doublet density,
Equation (2.70)

(a)

F2 (X,K,X",K',t) - Coarse-grained doublet density for «
particles, Equation (5.44b)

Féan)(§,§,§',§',t) - Coarse-grained cross density for neutrons
and o particles, Equation (5.L4kc)

f(X,K,t) - Neutron density, Equation (2.30)

fA(K,E,t) - Density of mass A nucleus, Equation (4,27)

2(P'>P) - Scattering frequency, Equation (2.80)

jP(E_;E') - Detection frequency, Equation (5.45c)

G(2) - Resolvent operator, Equation (3.2)

G(r,t) - See Equation (4.78)

Hs - Hamiltonian of system which interacts
with the neutrons

H' - See Equation (2.42)

I,(x) - Modified Bessel function of order n and

argument x
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Neutron wave vector, P/h; also a particle
wave vectors

A set of J neutron wave vectors

A set of J wave vectors which contains
(does not contain) the wave vector XK

Wave vector and spin labels of the J
neutrons produced by fission

Quantum label of nuclear external state,
Equation (3.38)

Wave vector of a nucleus, p/h
Boltzmenn's constant

Cell length in coarse-grained configuration
space

Superscript or subscript denotes a
particular nucleus

Fission frequency, Equation (3.99)
Mass of the nucleus

Neutron mass

Mass of L-th nucleon

Neutron occupation number at (X,K,s) in
the state |n>, |n">

Number of mass A nuclei in the spatial cell
centered at X

Nuclear density

Neutron state, Equation (2.18); system state,
Equation (3.35)

Total number operator
See Equation (4.45)

Neutron momentum; momentum of ¢ particle
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Distribution of external nuclear states

Nucleonic momentum conjugate to 33

Neutron momentum transfer divided by 4
Total reaction rate

Scattering reaction rate, see Equations

(3.95) and (3.97)

Position vector of center-of-mass of 4-th
nucleus

Reduced transition matrix, Equation (3.33)
Reduced reaction matrix with neutron and
photon number dependence extracted,

Equation (3.51)

Position of L-th nucleon in #4-th nucleus

See Equations (3.42), (3.51), (3.52), and

(3.94)

(3.81), (3.82), (3.96), and

See Equations

(3.98)

See Equations

(3.68) and (3.69)

(3.87) and (3.88)

See Equations

Neutron spin orientations label
Shift function, Equation (3.49)

Reduced potential for elastic potential
scattering by £-th nucleus, Equation (3.73)

See Equation (4.19)

Nuclear matrix element for emission
(absorption) of a neutron by #-th nucleus

Nuclear matrix element for emission (absorp-
Eion))of a photon by £-th nucleus, Equation
3.55
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Greek lLetters

Q
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Ty

(R)

I (r§")

7y (2)

xi

VN . v

Nuclear'velocity
Neutron-nuclear interaction
Photon-nuclear interaction
Neutron velocity

Potential functions for elastic potential
scattering, Equation (3.71)

Trensition probability per unit time,
Equation (2.56)

See Equation (3.39)

See Equations (2.65), (2.67), (2.73), and
(2.74)

Position vector locating the center of a
spatial cell '

Equilibrium position vector of the £-th
nucleus in a crystal

See Equation (L4.45); see also Equation (5.23)
also as complex variable

Quantum label of nuclear internal state
-1

(kgT)

Width function, Equation (3,50)

Partial radiation (neutron) width for a-th
level

Width and shift function

EK'EK'



5(x - x'") - Dirac delta

Byex !, SK(E -x'") - Kronecker delta.

| - See Equation (4.45)

e ' - Scattering angle (lsboratory)

K - Photon wave vector

A - Photon polarization; also as effective

range in neutron-nuclear interaction

Ay M - See Equation (3.72)

x - Reciprocal neutron wave vector, K=

7 - Reduced mass; also as chemical potential,
Equation (5.6)

pl(§,§) - Neutron number operator, Equation (2.16)

Z%’ZD’ZF’ZS’Z% - Macroscopic cross section for capture,
detection, fission, scattering and total
reaction

(o] - Microscopic cross section

a(E »E',0) - Energy and angle differential scattering
cross section, Equation (4.36)

&z, Gg, ai - Microscopic cross section for potential,
resonant, and interference scatterings

o(X,K,x) - Cell function, Equation (2.1)

X - See Equation (4.25)

w - Oscillator frequency

@, O, - See Equation (3.17)
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I. INTRODUCTION

(1)

Theoretical studies of neutron distributions are usually

based - more or less directly - upon the transport equation,
o
(H"'X_'Y"‘Vzt)f(i:‘_’,t)
- 5!! ! 1 21 ] p
= dviv I £(x, v, 1) (¥ s v) + 8(x, v, t). (1.1)

Here L is a macroscopic cross-section (or probability per unjt path for
small paths for a binary interaction),<3‘ is & scattering frequency, and
S is a neutron source which may or may not depend upon f. The distribu-
tion function, f(§, v, t), is the neutron singlet density in phase space
or the expected number of neutrons per unit phase volume to be found at
the phase point (x, v) at time t.

The theoretical defense of this equation is generally couched
in phenomenological, though plausible, terms.(l) However, its usefulness
as a description of neutron distributions has received so much experi-
mental verification that little interest has been generated for the
exploration of the logical basis for its phenomenological derivation.™
Nevertheless, such an exploration seems desirable - if only on esthetic
grounds, or "for the sake of completeness." Thus in this work such a
study is initiated.

The axiomatic basis for the theoretical examination of macro-

'scopic systems 1s usually taken to be the Liouville equation. Although
(2)

*See, for example, the determination of neutron age in water.

-1-



there is a deceptively classical appearance to Equation (1.1), it

turns out to be practically necessary to start from the quantum
Liouville equation. This necessity manifests itself almost as soon

as the problem is posed, and in several different ways. In the first
place, at least some notion of a Hamiltonian for the system must be
formulated. And though such a notion is at best fuzzy and incomplete
in the present instance, it is almost unthinkable classically. That
is, there does not seem to be any classical formalism suitable to the
treatment of systems in which particles of given kinds are not conserved.
But in multiplying and/or absorbing media, the density of neutrons,
photons and nuclei may be continuously changing due to fission and
radiative capture. Furthermore these reactions may contribute signifi-
cantly to the over-all rate of change of these densities, and therefore
are not generally ignorable. To facilitate a convenient and systematic
discussion of these matters, we turn to the formalism of gquantum field
theory.

There is a second, more fundamental, reason for resorting to
quantum mechanics in the effort to develop a unified theory of the
neutron balance relation. As is suggested by the resonance structure
of many neutron-nuclear interaction cross-sections; the discreteness
of nuclear energy states has an expiicit influence on neutron distri-
butions. Such discreteness is not comprehensible in classical terms.
Thus if a unified treatment of the neutron balanée is to be undertaken
the subject must necessarily be viewed from the quantum perspective.

Furthermore, the necessity for this perspective receives reinforcement



from the fact that, under some circumstances, the discreteness of the
energy states of the macroscopic medium may also exercise an influence
on neutron balance. Actually, although the peculiarly quantum character
of the energy states of the macroscopic medium (of, say, phonon states
in a crystal) is known to play & significent role in the determinetion
of slow neutron ( S1 ev) scattering; it is not wholly clear what its
influence is on neutron balance. Nevertheless, it is potentially of
some significance and surely should not be unnecessarily disregarded.

As an aside, it is worth noting that a given system - a
fission reactor, for exémple - may be observably influenced simul-
taneously by nuclear level separations of from Kev to Mev and by
macroscopic medium level separations of tenths of an ev or less.

There is a third reason for investigating these matters in
quantum - rather than classical - terms. It originates in the attempt
to give meaning to the notion of an observable density in phase space.
In the absence of further qualifying comment, the density described
by Equation (1.1) is ambiguous. Conventionally, it is required that
f(x, v, t) Ox v represent the expected number of neutrons to be

5% a’v ebout the phase point (x, v) at

found in the phase volume 4
time t. But this is impossible (by virtue of the uncertainty
principle) if the volume elgment d5x d5v is interpreted in a limit-
ing sense and if not in a limiting sense, then how? 1In the quantum
development, as will be seen, this question can be answered operation-
ally and unambiguously, though not necessarily uniquely. This follows

because quantum field theory provides us quite naturally with an

operator representative for the number ofvparticles of a given type



.

in a phase cell of sufficient volume. Conversely, in the classical
derivations of equations analogous to Equation (1.1), this question
does not arise at all at the level of the definition of the density

(3)

function. However, it does seem to enter through the back door
during the course of ?he derivations, and then 1s usually disposed

of by means of operationally obscure "coarse-graining" procedures.

The situation seems to be that in the quantum theory - in contrast

to classical theory - it is possible to obtain an accurate translation
of the notion of the observable - and of the limits of its observ-
gbility - into operational terms.

Finally, there are still other peculiarly quantum effects
which should, at least in principle, modify details of neutron balance.
For example, the velocity space distribution of fully thermalized
neutrons should be of the Fermi-Dirac type rather than Maxwellian.

This implication should be explicit in the structure of the neutron
transport equation and, in a sense, will be seen to be so. However,
quantum details such as these are not anticipated to be of much
practical significance, since it is difficult to visualize situations
in which the neutron Fermi-Dirac distribution will be distinguishable
from a Maxwellian.

As suggested above this work is intended to initiate a study
of the foundations of neutron transport theory. Consequently, our con-
cern shall be much more for posing questions than answering them.

Whenever it is easy and elementary enough, we shall sketch arguments,

which are hardly to be construed as proofs of anything, leading to
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answers of a sort. That is, the present discussion must be interpreted
solely as providing an illustration of some of the sufficient conditions
for the validity of an equation like Equation (1l.1) for the description
of neutron distributions. Many approximations will be mede with oper-
ational precision, but with little or no attempt at quantitative
Justification.

The presentation 1s divided into four main parts. In
Chepter II, a certain smount of formalism is introduced and discussed.
Some familiarity with quantum field theory is hélpful here, but not
necessary if our approach is accepted as axiomatic. Deductive argument
is sketched in fairly complete detail. In this portion distribution
functions are defined, and the main problem of deducing their time-rate-
of change is joined. The effect of transport (free flight) on the
balance relation is explicitly considered. Conventionally this effect
influences neutron balance through the term of the form Vo ET which
measures the net efflux out of the element of volume in which particle
balance is being computed. This is the result found here also, though
énly in an approximate sense. That it must necessarily be approximate
can be partially seen from the fact that particles of some specified
momentum require a volume for localization of least linear dimension
somewhat greater than the De Broglie wavelengths for these particles.
But the difference between the values of the distribution function on
opposite sides of this volume cannot generally be represented solely
in terms of the first derivative of this function. Thus we anticipate

that the study of transport will be both complex and subtle.



Chapters III and IV are given over to an investigation of
the effects of some binary interactions on neutron balance. Since
it is our purpose to point out and illustratively deal with some of
the fundamental problems of neutron transport theory, our attention
to the details of interactions decreases with increasing complexity
of the process. Thus radiative capture and elastic scattering (both
potential and resonance) are studied quite fully for nuclei in gases
and crystals. -Fisslion and inelastic scattering are too complicated
to be treated with the same care, but are too important to be neglected
entirely. Also the study of reaction rates in liquids presents formid-
able tasks which we merely touch on in passing. Other reactions are
ignored entirely - not because they are unimportant, uninteresting, or
impossible to deal with, but rather because their inclusion seems un-
necessary for present purposes.

The study of interactions is divided into two parts. In
Chapter III general formulas for the indicated reaction rates are
derived. These formulas are then examined for some of the salient
features of the specifically nuclear aspects of these reactions.
Thus in this portion of the work the discussion must be in some respect
implicit rather than explicit, since it must necessarily touch upon
nuclear forces which are less than fully understood at the present
time. However, it turns out that, for the purpose of obtaining use-
ful estimates of reaction rates, less ﬁhan full knowledge is required.

In Chapter IV the influence of the macroscopic medium on

these reaction rates is studied. Attention here is restricted exclusively



to scattering and radiative capture in gases and crystals. Since
there is an abundant literature on these matters, we discuss them
here in somewhat idealized terms simply to illustrate some principles
and techniques in the context of the over-ali problem of neutron
transport.

Finally, in Chapter V,.two disparate and specielized aspects
of neutron balance are discussed in detail. The firsf has to do with
the nature of the velocity space distribution of thermal neutrons,
while the second relates to the study of higher order densities.

The discussion of thermodynemic distributions is con&entional
to the theory of gas dynamics,(h) and is included here essentially for
the sake of completeness. It is not a discussion of neutron thermsli-
zation, but only of some of the concepts which underlie what might be
called neutron thermodynemics., However the second topic is non-
conventional in that it represents a systematic development of the
theory of second (and, by implicit extrapolation, higher) order densities
in systems in which particles of wvarious kindslare created and destroyed.
In this matter as in all others in this work, attention is restricted
solely to the derivation of illustrative equations -~ practically none

being given to the exploration of their implications.
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IT. A TRANSPORT EQUATION IN COARSE-GRAINED PHASE SPACE

It was pointed out by the foregoing remarks that the con-
ventional neutron density f£(x, v, t) cannot be interpreted as a
quantum mechanical observable because of the uncertainty principle.
To avoid this difficulty, we shall at thé outset introduce a discrete
phase space. Such a space can be generated by dividing the continuum
into cells and then representing all points in each cell by the coordi-
nate of its center. Particle densities are then defined in terms of
these coarse-grained coordinates, and no attempt is to be made to
determine the location of a particular particle within any given cell.

In a multiplying and/or an absorbing system the number of
neutrons in a given region in phase space is constantly changing, not
only due to the natural flow of these particles but also due to fission
and absorption processes. The creation and destruction of neutrons can
be quite conveniently described in the formalism of second quantization
by representing the particles by a two-component spinor field operator
ij(z), where j = 1 or 2 is the spinor index. The field formalism plus
a procedure for coarse-graining phase space enables us to obtain a
particular representation of the number operator, the eigenvalue of
which gives the number of particles in a given region in phase space.
In terms of the number operator a coarse-grained, quantum mechanical
analogue of f(x, v, t) can be defined. This new neutron density will
be the quantity for which a transport equation is deduced, and thus
provides the basis of the present investigation of neutron transport

theory.
-9-
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A. Some Basic Formalism

We will first review some of the fundamental concepts and
introduce the notations which will allow us to define a coarse-grained
particle density in the next section. To introduce the coarse-grained
phase space in operational terms we divide the configuration space into
identical cubical cells with edge length L. Let an arbitrary point in
configuration space be denoted as x and let the set of position vectors
{3} denote the cell centers. The coarse-graining procedure now con-

sists of introducing the cell function,(l)

¢ (}_(:K:E) = L E(K:Zﬁ) S ’ (2.1)
where

B (6x) = T (o) (2.2)

E (X5,%;) =1, Xy -L/2<x;<X;+L/2

o, otherwise.

The cell function ¢(§, X, 5) is seen to describe a plane wave
which is nonvanishing only within the cell centered at X. In Equation
(2.2) the step function, E (X, x), is not defined at the end points.

However, if it is represented by the integral

X +L/2
E (XiJ xi) = B(Xj_ - y) dy - (2'3)
X;-L/2
It can readily be shown that
E (X;,X; + L/2) = 1/2, (2.4)

éE(Xi:Xi)

— 8(xy - X3 + L/2) - 8(xy- X3 -L/2). (2.5)
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These relations describe the behavior of the cell function at the
boundaries, and will be used in the description of particle transport.
For mathematical convenience we will apply periodic boundary conditions
at the interfaces and thereby restrict the components of the wave

vector to take on discrete values, K.

;= 2nM; /L, M; being any positive

or negative integer or zero. Hence the decomposition of configuration
space results in a transformation of the continuous momentum space to
a lattice of discrete points.

The coordinates of z_and'ﬁg are to be regarded as coarse-
grained variebles in our description of particle densities. The phase
point (X, %K) is seeh to represent a cubical region of volume nd in
phase space. Any particle found in this volume will be assigned the
coordinates of the phase point. The uncertainty in position and
momentum implied by this procedure is therefore consistent with the
uncertainty principle.

The cell functions, ¢ (X, K, x), by virtue of the properties
of the step function, provide an analytical means of dividing the con-
figuration space into cells. They can be used to obtain an operator
representation of the neutron field in the coarse-grained coordinates.

Since these functions form an orthonormal and complete set, i.e.,

[Pxoxxim o @K = by b (2.6)
an*o_c,gc_,y o (XKx') = 8(x-x) | (2.7)
X, K ‘ ‘

the spinor field can be expanded as



=12~

@ =) aXEs) uls) ¢ (BK), (2.8)
XK, s ‘

where the functions uj(s), s = + 1, are the components of unit vectors

in spin space which may have the simple representations,(z)

w(1) = (), w1 = (9 . (2.9)

Furthermore, they have the properties that*

) We) uls) = ey (2.10)
s=il
ug(s) ug(s') = 8., (2.11)

where the superscript "+" denotes Hermitian conjugate. Note that the
index s labels the orientation of the neutron spin.

The coefficient in the expansion of Wj(ﬁ):

2XKs) = [ Px oEER) uyls) vy(x), (2.12)

is an operator governed by the same commutation relations specified for
the field operator. For neutrons and other fermions the operators

satisfy anticommutation rules,

+
[\Irj(z), ¥ (2], Byg 8(x - x') (2.13)

L (), w (2], = Dvy(x), ¥ (x)], = o.

*We employ the convention in which repeated spinor indices are summed.
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Using Equation (2.12) we find

' +
[a(z(_:lﬁ:s); a (}_S')_IS')S')]_‘_ = 8&! Bgv Sssl ) (2'11*')
[:a(X_,K,S): a(}_(';E')S')]_,_ = [a+(£)§)s)) a+(£')5',s')]+ = 0.

For bosons Equafions (2.13) and (2.14) would still apply if everywhere
the anticommutator [A,B]+ is replaced by the commutator [A,B].

The operator a(&,g,s) and ‘its Hermitian conjugate are the
conventional fermion destruction aund creation operators. This is best
illustrated by considéring the‘effect of these operators when acting
on a given state. Explicitly, let us consider an operator whose
eigenvalue gives the total number of neutrons in a given state. This

operator(e)

v

f @x ¥y(x) ¥, (x)

(2.15)

Z a+(§;_1§)s) a(}_(:E;S)'
X,K,s

is the total number operator and is term-wise Hermitian. A representa-

tion can always be found in which the operator
+
p'l(}_(:E:S) = a (K’E’S) a(K:E)S) (2.16)

is diagonal (hence /&fis diagonal since the p's at different points

commute), i.e.,¥

p, (XK 8)[n> = N(X,K,s)[n > (2.17)

*We use Dirac's notation of bras and kets.(j)
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where N(X,K,s) is the number of neutrons at phase point (X,hK) with
spin orientation s. Since the neutron is a fermion, the occupation
number N(X,K,s) can only be zero or unity. The operator pl(z,g,s) is
seen to be the number operator at the indicated phase point.

In the above representation, the state |n > (ignoring other
kinds of particles in the system for the moment) specifies the distri-
bution of neutrons in X-K-s space as well as the total number of

neutrons in the state. Thus

n>=| N(X),K;,8,) N(Xy,K ,8,) <o N(X,K,8) ...> (2.18)

with

™~

N(X,K,s) = N, (2.19)
X,

1=

]

where N is the corresponding eigenvalue of the total number operator./&.

It will be convenient to replace the ordered arguments X , K, and s by an

ordered set of subscripts with one-to-one correspondence. Equation (2.18)

then becomes
|n> = NN, ... W o> . (2.18a)

By using the appropriate commutation relations and starting with Equation

(2.17) one can readily show that for fermions(2)

ay |n>-= o, N, NN, ... 1N, ...>, (2.20)
+
ay In > = 6,(1-N,) NN, ... Ny oo >, (2.21)
N A-1
- (-1)\°x -
o, = (-1) 4, by }: N,
£=1

The phase factor Gx arises because the states before and after the oper-

ation of ay and ai must be properly labeled. For bosons one finds
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1/2
a, In> = [N / NN, ... No-1 ... >,

l] 172 A

1/2

+
ay [n> = [N +1]77[WN, o0 Ny#l Lol >

(2.22)

(2.23)

Of course, the occupation numbers for bosons can be any positive integer

or zero.

B. A Kinetic Equation for F(X,K,t)

Having introduced the neutron number operator in coarse-grained

phase space, we can now define a particle density which has the same

interpretation as that purportedly ascribed to f(ﬁ,z,t) and which will

be suitable for use in deriving an approximate transport equation for

neutrons. Let the state of the system of interest at time t be denoted

by ¥(t). The expected number of neutrons per unit cell volume at the

phase point (K,-hg) is therefore given by

FXKt) = L7 <¥(t)] py(X,K) [¥(t) >,

with

o (X,K) = Z 2’ (L,K8) a(X,K,s) ,

The expansion

v(t) = }Z c(t) [ n>

n
results in another form of the expectation value

F(XKt) = L7 z Dpp(t) <n | py(X,K)[m >

nm
L2 1r D(t) py (%K)

)

(2.24)

(2.25)

(2. 26)

(2.27)
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where

D (t) = C:(t) ¢, (t) (2.28)

is the Von Neumann density matrix(h’s) which is the quantum mechanical

*(5,6)

equivalent of the classical Gibbs ensemble.

The time dependence of‘F(z,E,t) is expressed through the

density matrix operator which satisifies the quantum Liouville equation,(S)
oD i
x & ’

H being the Hamiltonian of the system. It is worth noting that the trace
is invariant under unitary transformations; hence, the representation in
which Equation (2.27) is evaluated may be chosen for convenience. Unless
specifically stated otherwise, we shall calculate all matrix elements in
the representation which diagonalizes the number operator. In the sense
of Equation (2.18), D, (t) is seen to have the interpretation as the
probability that at time t the system is in the state |n > in which the
number of neutrons and their distributions in X-K-s space are specified.
The function IPF(K,E,t) represents the expected number of
neutrons with momentum P ='ﬁ§ and any spin orientation in the cell
centered at X at time t. Since F is the expectation value of an
operator whose eigenvalues are positive or zero, it is greater than
or equal to zero everywhere and hence is appropriate as a particle distribu-
tion function. As defined, F is a density only in configuration space

and not inmamnentum space; moreover, unlike the function f, it is not a

*The interpretation that a pure quantum mechanical state ?grsesponds
to a classical enﬁemble is in agreement with van Kampen; a
see also Fano,(6b
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distribution in continuous configuration space. The present derivation
of the transport equation actually requires this discrete domain, however,
as conventional results are usually expressed in a continuous momentum
space, we will ultimately, whenever warranted, sum F over a small

elemental volume d5K according to

F(E)E)t) = (Z )3 F(Z;Eyt) d3K (2'30)
; 7t -7 =
Ked-K

£(X,K,t) a3k

£(X,P,t) &P .

It is f(K,B,t) that is to be identified as the analogue of the conven-
tional neutron density.

It is perhaps of some value to digress and indicate briefly
how the present approach is related to the phase-space distribution
functions employed in some recent investigations of transport phen-

(1,7,8)

omena., Consider a generalized phase-space distribution function
3 J 1 Y P ¥y
swit) = [ Pyoa -5 oWx - & x+ Bodoelx D, (23)

where {@k(z)} is an orthonormal and complete set of space functions and

p(l) is a reduced density matrix given by
+
oM xxt, ) = e ¥ix') wyx) D(t) (2.32)

The function g(x,k,t) has been studied by Mori(7) in deriving the Bloch

equation,(9) and by Ono,(l> in the coarse-grained formalism, in deriv-

(10)

ing the Uehling-Uhlenbeck equation. It provides a convenient means
with which one can obtain either the fine-grained or the coarse-grained
distribution functions. For if one uses plane wave for @k(i),the result

is equivalent to the familiar Wigner distribution function,<8’ll)
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-ik-
sppt) - [y =" oW g xe Lo (@»)

If the cell function is used the result is

Mlli<

) p(l) (2(_ - L Xt %)t) (2.34)

3
g(é;&yﬁ,t) = fd- y (P*()_(_:E,E - s

(x) o (}_(:_IS)E + %) .

The coarse-grained distribution function is then obtained by integrating

g(?ﬁ: X, K, t),

1

G(}_(:E:t) fdjx 8(5))_(_:5)13)

(2.35)
- [ &x Px KR 9 (L Ex T ¥(x) ¥y ID().

In view of the spinor field expansion, Equation (2.8), the above expression

for G(X,K,t) is seen to differ from Equation (2.27) only by a volume factor.
We now consider the time dependence of F(X,K,t). If the system

Hamiltonian is assumed not to be an explicit function of time*, then a

formal solution to the operator equation, Equation (2.29), is

-iTH/A . itHA
Db+ 1) = o By A (2.36)
The Hamiltonian can be written quite generally as
nn
H = T+H +V+V0, (2.37)

(12)

*Problems with time-dependent Hamiltonians are also of general interest.
In the present case it might be realized if the neutrons were exposed to a
time varying gravitational or inhomogeneous magnetic field. These effects,
however, are not likely to be significant in neutron transport theory.
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where T 1s the kinetic energy of thé neutrons, Hs that part of the
energy of the system independent of the presence or absence of
neutrons,® V is the energy of neutron-nuclear and photon-nuclear interactions
and V' is the energy of the neutron-neutron interaction. In the
following we shall ignore yhn ,as its effects are truly negligible
in the studies of neutron transport in macroscopic media.

In the quentized field formalism the non-relativistic neutron

kinetic energy is of the form(a)

_ _# 3, oF
v - -L f &x ¥ (x)V(x) (2.38)

where m is the neutron mass. This operator can be expressed in terms of

coarse-grained coordinates by means of the spinor field expansion. We

obtain
T o= & +TorT, (2.39)
where
2 2
E = z ’i—-— p(X,K,s8) (2.40a)
X,K,s

* In passing, we observe that if Hj is made sufficiently inclusive and if
an appropriate selection of operator representatives of dynamical vari-
ables to be measured is made in any given case, then Equation (2.29)
along with the general form of an observable expectation value,

w(t) = TraD(t), encompass Maxwell's equations - hence all of classical
electricity and magnetism; equations for radiant energy (photon) trans-
fer(l3:l5) - hence all of the equations of reactor shielding as well ag
the theory of photon interactions with matter; equations for neutral( )
and charged partlcle(l ) gas kinetics; equations of Newton - hence all of
classical mechanics; etc. This is merely an involved way of suggesting
that, in our opinion, Equation (2.29) and (t) , when appropriately
phrased, provide a suitable starting point for investigations in all
branches of science and engineering.

*¥The ratio of the neutron density to the nuclear density in a reactor is at
most 10~7 or less. If one assumes that the cross section for (n,n) scat-
tering is roughly the same as that for (n, BL then the mean free path for
neutron-neutron interaction is of order 10° cm or more.
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" | i (K" -K)
ros P ) S s@hrs) [ dxe
XK} s
X
(x) [E()_(_':E)_I_{_“?_E(?S)E) - E(}_E)?E)E ° V_E()_(_':E)]) (2')"'01))
R o Yo X 5, (K K)
™ = 2mL5 / a (_)_(_)K:S) a(z 'K :S)f d”x e
XK}
XK
() [W(Xx) - WE,L)] (2.50¢)

The term 8 represents the sum of neutron kinetic energies at every phase
point. This term will serve the useful purpose of determining the neutron
states between which collision-induced transitions take place. The term
T', as will be seen presently, describes the transport of neutrons from
cell to cell. The term T represents an apparent infinite contribution
to the Hemiltonian.®™ Tt is surmised that this term is actually meaning-
less and should henceforth be ignored.

The Hamiltonian now appears as

H

T + H', (2.4¥1)
with

H' = & +H +V. (2.42)
This particular decomposition of H is made because we anticipate that H'
is important in connection with collision processes only. In general it
is not true that V is concerned solely with the effect of collisions on
the variation of F. If the particles interact with "external" force

fields, or with each other or other kinds of particles through forces

*The divergences arise as a result of the mathematical procedure. No attempt
should be made to ascribé a meaning to the above decomposition, and the var-
ious terms in Eq. (2.39)should be discussed only in the context of evaluating
an expectation value such as Tr D[T, p] (cf. (50a)).
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characterized by effective ranges substantially greater than L, then
a portion of V should be incorporated into the description of

(12)

"transport" . The long~range part of V will then provide smoothly
varying forces leading to curved trajectories for the particles between
impulsive events. For the present discussion, however, we shall assume
that V fepresents only extremely short-range interactions. The operators
T' and H' therefore will give rise to transport and.collision phenomens,
respectively.

It will be desirable to treat the effects of transport and

collisions separately. To do this we first write

e-iT(T’+H' ) /4

U(r
e (2.43)
-itT' /A -itH/A
= e e : J(r) ,

‘where J(T) is a unitary operator to be determined by the equation,

Ao ()T, (2.44)
ot

and the boundery condition J(0) = I, I being the identity operator,
The function u(t) can be represented in a variety of ways. Two such

examples are

u(t) = % [H' - U'+(t) ei..tT'/{1 H' e'itT'/{1 U(t)] , (2.45)
and
hod n+m
u(t) =-% z GYA) _ w, (o,m] ] (2,46)
. ﬁ o Ns Mo )
Ei?nl;o
where
-itH'/4

U'(t) =e (2.)4-7)
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and [A,B]n denotes the n-th order commutator of A and B, i.e.,

[A) B]O = B,
[a, B, = [A, B, (2.48)
[A: B]2 = [A; [A) B] ]y

etc. Making use of this operator decomposition in Equation (2.36), we
find that Equation (2.27) becomes
- +
F(t + 1) = L7 Tr e U(r) D(t) U (1)

_ iTT' /1 -irT' /A
Sr e / o. e U ()T (+)D(£)IT (U (),

1
(2.49)

where use is made of the cyclic invariance of the trace. The dependence

=L

of F and pl on X and K will not be explicitly indicated when no risk of
confusion is incurred.

Thus far we have proceeded formally without considering the
structure of the equation we ultimately wish to obtain. The fact that
the neutron transport equation, Equation (1.1),is a first-order linear
differential equation in time suggests that, in order to derive a
similar equation for F, Equation (2.49) should be examined for some
small time interval, T. One can anticipate that there will be a range
of intervals, say Tp < T < Ty in which it is meaningful to decompose
Equation (2.49) into terms describing either transport or collision
effects. The description of transport is expected to be valid so long
as 7 1s less than some upper limit T, whereas the description of
collisions is expected to be valid for T greater than some lower
limit 7.,. These limits are rather ill-defined at this point, but

1

a qualitative estimate for Tp 1s suggested by the requirement that
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[(82F/Bt2)/(3F/Bt)] << T;l, and for T, one may take the neutron-
nuclear interaction times to be discussed later.
According to the above considerations we will treat T as

a small but finite interval. Then

F(t+7) = L7mr { o, + %I [T, ] (2.50)
ey QAR (r o)1 o (s (ep(6) (r )0 (r)
m=2

~ L-5 Tr {pl + ‘flTT-

(15 11} U ()T (+)D(+)3" ()u*(r).

For sufficiently small T such that all terms in the m sum can be neglected,
transport is described by the second term in Equation (2.50). Since this
term is already proportional to T we will keep only the leading term in

the transformation
U ()T (T)D(+)3 ()t (r) = D(t) + o(r) . (2.51)

For the first term in Equation (2.50) we will ignore the effect of +the
operator J. This approximation is justified by the fact that

J(r) = I+0(r®). (2.52)
In more physical terms the neglect of J here implies that in treating
collsions in a given cell the effects due to particles outside the cell

are ignored. Equation (2.50) now becomes

F(t+1) ~ L"3 Tr {plU'(T)D(t)U'+(T) + %1 (T, pl]D(t)} . (2.502)

The present approximations result in a complete separation of the effects

of T' and H', and hence will lead to a transport equation in which terms
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affected by transport or collision processes enter independently of
each other. This does not mean, however, that the momentum and
spatial dependence of the solution is decoupled.

In the representation which diagonalizes Py the first term

in Equation (2.50a) may be arranged to give
+ 2
Trp,U' (T)D(t)U'" (1) ~ N(X,K)D (e) o ()] (2.53)
nn!

where we have ignored the off-diagonal elements of the density matrix.*

Since U'(T) is unitary,
2 ' 2
() 12 = 1) o B (2.54)
nl

where the prime on the summation indicates that terms for which n = n'

are to be excluded. Then Equation (2.53) becomes
Trp U'(r) D (£) U (7) . 17 F(t)

2
+ ; D (£) U}, (1) | IN'(X,K) - N(X,K)]. (2.55)
nn‘l
Here the occupation numbers N' and N denote the eigenvalues of < in the
states |n‘ > and |n > respectively. Combining Equations (2.50a) and

(2.55) we have

*This is equivalent to the so-called Random & priori Phase Approximation
which has been studied only in very special cases.(LlT
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-1 i '
[F(X,K, t+1) - F(X,Kt)] 77 - Elﬁ Tr [T',0, (X,K)] D(t)
(2.56)
o L-5 z— Wn'n(T)Dnn(t) [N'(}_{,E) - N(X:E)] )
nn' I
where
2A :
Wn?n(T) = IU;lin(T)I /T'

The first term will be replaced by the time derivative of F, although

in a strict sense it should always be thought of as a finite difference.

8

However, even for T, ~ 10°

not likely to be significant in most investigations of physical systems.

sec., coarse-graining of the time domain is

The remainder of this chapter will be devoted to a reduction
of the remaining terms in Equation (2.56). It will be shown that the
second term provides the conventional description of neutron transport ,
whereas the terms on the right-hand side provide the description of
interactions. With these reductions, Equation (2.56) will then bear

considerable similarity to Equation (1.1).
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C. The Streaming Term

In order to exhibit in Equation (2.56) the transport term which

appears in Equation (1.1) it is necessary to evaluate the commutator,

42
1 ﬁ " 1"
[T0(XK)] = == Z [a" (x',K',s") & (X"K"s7), o, (X,K)]
2mL 1
XX'K!
_IS“S'

() [ 3 2 KD [ (rr) k7 TR (@0 - B (X0KVE (X0,
(2.57)

One can readily show, using the commutation relations given in Equation
(2.14), that

[ a* (K':E';ﬂ a (Knylﬁn)s'): at (K:K_,S) a (&:E;s)]

= { at (X',K',s) a Q(_)IS)S)S "BKK" - at (X,K,s) a (g",K",S)BXX,GKK,}SSSv
(2.58)

Thus Equation (2.57) assumes the form,

[ T', pl (§9E)] = - Q+ , (2.59)
where
a2 . B
Q = iH z at (X"K')s) a (X,K,s) fd3x el_}_(_ (E_)
2mr,3 252 X,K
X'K's

(x) [E (X,x) K- VE (X',x) - E (X',%) K' - VE (X,x)]

(2.60)
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With the help of Equations (2.4) and (2.5) we find

2 ix . (K-K'
Q = ;ﬁ_3 a+(.X.')IS'S) 8 (K:E)s) fd3x E(X)E)E(K')E) elzc- (KE)
mL
X'K's
3
oLy e L
(x) ) Ky [60ey-xy+ %) - 80X 1
3=1
) - Ly . x -L
- K [8(x X+ 5) 8(x ;X E)] } (2.61)
iK°
= 3 E: (+) (Kj + Kj)
sJ Kh

(x) { [a* (X+L,K}) - at (X5-L,K3) ] a(Xy,Ky)

N1}, (2.61)

. + 1 - -
+ a (Xj,Kj) [a (XJ+L,KJ) a (xj L,KJ

where the upper or lower sign is used depending upon whether

Mj = %E (Kj-Kg) is even or odd respectively in the Kj sum. In writing
the arguments of the operators we have suppressed the spin labels as well
as those components of the two phase points (X', ©K') and (X, HK) which
are the same.

The contributions from the K = K' terms in Q and Q+ are easily
recognized. Taking only these terms into account the transport term in
Equation (2.56) becomes

i gl
m

-3 [T, o XKD () = TK.VF (X K, t). (2.62)

The gradient operation actually represents a finite difference in the
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sense that

%ﬁéﬁﬁ)—y 170w ) { 8O X Xy 8) - 8T LK KK 8) ]
1 s

-a(X,K,s) + at(X,K,s) [a(X

LXK K 8) - a(Xl~L,X2,X3,§,s)]} D(t)/2L.

2) 3,
(2.63)

Equation (2.62) is seen to be the conventional streaming term which rig-
orously describes the flow of non-relativistic, massive particles in free
space in both classical and fine-grained quantum theories.

The contribution from K # K' terms in Q do not lead to any readily
interpretable result. However, they appear to describe the correlation of
neutrons with different momenta in adjacent cells. Such effects may be
regarded as corrections to the streaming term due to space-momentum cou-
pling. In view of the fact that these terms do not appear in a fine-
grained theory, it is reasonable to conclude that the coupling is a direct
consequence of coarse-graining. Indeed, as L becomes arbitrarily small
the separations between #K, the momentum point under consideratioh, and
other points in the momentum lattice approach infinity. One may then
anticipate the K' sum to collapse to only the K =K' term,

It would be of interest to investigate the quantitive effects

of these terms. We observe that a typical term in Q is
Tr at (X,+L, K!) a (X., K.) D (t
r (X,+L, K3) & (X4, K,) D (t)

= <y (t)] a* (XJ+L, K!) a (Xj,Kj)| ¥v(t) >, (2.64)

d

which has the appearance of a reduced density in coarse-grained phase-space
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coordinates (see Equation (2.32)). Similar quantities have been encountered
in recent studies of many-body problems such as ground state energies,
the nature of elementary excitations, and thermodynamics.(lB) Thus the

(18)

formelism and the techniques developed for those approaches to a
statistical theory of interacting particles may well be applied in the

present context to the understanding of the K f K' terms.

D. The Collision Terms

We have derived in Equation (2.56) a kinetic equation for the
coarse-grained neutron density F(&,E,t). The effects of neutron-nuclear
interactions are described by the transition probability per unit time,

W

n'ne With regard to the neutron transport equation the reactions of

primary interest are capture, scattering,and fission. A direct calcula-
tion of the transition probabilities, hence the cross sections, associated
with these processes 1s a rather involved task and will be considered in
the next two chapters. Our main concern here, therefore, is to extract
:the dependence on neutron density of the various relevant collision con-
tributions so that Equation (2.56) can be directly compared to Equation
(1.1).
It is convenient to subdivide the elements of the transition

matrix W into classes according to the number of neutrons in the state

n'> as compafed to the number in the state |n>. The reason is that
given a fixed number in the initial state the number in the final state

depends upon whether the reaction is capture, scattering, or fission, and
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is different in all three cases.* Thus the sum over n', which may be

regarded as the final state, can be éxhibited as a sum of distinct con-
tributions corresponding to the three types of interactions.*¥

Consider first the capture of a neutron with wave vector K
in the space cell 51' The transition probability for this reaction is

simply

(] —_
W, = WE. N@i,gj), (2.65)
=J

where ﬁﬁ. is the reduced transition probability for the capture of a
neutron—it phase point (Xi,‘hgj).*** Note that if initially there is
no neutron at (Ki’ gj),the present interaction would have zero contribu-
tion. The sum over n' in this case implies a sum over all states in
which the total neutron number is one less than the number in the state

n>, It is effectively a sum over all X; and Ej5 however, because of

the factor [N'(X,K) - N(X,K)] all terms would vanish unless X; = X and

Ej = K, in which case the factor becomes -1. Hence,
I =173 Dy Wory [N'(X,K) - N
c nn Wn'm [ (K:_) - (Kxﬁ)]
nn'
- - Wl‘z F (X,K,t). (2.66)

A possible ambiguity may arise in the case of a fission event pro-
ducing only one neutron. This particular case, although indis-
tinguishable in the present context from a similar situation in
scattering, is actually different when the nuclei involved are
taken into consideration.

*%¥ All interactions are approximated as binary collisions.

**% Spatial dependence of w will be suppressed for convenience.
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Consider next the scattering¥* of a neutron in cell Ki from
initial wave vector Ej to final wave vector §z° This process is equiv-
alent to the sbsorption of a neutron at (Ki, Ej) and the creation of one

at (X;,K,), so that

s s N(Ki’ EE) ‘ 67)
= W N(X;, K.) [1 - —— - (2.
wn.n WK LK (_i) 4 ) 1 5 1, ( T
where Ws is the reduced transition probability for the scattering

K. -K

of a neutron in cell X, from EJ to K,.** The factor [1 - N(X;,K,)/2]

Y/
is the number dependence associated with the creation process and we

have assumed that the neutron spin orientation is random, i.e.,
N(K,IS,S) = N(E:I_{_)/2 ) (2.68)

with N(X, K) equal to zero, one or two. The factor [N'(X, K) - N(X, K)]
can be either +1 or -1 in this case depending upon whether (Ki’ Ej):(z, K)

or (§i, Igﬂ) = (X, K). Thus we find

* The distinction between elastic and inelastic scatterings is
not necessary here. In the next chapter, the two processes will
have to be treated separately.

*%

We ignore here any spin-dependent effects in -the scattering.
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LSIS=Z D, nn[N(X K) - N(X, K)]

nn'

Draxe 0] g0 -

n
N(X K) _
Z D [1-—F— y WEJ_)E N(X, Igj) . (2.69)

2 Lo

K.
—d

It is obvious that the loss term in IS represents the scattering of a
neutron out of the phase point (g,'hg) while the gain term represents
the scattering of a neutron into (X, #K). Whenever ISJ_ =£z =K the net
contribution vanishes as expected. »

In Equation (2.69) we have terms proportional to the expecta-
tion value of & product of two number operators which is a higher-order

density and can be defined as

F (E,E,K',K_',t) = L—6

5 Tr p,(X,K) o  (X',K') D(t). (2.70)

It is conventional to call F(X,K,t) a singlet density and Fo(X,K,X',K',t)
8 doublet density. The appearance of the doublet is & consequence of

the quentum statistics, and hence these terms can be expected to vanish
in the classical limit. To show this we need to transform Equation (2.69)
to continuous momentum space according to Equation (2.30). It is found

that

Z IS 095 (-IS) d3K
Ked 3K
- () adp | (2.71)

s
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and '
I, = -z @ [a, v (@sp)
3p - ]
+fd. Pj f (_}g,gj,t) W (gj - P)
(2rtt) 3 3
+ ‘“"5"‘" dlz f2 (X}EJK!P_EJt) LA (E_)E,@)j
3
_ (emt)® a3p £, (X,B,X,P,t) w, (B, >P)
2 a j 2T
(2.72)
Observe that ﬁ; K 2 when we summed over the elemental volume d3Kz,
-
=724
becomes a distribution,
—s
Z ek, v (K-K,) a’k,
Ezed K, : ;
= ws(g—a_PJe) a’P, . (2.73)

Thus in the classical limit (#i» 0) only the first two terms in Equation
(2.72) survive.

Lastly we consider the contributions arising from fission
processes., Let a neutron be absorbed at (Ki’ Ej) and the resulting
reaction produce J neutrons with momentum distribution specified by a
set of wave vectors, {EZ}J. We shall neglect delayed effects so these

neutrons are all emitted in the spatial cell X, and within the time

1
interval Tl. The transition probability for this event can be written

as

WF: =—F N(X K:) G (X 4
n'n %%”{ﬁﬁg LJ:_ﬂ' (_:{EAJ), (2.7k4)
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where ﬁF : is the reduced fission transition probability, and
k4

)

is the degeneracy factor which contains & product of J factors accord-
ing to the J wave vectors in {EZ}J' It has just been shown that thése
terms lead to a dependence on higher-order densities which vanishes as
f-50. Since we are primarily interested in the fission contributions
in the classical limit we shall replace G by unity in the following.

Hence

3 =
LI =

_F o
lenn N(X,K) Z ks {K )5 (1 - i QK{EE}J)
a=1

: {5,

J
Yoo ) ), MR Ot ) ey

' &
n J’ {_IS‘a}J, a=l
K,
J I .
+ Z D, N(X,K) Z —Wg_, {IS,;}JZ (a-1) Q@,&}J
B J’ {Igz}J a=l
- Z Pnn NQ{JE) z ;_E._’ @Z}J
i Tkt
J
_F
+ Z Dnn Z N(E)EJ) W.ISJ'{IS_z}J Z o Q.g{gz}J , (2.76)
| n J, @z}J a=l
£

(0
where QK{Ez}J is the probability that of the J neutrons emitted with

momentum distribution {Ez}J there are exactly o neutrons with wave vector K.
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The collision terms, Equations (2.66), (2.69), and (2.76),
along with the transport term, Eguation (2.62) can be entered into
Equation (2.56). Keeping in mind that time and spatial derivatives are
actually finite differences, we may exhibit the resulting equation, in

the absence of quantum effects, as

0 . h = ,
(§+;§.YX+W)F(K’E’JC)
J
_ . S _F ‘ o
= F(g,gj,t) [WE._éK + e L {x )} o Qfy 1 1,
K L 2By L Ry
£{-j Jy Kg}J = (2.77)
where
w o= WO+ }: W + 7
= % KoK, "k {k }
- K - £ J
X, J,{_IgB}J
- wC L =S . =
WE + Ve * wg . (2.78)

In order for this equation to be directly comparable to the conventional
neutron transport equation, it is necessary that we transform to contin-
uous momentum space and express the transition probabilities as cross

sections. The present transport equation then becomes

9
ot

gl

[

tEo Yol (B (XE0)

- fd3P',% £ (KR, [ T () (B P)+ (R Z o B (',P)],
J,a
(2.79)
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where

r =
t

w

VR

L (BN (B'E) = Zow (B'oE)

N ad /o = I WF o
ZT(E ) By (B',B) = P! E'"’{Ez}J QE{Ez}J
{&}J (2.80)

The frequency B& is introduced such that B;(E',E)d3P is the probability
that a fission induced by & neutron at P' will produce exactly J neutrons,

o of which have momenta in d3P.about Pp.

E. Effect of an External Field

In closing this chapter we consider briefly the effect of a
time-independent external field, ¢ext(§)‘* The Hamiltonian H is now modi-

fied by the addition of Vext s

Vot = fd}% W;(E) wj(z) g ® - (2.81)
In the decomposition of H we shall group Vg, with T' so that the effect
of the external field appears only in the commutator, [V ., pl(z,g)].
It will be convenient to evaluate the present commutator in a
manner somewhat different from the way in which the streaming term is
derived. We note that an integral representation of the number operator

pl is

@0 = [P o B 0 @Ex) v () v,(x) . (2.8

¥
An example of ¢ext(§) is the gravitational field.
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Then from Equations (2.81) and (2.82)

[Vext’ pl]

fd3x a3x' a3x" o* (X,K,x) o (X,K,x") 4 (x")

ext -

(x) [\lf‘g,(gc_")\lrj.(z"), \113(5) llfj(ﬁ')]

]

J o33 0oV Y, (6 (g ()
| Pexe (2)1.
(2.83)
Because of the cell functions the x and x' integrals only extend over
the cell centered at X. If now ¢ext is a slowly-varying function over

a distance of order L, it may be approximately represented as

Byt X) 2 P (X) + (x35X;5) égi);t)x;xj : (2.84)

Entering this expression into Equation (2.83) we find

-3 'é?__%) JF 3x a3
AY ~ ex [ 1
! ext’ P1l L <;axk s =Ky dox a%x' E(X,x') E (X,x)

(0 Gy - x) v (@) v, () o )

ext 9 (X,K)
@ > 575 X, ) (2.85)

The effect of an external field on the transport equation, Egqua-

tion (2.56), is thus described by the additional term
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i t\: OF(X,K,t
- V., p,(X,K)]ID (t) o~ %) OF(EKt) ‘
#1.3 ext’ "l axj X y=X; an ’ (2.86)

which, like the streaming term, is a familiar result in fine-grained
theories. Note that in the present instance coarse-grained momentum
is treated like a continuous variable. This procedure is acceptable
s0 long as KjL >> 2n, which then represents a lower limit ,in the choice
of cell size. A corresponding upper limit is determined by the truncated

series expression of ¢ext’ Equation (2.84).
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III. NEUTRON-NUCLEAR INTERACTIONS: MAINLY NUCLEAR CONSIDERATIONS

In this chapter ﬁe will undertake an investigation into the
effects of neutron-nuclear collisions upon the balance relation (2.56).
Many kinds of nuclear reactions ﬁay be initiated by such collisions.
However, we shall concentrate our attention on only a few of.them.

There are at least two reasons for this restriction. In the first

place there are only a few such reactions that can be dealt with at

all adequately by the rather elementéry analytical techniques that we
envisage here. 1In the second place our main emphasis is on an illustra-
tive investigation of the basis of the theory of the distribution of
relatively low energy neutrons. Consequently, fission, radiative
capﬁure, and elastic scattering are probably an adequate sample of
representative and significant interactions.

There are two types of effects which must be taken into
account in the description of a collision process - the specifically
nuclear effects and the effects of the macroscopic medium. The former
depend upon nuclear forces, while the latter depend upon the non-
nuclear inferactions of the nucleus with its surroundings in the system.
Because of their importance, it is essential that the preseht discussion

of the transition probability per unit time, Wn' be made sufficiently

n’
general to include both nuclear and medium effects.
The specifically nuclear effects can be treated by means of

the steady-state theory of nuclear reactions as, say, presented by

Blatt and Weisskopf(l) and reviewed by Lane.(2) However, it is not

4]~
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clear that chemical binding effects can be conveniently grafted onto
this elegant and rigorous theory of binary nuclear reactions. At
the opposite extreme Wé have straightforward perturbation methods
for a successive approximation evaluation of Wn'n' Although such

an approach enables easy incorporation of the medium effects, this
extreme must also be avoided since it appears that only potential
scattering can be readily and usefully treated in this manner. For
indirect processes, many of which contribute significantly to (2.56),
conventional perturbation methods are therefore not adequate.

As a compromise, we will follow an approach originally
developed by Heitler(B) in the study of photon interactions with
matter. The theory, sometimes known as damping theory,(3'5) is
sufficiently elementary so that both medium and nuclear effects
can be considered and is, at the same time, sufficiently sophisti-
cated to allow a useful exposition of the essential features of
both types of phenomena.

From the point of view of the neutron transport equation
some of fhe collisions of importance are those which result in capture,
elastic and inelastic scattering, and fission. We do not regard as an
essential part of our purpose the detailed investigations of the
specifically nuclear effects of these reactions since very complete

and thorough discussions are available in the literature.®

*See reference 1 for a general discussion of theory of nuclear reac-
tions. For those aspects of particular interest in reactor physics
see Weinberg and Wigner.
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For this reason many aspects of the following calculations will not

be explored as fully as possible. Moreover, not all the reactions

are treated with equal emphasis. It will be seen that considerable

detail 1s presented in the study of radiative cgpture and elastic scattering,
whereas the discussions of inelastic scattering and fission processes

are brief and, at best, descriptive.* What we attempt here, in

essence, is to illustrate another approach to nuclear reaction theory

that is capable of producing, at least qualitatively, the conventional
£ésults and also'allows a systematic treatment of the external degrees

of freedom of the nucleus.**

A. Formal Development of the Transition Probability

The task of evaluating the transition matrix Wn'n is essent-
ially that of determining the off-diagonal matrix elements of the
"temporal evolution" operator U'(t). Thus far, the representation in
which the matrix elements are to be calculated is only required to
diagonalize the neutron number operator, otherwise it is unspecified.
With the diagonalization of Py, Ve observe that E:, the kinetic energy
of neutrons within cells, also becomes diagonal.

In order to develop a general expression for Uﬁ'n(T) some
consideration must be given to other degrees of freedom of the system.
For the moment they need only to be introduced formally, detailed dis-

cussion being necessary only when a specific reaction is to be

*This by nomeans is intended to imply the relative importance of the
reactions in the transport equation in general, although there are
special cases in which the effects of a given reaction or reactions
are suppressed.

*¥*The present approach has also ?e n employed in recent studies of
photon transport in dispersive 73 media, and of line shape theory.<8’9)
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investigated. We therefore further specify that the above representa-

tion also diagonalize the operator Hs, i.e.,
(g +H) [n> = e [n> . (3.1)

The states |nv> are assumed to form an orthonormal and complete set.
Although Hg describes the entire system exclusive of neutrons, the only
part of it that will require our subsequent attention, in view of the
reactions of interest, is that relevant to the description of nuclei;
and of photons in the case of resonance capture.

The operator U'(t), as given by (2.47), has as its Laplace

transform

G(z)

|
K)
|5
<
o
1
Q
<
B

I
—~
N
+
[N
!
~

, (3.2)

where H' = € + HS + V. The form of this operator is particularly suit-
able for developing approximations. As will be seen, the present cal-
culation provides an approximate expression for the off-diagonal matrix

elements of G(z). Once G, ., (2z) is known, the inversion then gives

y+ico
. 1 TZ/h
Un'n(T) = 53 J[ dz G, (z) e . (3.3)
y=iw

From Equation (3.2) we have the matrix equation

(Z + ien) G’nn' + i Z Vnn" Gn"nl = Snn| . (3-"")

n"
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It will be convenient to treat the diagonal and nondiagonal parts of

G separately. For this purpose we introduce an operator Q such that

) (3.5)

nn' Ganhn'Gn'n'
for n # n'.
The diagonal elements of G then satisfy the formal relation

ih -1
¢ (z) = (z+1ieg+5 7)) , (5.6)

where

gyn(z) - Vnn+z Von'Gnin'Q pipe (3.7)
n'# n

An essential step in the development is the determination of

Q'+ From Equation (3.4) we obtain
[z + 1 (ep + V)l GppQupr + V00 (3.8)
+ i Z VnnnG-nnannnn. = 0,
nn¥n’n|
or
Q'nn' = -iVnn. -1 E‘ uG- nan,nnnl

n"%h,n'

(3.9)
+ i E uG " nQ.nnnGan.nnv

A useful, approximate solution to this equation can be obtained by ex-

panding Q as a power series in V, and ignoring the dependence of G on V.
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This is readily accomplished by writing

V - }\-V)
Q - }: x°+l Q(O) ? ' (3.10)
o=0

and considering A as a bookkeeping parameter ultimately to be evaluated

at the unit point. We find, to second order in X

Kﬁ Van"  Va'n!
an|() = -ann' - / N N " b (5'11)
n"fn,n' 27 *€a" T 5= 7nn
and
2
ih _ |V ! l
E— 7n(z) = iV o+ }; nn . (3.12)

With y (z) given by Equation (3.12) the diagonal elements of G are now
explicitly determined by means of Equation (3.6). The higher order
terms which have been ignored can be investigated. But we anticipate
that the predominant features of the reactions of interest are usefully
described by the two terms in Equation (3.11). To this order of approx-
imation, the off-diagonal elements of U'(r) are given as

A
() /

- 2nd
4

y+ic
- - ZT
U Jf dz An(z) An(z) e
=i
(3.13)

(X) [-iVnn' - y levvnlln|Kn||<Z)] ’
n'
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where

B(z) = lz+ieg+ 2y ()7 (3.14)

The quantity 7n(z) is the width and shift function for the
energy level corresponding to the n-th eigenstate of the system. It
will be shown that when evaluated at z = -ie, the real part gives the
shift of the unperturbed energy level due to interactions, while its
imaginary part describes the width and hence the finite lifetime of the
state |n >. The only reason that we cannot neglect these quantities
completely in the present problem is thgt many of the neutron-nuclear
reactions we are concerned with proceed via excited states which are
known to be significantly broadened. At the same time, in the systems
of predominant concern here, it is most probable that the interacting
nuclei are initially in their internal ground states. If also we con-
sidér only time intervals (v) long compared to the lifetimes* of the
intermediate states;, the final states can also be taken as ground
states so far as the specifically nuclear degrees of freedom are
concerned. Hence for our purposes the only states whose widths and
shifts will have apprecisble influence on the collisions are the
intermediate states. We will accordingly ignore the width and shift

functions in A (z) and Kh,(z) in Equation (3.14), thus

TP z7/h
- - T
Uﬁn,(T) ey Jf dz By(z) Bn.(z) e
y =i
(3.15)
(X) [—ivnn, - VnnnVnnn,Knn(z)],
n"+#n,n'

*This provides a qualitative lower limit for T.



where

B (z) = (z+ iep) . (3.16)

In Equation (3.15) the two terms represent the effects of
direct and two-stage (compound nucleus) processes respectively. It
is anticipated that the first term will suffice to describe potential
scattering, whereas the second term will lead to & description of
resonance reactions (including fission). In the instance of elastic
scattering, both terms must be considered simulteneously thus enabling
an examination of potential scattering, elastic resonance scattering,
and the interference between them.

The evaluation of the first integral in Equation (3.15) is a

simple matter, and we find

—_ —_ ZT/’ﬁ -i(DnT 1 1
1 JF dz B, (z) B,:(z) e =-8_ __ (1l-e “hn ),
2ni y—doo 1’ﬂa)nn,
where iy, = €., and Ay = €, = €pe The second integral can be
expressed as a convolution(lo)
1 Y+1lco _ _ _ ZT/’ﬁ
h(T) = ey dz B (z) By (z) An(z) e
7 =i
(3.18)
T T!
= ‘h-2 k/\ ar!' Ah"(T-T') L/R dr" Bn,(T-T") Bn(T"),
o o
where
-ite /4
B(r) = e 7, (3.19)
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and A (r) is the inverse Laplace transform of Kn(z). This function,

A (r), has been studied and estimated.(_9) The result: can be demon-
strated by means of a rather simple argument; which, however, does not
suggest much as to its validity. We observe in Equation (3.14) that if
Yo = 0, then Kn(z) will have only a simple pole at z = -ien'. 'I'hié
suggests that Kn may be estimated by approximating 7n by a truncated

Taylor series,

ra(a) o 7ylrig) + (o v 16 )@, . (5.20)

If only the first term in Equation (3.20) is retained then Equation (3.1k4)

becomes approximately

Kn(z) ~ Lz + 1e + %ﬁ 7y (- ien)]ml , (3.21)

and also

Pi[en + :g.‘ 7n(" ien)]T/‘ﬁ. °

A(T) ~ e (3.22)

We have glibly approximated a function of a complex varieble
by its value at a point on the imeginary axis. This procedure is un-
ambiguous so long as the function is well defined at that point. How-
ever, in the present case y, possesses branch points on the imaginary
axis,and this is readily demonstrated by examining the boundary values
of 7n(z) as the imsginary axis is approached from both sides of the

complex plane. One finds that

Iﬁ .
;];ii ot ;_ "n (x + 1y) = isn(y) + I'n(ZY), (3.23)
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SRy (x+ay) = is(y) - Ty(v), (3.24)

where

2 e
s (y) = Vv, - Z Vot 1= 9 —2— (3.25)
n'#n

—
Py
s
N—r
1

2
n? Voo I 8y +e) (3.26)
n'#n
In obtaining these expressions from Equation (3.13) we have made use

of the relation*

lim 1 . 1
4 —— = - l(Jj—+ 8 .2
X >0 7 (Y)) (3 7)

where CP % is the principal value of l/x. Comparing the Equations (3.23)
and (3.24) we see that in crossing the imaginary axis the value of 7,(2)
changes by an emount 2 (y) which vanishes everywhere except at the
points y = -€,, n' 4 n. Hence 7,(2) does not have a branch point at

zZ = -ien and the approximation (3.21) is unambiguous. Note that by
exhibiting the real and imaginary parts of 7n(—ien) as in Equation (3.23)

we can rewrite Equation (3.22) as

An(T) e-Fn(-en)T/ﬁ e-iT[Gn + sp(-€n)] /B | (5.28)

Having obtained an expression for An(T) we find from Equation

(3.18)

*See Heitler,<5) p. T70.
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h(T) - e'(7n"+ iAIl")T/h u[ g;;:;l_ e(an"' i%n)‘l"/ﬁ
o

T‘
n -1 . {3 -1 n
(x) fd—%‘e (iR e/ (3.29)
(o]

e-ienv'r/'ﬁ e-ien'r/’ﬁ

1l
- i(€n-€n|) { Pnn + i(Ann-€n') ) I‘nn + i(Anu-Gn)

) i(en-en|) e-(Pnn + 1A,m )1-/45 }

[Ty + 1(Agn-€0 )1 [T + 1(Agn-€p)]

where

Ann = enn + Snu(‘enu)o (3'30)

This result shows that the dominant contribution to h(T) arises from the
first two terms when e ~ € e The third term is exponentially attenu-
ated; end, since our earlier comment that t should be greater than the
lifetime of intermediate states implies the condition Lyt >> h, we cen
neglect this term. If we now anticipate energy conservation and treat
the denominators of the first two terms as the same, the inversion

integral becomes

= I

U & F [V -

Vnnn Vnnn|
enin-en + ﬁz 7" ( -iepn ) :]
n"#n,n’ 2
ey (l-eiwhn'T)

4mhn.

The transition matrix is the absolute square of Uﬁn' divided by T,

. (3.31)



2
WIJII’ ~ %—- Vnn, - Z Vnnn Vn"n' <l - COS%:T)
n"%n,n' €n" -€n + g 7nu(-i€nn) “T"ﬁn'

(3.32)

For sufficiently large T, 1i.e., O T > 1, the last factor
in Equation (3.32) is a sharply peaked function about O = O,* and can
be replaced by a delta function. The quantity W T will always be sub=-
stantislly greater than unity if the width of the intermediate state is
small compared to its energy above ground, i.e., if ﬁ“hn‘ > 7ne " If such
is not the case, the notion of the intermediate state becomes fuzzy and
so does the concept of the transition probability per unit time.

We have obtained a useful, though approximate; expression for

Wnn" It is convenient to exhibit this general result as
Worp = 8(ep - €n1) Ry 5 (3.33)
Ry = E;'Vnhl_ Vn'?; Yn"n 2 (3.34)
n" n,ng enn-en + 5 7nn(-i€nn)

The transition probability is independent of T as one might expect in the
present situation. In order to develop explicit cross=-section formulas
for the various reactions, it is now necessary to consider in more detaill
the states {|n>} and the matrix elements of the interaction s Vo

The eigenstates {|n>} were introduced in Equation (3.1)
simply as a dlagonalizing representation for the kinetic energy of free

neutrons in cells and for the total energy of the "system" with which

¥See Schiff, (1) p, 198,
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the neutrons interacted according to a potential V. We shall regard
the "system" as an assembly of electrons, photons, and nuclei of
various kinds. In the present study we will ignore the interactions
between neutrons and the electrons(l2) on the ground that they have
little effect on neutron transport.* Consequently, electronic
coordinetes sppear only in Hs' We will also ignore the photon-
neutron coupling; however, photon coordinates will appear in both Hs
end V because it is convenient to incorporate the energy of free
photons in the former and the interaction of photons with nuclei in
the latter. It is necessary to take explicit account of the photons
only for the description of radiative capture; for the other pro-
cesses to be considered here the presence of photons has little
influence on the cross sections.

Follbwing the above remarks, we exhibit the eigenstate

n>as a prdduct of eigenstates appropriate to each kind of particle,

n> = |N > N > |N > 3.35
I X_’E{_’S 2(_)5_)}\ I A,k . ( )

The eigenstates for the neutrons and the labels that characterize them
were introduced in Chapter II. There it was mentioned that a neutron
state |n >, denoted here as INX,K,S >, is completely specified by a
set of occupation numbers for all spin and momentum states and cell

labels. From Equation (2.18),

NX,K,S > = |N(§l,_1_<_l,sl)N(>_<l,§l,sg) N()_(j,Ej,sj) o> (3.36)

*The inclusion of neutron-electron interactions entails no difficulty
in principle.
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It is appropriate to treat the photons also by the field formalism.
Then the photon eigenstates will be specified by a set of occupation

numbers for all polarization and momentum states and cell labels,

Mg, e,n > = W ] Ny, 2) ee NEyskgony) -oe >0 (3.37)

where N(X,k,\) is the number of photons in cell X with momentum %k
and polarization A. Since photons are bosons,this number can be any
positive integer or zero.

The eigenstates for the entire collection of interacting
nuclei and electrons are less easily described and more cumbersome
fo deal with. In the first place, like the neutrons and the photons
the nuclei are not conserved, so that one is tempted toward a field
formalism for their description. But on the other hand, the nuclei
may well be localized, as atoms bound in crystals, thus making the
application of field theory awkward if not obscure. If, in fact,
the nuclei (atoms or molecules) are in gas phase, then their treatment
in analogy to that of thé neutrons and photons would be quite appropri-
ate. However, for the general discussion (more applicable to solids
and liquids) we will make use of eigenvectors whose components them-
-selves are many-particle configuration-space wave functions describing
definite numbers of nuclei of definite kinds. Different components
would then describe different numbers of nuclei of definite kinds.
These eigenvectors will be presumed to be orthonormal,and it will be
further presumed that V has some non-vanishing off-diagonal matrix
elements with respect to these representations. As a notation we will

write
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NA,Ot,k > = IN(AlOllkl) N (AlOClkg) coe N(Ajajkj) cee > (3.38)

to represent a nuclear state with N(Al’oi’kl) nuclei of kind A, with
internal and external states specified by labels O; and kl respectively,
etec. It is important to keep in mind that the components of these
vectors are not functions in occupation number space, but rather in
ordinary configuration and spin space.

We will treat the various interactions separately. Following
the approach outlined in Chapter IT we decompose all interactions into
classes according to the relative number of particles of a given kind
in the states |n > and |n' >. This will be seen to be a natural way
of classifying the different binary neutron-nuclear reactions. Scatter-
ing_reactions, both potential and resonance scattering, are character-
ized by the same total number of neutrons in the final state as in the
initial state. This is true for both elastic and inelastic events,
although inelastic scattering really belongs to a sub-class in which
the number of photons in the final state differs from that in the
initial state.* If the neutron and the photon (photons) are emitted
separately in an inelastic scatteringAprocess, such an event will
require a description which allows at least two intermediate states.
Since the present treatment is restricted to only one intermediate
state, our discussion of scattering will initially be limited to
elastic processes. Later, we will assume that the approximation in

which the compound nucleus decays to ground state by a simultaneous

*We continue to treat the nuclei in both initial and final states as
in their internal ground states.
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emission of neutron and photon is adequate for treating inelastic
scattering. Radiative capture reactions, as well as all other
neutron capture processes which are followed by a decay to ground,
are distinguished by one less neutron in the final state than in
the initial state. Finally fission is a reaction in which the
neutron number in the final state may be increased by one or more
with respect to that of the initial state. Thus in the following
we shall consider radiative capture, scattering, and fission reactions.
Though these hardly exhaust all the interesting possibilities, they
are the main processes which significantly influence neutron trans-
port in many reactor situations.

As an ;nitial step in the reduction of collision terms in

Equation (2.56) we rewrite Equation (2.56) as

o) ol d -1 c
<b_t + - K; &—J-> F(X,K,t) = -V E W, D
nn's
-1 \ sG -1 sL
+V }; W, Do =V }: Wi, Dop (3.39)
nn's nn's
+ V_l ;,- [N'(E}E:s) = N(K:E)S)] wi'n on ?

mn's
where we decompose the n' sum for a given n into sums corresponding
to the different types of Wn,n° The terms proportional to Wi?n are
all those for which the final states contain the same total number as

the initial and for which N'(X,K,s) = N(X,K,s) + 1. They are therefore

the scattering gain contributions to the balance relation in the binary
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collisipn approximation. Analogously, the terms containing Wi?%
constitute the scattering loss contribution.¥ The terms containing
W;'n are all those (except fission) for which the total neutron
number in the final state is one less than in the initial state and -
for which N*(X,K,s) = N()_c,g,s) - 1. These represent the effect of
neutron cepture reactions., The companion terms representing neutron

gain by emission from excited nuclei have been neglected in writing

are to represent

Equation (3.39).%*% Finally the terms containing Wi,n

the fission contribution in which‘an arbitrary increase in the number
of neutrons is allowed. A number of other binary interactions could
be included in Equation (3.39), however, they are of more special
interest*** and need not be considered in a general discussion of
collision effects in neutron transport.

The following sections in this chapter will be devoted to
a study of the specifically nuclear aspécts of the various transition
probabilities indicated in Equation (3.39). When reduced, the collision
terms will have the same form as those discussed in the previous chapter,
but in the present instance explicit expressions for the reduced tran-
sition probabilities will be derived. ' In the next chapter the influence

of macroscopic medium effects will be investigated in some detail,

*The scattering gain and loss terms will consist of both elastic and
inelastic contributions.

*mis is not Justified if; say, the concentration of photo -neutrons
in the system is appreciable,

*¥*¥For example, the (n,2n) reaction in Beryllium.
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B. Radistive Capture* +

The radiative capture reaction (n,y) is not the simplest
reaction consildered in the present work. It is generally viewed
as a two-stage process involving the passage through an intermediate
state. Cohsequently, a more complicated description is required
than that for the direct process of elastic potential scattering.
However, a general treatment of elastic scattering must also include
considerations of resonant scattering, a process of the same order
of complexity as radiative capture. Thus we shall first examine
the (n,y) reaction and will make use of certain features of the
resonance process in general in later discussions of elastic scattering.

The (n,y) reaction is schematically represented by

*
n + XA - XA+l -7 +
Z z Z

xA+L , (3.40)

where we assume that the neutron interacts with the nucleus to form a
compound nucleus which then decays directly to its ground state via
the emission of a photon. The transition probability Wg,n associated
with this process is given formally by Equation (3.33) and (3.34).
The potential V describes both neutron-nuclear and nuclei-electro-
magnetic interactions. These interactions are presumed to be
separable in the sense that

v = W +vv (3.41)

*Other capture reactions such as (n,p) and (n,a) will not be considered
here, Their contributions to the transport equation can usually be
ignored (see, for example, reference 6, p. 51).

*The reader may see Dresner(l5> for a thorough investigation of the
effects of resonance absorption of neutrons in nuclear reactors; se
also the work of Nordheim(lu) and a review by Sampson and Chernick,?l5)
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where VN involves the specifically nuclear forces and is that part

of V which causes the transition from initial to intermediate state
(neutron absorption), and Vv’ is the electromegnetic part that causes
the transition from intermediate to final state (photon emission).

A consequence of this separation is that V will have no non-vaenishing
matrix elements in which both the neutron and the photon numbers are

changed,* The reduced transition matrix thus becomes

% N 2

n"#n,n' en""en""% 7o (~iegn)

It is now appropriate to obtain a more explicit expression
for the width and shift function y. We recall from Equation (3.12)
the expression

€nn - €m

. o .
g 7nn (-i€n") = Vnnnn + M_ (3,)4.5) :
m#n"

The m sum is to be regarded as a summation over all possible sets of
neutron and photon occupation numbers, and over all states of the nuclei.
This sum can be decomposed into contributions arising from those states
like the initial state, those like the finel state, those like the
intermediate state, and all other states for which V » does not vanish,

The contributions from the last claés of states are not considered here

*In treating inelastic scattering we will find it‘necessary to violate
this condition: This is, however, due to the fact that we insist on
using Equation (3.34) to describe what is essentially a three-stage
process,



end will henceforth be neglected.* Note that by two alike states we
mean that the number of any given kind of particles is the same in

- both states and nothing is to be inferred about their respective

- momentum and spatial distributions.

The contribution to the m sum in Equation (3.43) from states

like the initial state may be written in the form

N 2
Vi ot g Ky sy 1 - @Ky 891 (5.44)
AL, AL A A+l 3.
w T K" - E - K - B
k.,K.,s. © K, 5
372377 J J

where we designate as EK and Eﬁ respectively the kinetic energy of a
neutron with momentum #K and the "external" energy of & nucleus of

mass A in "external" state k. Unless stated otherwise the label k
denotes the state of translational motions of the nucleus. We have
assumed here that the total energy ofbé nucleus, Eﬁd s can be expressed
as the sum of its "internal" energy Eg and Eﬁ, The binding energy,

(m + My =~ MZA_._l)c2 , is represented by BA+1, where all reference to
nuclear masses is to ground state rest masses. The various energies
which will enter into the present discussion are illustrated in the
energy disgram given in Figure 1. In Equation (3.44) we have extracted
from the off-diagonal matrix elements their dependence upon occupation
number in much the same manner as in Section D of Chapter II. The

N

relevant part of the potential here is seen to be V' since the terms

which contribute are those describing the emission of a neutron. To

*an example of such a contribution is that which describes the decay
of the intermediate state by proton or alpha particle emission as in
(n,p) or (nya) reactions.
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Figure 3.1. Energy Level Diagrams for the Formation and Decay of a Compound
Nucleus; (a) Initial State |n>, (b) Intermediate State |n">,
(c) Final State |n'>.
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illustrate how the sum over neutron occupation numbers is performed
we explicitly display the distribution of the particles among cells

in a given m state (see Equations (3.35) and (3.36)) as

m> = |N}'(_'d > |Npg > [M(Xp,Kq,87) ..o N'(}_(j,gj,sj) ce>
(3.4ha)

iN;ﬁﬂ} > W, > I (EK,s)e e 1N (R, Ky,8y) >,

where we have written the photon and neutron occupation numbers relative
to the intermediate state, |n" > = | iﬁk >5| xak > |N§§S > . The
photon distribution is not changed since we are considering only VN,
and in this particular case the neutron with spin sj at the phase
point (zj, ﬁgd) is being emitted. So far as the sum over neutron
occupation number is concerned the m sum now becomes a sum over zﬂ’
Kﬁ‘and sj,as any of the neutrons present iﬁ any m state can be emitted.
We can immediately set zd = X because only the neutrons at X are of
interest and emission is presumed to take place at the point of inter-
action. Thus the dependence upon neutron occupation number for the
emission process is simply [1 - N(ZJ’EJ’SJ)]’ We have also attempted
to show explicitly in Equation (3.44) those degrees of freedom which
will influence the matrix elements of vY. Since in the state Im >

the nucleus is in its "internal" ground state, the dependence upon

aj is suppressed.

In a similar manner we may display the contributions from

states like the final state as

( 4 2
E le“a",kjﬁkj [“[1 + N(Xg5k95205)]

; I
§ pAtl | pA+l A+l (3.45)
KiEgdy Epn” + BT - Ekj - EKJ
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where EK represents the energy of a photon with momentum4ﬁ5, and the

contributions from states like the intermediate state as

N 2
A" 1 1 - ] [
I k"a"’kjajgjsjl_{_ksk I N(X’Ej ,S,j)[l N()_()_ISz)sﬂ)]
Z | " (3.46)
A+l | pA+l | pA+l _ phA+l (3

k,q.K!K's!s!' En™ - + B - +E_ -E
PRAESETAE R o a K" ky K; Ky
# (k"a"_IggE}sSs})

On account of their denominators, the terms in Equation (3.46) make a neg-
ligible contribution except perhaps when oy = ". This special case
corresponds to an increase in the width and shift function due to a
scattering interaction between the compound nucleus and the neutron
field. We expect the effects of this type of collision broadening to
be relatively small, and will ignore such terms in the following. The
contributions to the m sum in Equation (3.43), to a good approximation,
are then given by expressions in Equation (3.44) and (3.45).

It will be convenient to replace the momentum sums by appropri-
ate integrals. For typical quantization cells with characteristic length

b cm, the momentum uncertainty AK/K (or Ax/k) is of order 10=2 for

L~ 10"
lO"3 ev neutrons (or Kev photons). Thus in all practical cases the dis-
tribution of points in momentum space may be treated as essentially con-

tinuous. The second term in Equation (3.43) then becomes
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N 2 ,_
E Ly [ o Vo ks, | 11 - N 8)]
. T -
%383

+1 * +1
R "

y 2
v TP 1] l 1+ N(X K )x)]
: k' k.k\. it LA ,
N Z <;—ﬂ)5 f a3x - ’ S - ;o (3.47)
+ + +
kJ}\J Eﬁn + E'g" - Eﬁ - EK.
J
or
L VEY Y [ [ag” Mol D-M@Be)
2\2x A . K f% —J=
K.Ss o +1 % +1 A
Jd Egn +Eﬁ,. -EK -Ekj

ot B =BT -E

© 4 2
3 lvknan k.'K,}\'I [l + N(’}E,l{_,}\. )]
¥ (—E-;> }; JP an, Jf dE B 2= J
2rhe /- , KK EA+1 A+l A+l
k,j)‘,j o} +
J

A+ + *
The energy difference Eof,,l - BA L is denoted here as Eg:l . The

integrals in Equation (3.47) may appear,to be singular; however, we
recall from section A that 7nn(—ienn) is to be evaluated in the sense
of a limit, i.e.,

lim 7’n"(X - iEnn)
x —» ot o

By applying Equation (3.27) we find that Equation (3.43) may be

written as
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2‘ Txrar T Sg"at T %Pk"o{" ) (3.48)

where

=V

Sk"O!" k"ot ,k"a"

5 . © 1/2 |V11\{I||d"k Ks lz[l- N(&,E, sj )]
+ L (E_\/2m> y f aqy (Pf dEgEx — 3= Jl :
2 2 A — + + _

" ky 5, o E‘;. + Eﬁ.. - B EkJ

3 © Vo 21 R
N N R T AL TR L O
[o]
k3

2rhe |
EA+l + EA+l - Eﬁ+l - B
J

kl' O!" K

(3.49)

1
'5 Fkuan
— 5 ) ) . 5 2\
n (L \/-Zm y 1 — El/
2 \ex 7£f) L. J[ “ {Ivk"a":kjgsjl (1 - %K 5)] By *OA+L*  A+L
kj Sj EK-_—'Eall +Ek" -Ek

e I IS (LA :
T aq_ < v |~ [1 + N(X,k,2:)] E
<2nhc, : © UK, gy T k) phtLphtl gl
' LSRS K 3

+

(3.50)
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The function ¥y is now expressed in terms of its real and
imaginary parts. When entered into Equation (3.42), Sy 1o gives rise
to a displacement of the resonance line the width of which is determined
by Fknan-

Sk g and will not be concerned with its effects. On the other hand,

In our discussion we shall merely note the existance of

the existence of Fk"a" is obviously crucial in the development of a
theory of resonance reactions, and we will shortly return to more discus-
sion of this quantity.

Entering Equation (3.48) into Equation (3.42) and again extract-
ing neutron and photon number dependence from the matrix elements we can

exhibit the capture reaction matrix as

(]
— ' 1
B, ks MK, 8) [1+ WX,k 00) Ir nLKKs (3.51)
14 N 2
¢ 2]_[ Vk '_’i ] }\1 ,k”Oﬁ" Vkllall,ms
s T » Al b
_ ) +1% +1 .
" E + +E° "-E -E - L1 I,
k'a " Sk"a" k" K k > Fk a"
(3.52)

Note that we are labeling the matrix elements again by state labels rather
than by occupation numbers. This is because the sum over occupation num-
bers in the final state in Equation (3.39) actually reduces to a sum over
states as in the earlier cases. The sum over occupation numbers in the
initial state is to be carried out formally according to the specific
dependence indicated in Equation (3.51).

Thus far we have not given any specific consideration to the

matrix elements of V? and VN. The discussion of V? can be made more
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quantitative and will be considered first. The portion of the inter-
action between nuclei and electromagnetic field which describes single

photon emission or absorption is(ll)

Voo X EEc_.é = -2, (3.53)
' m
4L L

where the subscript £ specifies the nucleus and the superscript L speci-
fies the nuéleon. The momentum of the nucleon is denoted by p and the
vectof field A represents the transverse radiation field quantized in

8 manner wholly similar to the quantization of the neutron field in

Chapter II. The matrix elements of V7 then become

7 = eL "i 'or
Vk'n')\',k"a" =< k'OI z EE e K ._% E}\'(E').E% k"o">
£2,L

-ik'R, R4
~ 2 < k*|e - |k"> an" (ﬁ'}\')) (3‘5)'")
£
where
UR;@ ( < eL -i.li Ej L "os
Oa" _K_}\) = 0 Z @ e E._}\(ﬁ)'_P_ a ° (3@ 55)
L

The label O is used to denote the ground "internal" state of the nucleus;
In order to arrive at the above factorization we have introduced the

center-of-mass position vector, R , and the relative displacement, p, so

that EL

L
4= Bg +t e, These coordinates, however, are not independent.

L.
The momentum D, is conjugate to.ﬁ%) and therefore consists of contributions
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from center-of-mass motions as well as from relative motions. But because
the nuclear momentum is very small compared to the nucleonic momentum we
have neglected the former and set Bj 2:2;' It is only in this approximate
sense that we may isolate the effects due to external medium. The factor
Ugé" now depends solely upon internal motions and describes the response
of the nucleons to the photon field,

Since a particular Fourier component of the neutron field is

involved in the matrix element, Vg"a" and since the range of neutron-

, KKs’
nuclear forces is small compared to the dimension of the quantization cell,
it is expected that the matrix elements describing neutron absorption de-

compose in a fashion similar to the factorization of the photon-emission

matrix elements in Equation (3.54). We shall therefore write

K0 kK Z< k'] e A x> uﬂfo (Ks). ~ (3.56)
£
Both matrix elements of V7 and VN are seen to contain the sum over nuclei.
These sums, however, will not appear in the calculation of the reaction
matrix (3.52). This is because such a reaction matrix is intended to
describe the evolution of the system from a state characterized by a cer-
tain number of neutrons, photons, nuclei of masses A and A+l to a state
characterized by one less neutron, one more photon, one less mass A
nucleus, and one more mass A+l nucleus. The nucleus which absorbs the
neutron must be the same nucleus which emits the photon, thus elements
of the reaction matrix between specified initial and final states will

only depend upon the properties of a single nucleus.
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The reduced reaction matrix for:capture now becomes a. sum of

matrices each appropriate to an individual nucleus. For the nucleus

designated by the label £ we have

AT ERPUI i ik R iK'Ry, 2
! _ 2 Voo (& 2 Ugng (Ke)<k'| e 21k"> <k|e = ~F| k>
k'g'\',kKs A A - ,
- - x"o" +l_ ) ] L
%all + Ek." EK Ek 2 I‘a"
(3.57)

where we have ignored the dependence of the level width and level shift

upon the external degrees of freedom of the nucleus, and where

% w = Eg-:l = BA+1 + san (3058)

o

ié the energy of the a-th level in the nucleus of mass A+l as seen by a

free neutron in the laboratory. If we assume for illustrative purpoées

that the nuclei in the system are characterized by well separated energy

levels,* then Equation (3.57) reduces to a sum of a single-level

resonances
2
cl 2n y) y)
T —_ 1yt
k'), kKs < B Z Uoar (521 Ug"o (Ks)
CX"
iK', ‘K.
( < k! Ielﬁ Bz |k"> <k"]el§ Bﬁlk)
x) . (3.59)
+1 A i
k" Ea" + Eﬁ" - EK - Ek - é I‘a"
*

In the conventional theory of resonance(l)’(6) one introduces a level-
spacing D which represents the average separation between neighboring
resonance levels. Values of D range from several hundred Kev for

light elements down to a few ev for A~l00, and will in general decrease
with increasing excitation energy. Thus it is meaningful to speak of
isolated resonance levels only if Rx"<<D .
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The matrix elements Uga" and Ug"o incorporate all the responses
in the interior of the nucleus to the ;eaction, and are complicated quan-
tities which cannot be discussed quantitatively in the. present development,
For our purposes it is sufficient to replace them by more familiar quan-
tities. We observe that the level width given in Equation (3.50) can be
identified as a sum of partial widths: appropriate to the decay of compound
nucleus by either neutron or photon emission. Specifically the radiation

width for the @"-th level is

1 (B) L 3 u/‘
2 lgm > ™ (21rhc ) X af
kjkj

-ik-R
<k"| e lﬁ-—zjkj>

2
£ 2
" + N(X E
E = E n + E "= E
K 07 k kJ
(3.60)

where use has been made of Equation (3.54). We will assume that we may
ignore the factor [1 + N (g,ﬁ,xj)] . If we further assume that the dif-
ference in "external" energies, Eitl - Eﬁgl, is negligible compared to

the excitation energy of the compound nucleus, then the sum over kj may

be performed to give

L (®) L (3 (ph+142 R 4 2
2 Fau Z K(E;(Tl—c) (Ea-: ) Z fdQKI Uano(_'f'_)x)l . (3.61)
A

Using similar arguments and approximations we find the first term in

Equation (3.50) to be given by
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R S EWEAL A=

which can be identified as the neutron width. In the sense of the above

, (3.62)

approximations and if |UR£|2 and ]UN£|2 can be considered as constants
these results show that the radiation width is essentially energy |
independent, whereas the neutron width is proportional to the neutron
speed.* Equations (3.61) and (3.62) are useful in that they allow us to
write the elements of the reaction matrix in terms of level widths, and
"in the present treatment the latter quantities will be treated as empir-
ical parameters, It is expected that . IUR.,O]2 is quite insensitive to
the directions of K, so that we have¥**

Lo 23(27%}@2

2 O

" (xs) |2 . (3.63)
a0

S

"OI , although as we will

"show later the assertion is not necessary in this case.

The same may be said for the dependence of |UR

Further progress from this point, at least so far as the reduc-
tion of Equation (3.59) to useful forms is concerned, requires specific
assumptionsregarding the macroscopic state of the system. It will be
necessary to know whether the external degrees of freedom of the nuclei
are those appropriate to a system in solid, liquid, or gaseous state in

order to compute the indicated matrix elements., These matters will be

*  For the case of U255 see Oleksa. (16) Because of its dependence upon

(EAT )2 the radiation width can be expected to decrease as A increases.

The energy depend?nge of the neutron width is in agreement with the con-
ventional results\l) for neutrons of zero angular momentum and therefore
implies that |UNz| can indeed be treated as a constant so long as the

neutron energy is not so high that neutrons with hlgher engular momentum

begin to interact appreciably.

*% This is equivalent to the assumption that neutron emission or absorption
is essentially spherically symmetric, a condition usually valid at least

for Ex < 100 Kev,
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considered in the following chapfer. In concluding this section we shall
examine some of the more general aspects of the collision terms in the

balance relation which describe the effect of radiative capture processes,

These terms now appear in Equation (3.39) as

v Z Waip Dpn(t) = V7 2 N(X,K,8) [1 + N(X,k',2")]
nn's Zk'k'A'ns
ct A+l oA+1
() T\ oy e Dnn(®) B(ECT - B E Eg - Bp).  (3.64)

Evidently the n sum leads to functionals of various doublet densities.
However, to avoid explicit consideration of these higher-order densities,
we shall liberally (and for the moment uncritically) replace averages of

functions by functions of averages.* Thus,

AR NN IO R ) R L+ Gs,y)

n'n nn
nn's fk'k')\'s
ct A+l  LA+1 A
(x) T, KK Dy () s(Ek, -B+E - E - EK), (3.65)

where F_(X,K,t) is the expected number of neutrons per unit volume at
time t with spin s and momentum K at X, Fx(§,5,t) is the expected

number of photons at time t with polarization A and momentum hg at X,

* Hgd we retained the doublet densities then Equation (3.59), which may-

- be regarded as an equation for the singlet density would be incomplete
for the determination of F(g,g,t). An equation for the doublet density
is tye?efore necessary, and we will find that it contains the triplet
densities. Hence, an infinite set of coupled equations is generated.
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and Dkk(t) is the probability of finding the target nucleus in the state k
at time t. For most applications involving the neutron transport equation
the neutron spin orientation is not a variable of interest,* so that there

will be no loss of generality if we assume the spins are randomly distri-

buted, or
P (LK) = 2 FLKY) | (3.66)

Now Equation (3.65) becomes

nn's Lk'g'\'s
1l c A+l A+l A '
(x) > Tkrk'A',kKs s(Ek, +E B E, EK) Dkk(t). (3.67)

The capture contribution is thus in a conventional form of a reaction rate
times the neutron density. In the following chapter we shall show how
this reaction rate can be reduced to the more familiar expressions for the

cross section,

C. Elastic Scattering

For neutrons with energies below the inelastic scattering thresh-
old, about 1 Mev for light nuclei down to ~100 Kev for high A, the only
process available for their energy moderation is elastic scattering.** The
neutron energy distribution as determined from the transport equation can

be quite sensitive to the energy-transfer mechanisms underlying this type

* A possible exception could be the case of neutron transport in inhomogene-
ous magnetic field. Admittedly this is not a system of practical interest.
* For a discu?si?n of the slowing down of neutrons by elastic collls1ons
see Marshak{17) and Ferziger and Zweifel(l
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of collision. The fact that the neutron scattering can be significantly
influenced by the atomic motions of the system not only introduces addi-
tional complexities into the transport equation at low energies, but also
suggests the use of neutrons as an effective probe for the study of solids
and liquids. These remarks will be elaborated in greater detail in the
next chapter on the bases of the development presented in this section.
There are two types of elastic scattering processes which
should be distinguished at the outset since they will require somewhat
different treatments. The first process is like radiative capture in
that a compound nucleus is formed, but rather than decaying by the emis-
sion of a photon the compound nucleus decays to ground state by the emis-
sion of & neutron. This reaction is known as elastic resonant scattering.
The second process is a direct reaction known as potential scattering,
which can be considered as taking place in the immediate vicinity of the
surface of the nucleus so that there is effectively no penetration.* 1In
general, in energy regions away from any resonance potential scattering
dominates whereas within the vicinity of the resonance peak resonant
scattering dominates., In regions where both kinds of scattering sre of the same
strength it is known that appreciasble interference can exist, which is’
generally destructive at the low-energy side and constructive at the high-
-energy side.** We shall therefore consider both processes at the same

time in order to include such interference effects in the present analysis.,

Cf. ref. 1, p. 393; see also remarks by Lane and Thomas(g), p. 261.

*%
A rather striking example of this phenomenon is the sulfur resonance

line at 100 Kev (also the Silicon line at 150 Kev).(19)
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The reaction matrix describing the scattering interaction is
again given by Equation (3.34) where now onl& VN, the nuclear part of the
potential, needs to be considered., Here the ciass of initial and final
states is that characterized by the conservation of neutrons, photons,
and nuclei. There are, however, two sub-classes corresponding to the
increase and decrease respectively of a neutrdn at the phase point of
interest. In the binary collision they constitute the scattering gqin
and loss to the balance relation as indicated in the qualitative discus-
sion given in Chapter II.

. For the treatment of both direct and resonance processes we
assume that VN has non-vanishing matrix elements between initial and final
states as well as between intermediate state and final or initial state.
- The reaction matrix can be written in a form similar to Equation (3.51)

and (3.52),

Es Es
R . = N(X,K,s) [1-N(X,K',s')] r .68
ke T NHS) ML L (5.68)

Es 2n VN

r =
k'K's',kKs 4 k'K's',kKs

VN VN 2
i ks ke Vo, ks (3.69)
A+1% A+1 A i
a"k" E + s + E -E -E - =71 u.n
an k"a" k" k K 2 k (07

These two expressions are appropriate to collisions resulting in

"scattering loss". Corresponding expressions for "scattering gain' are
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obtained by merely interchanging the state labels (k,K,s) and (k',K!)s').

The various energies appearing in Equation (3.69) are the same as those
N

introduced in the previous section. The matrix elements of V may agdin

be factored as indicated in Equation (3.56), and we obtain

Es 2n
rk'K's',kKs - A k'K's', kKs
N N4 -iK'eRp (o w iK-Ry
] Ungr Uy <k'le k"> <k"|e |k> |2
J
' A+l _A i
Lok +E -E-E-=
Zd" k" k K 2 qx"
(3.70)
where we have introduced 2&u according to Equation (3.58).
The direct matrix elements, VN , can be estimated in

k'_IS‘S')kI_Ss

terms of a specific model of a neutron-nuclear interaction. It is to be
emphasized that this use of a model does not affect the other matrix
elements of VN, those describing resonance scattering. This will become
evident in the following, for the parameters of the model are to be deter-
mined according to comparisons with date from low-energy potentisl scat-
tering. Since these parameters are fitted to experiments in the sense of
certain calculational approximations, i.e., the Born approximation or
first-order perturbation theory as presented here, it is not clear that
such a model should be employed in general theoretical analyses which

are not restricted to these apprqximations. Conversely, it will be seen

that the model employed in the context of first-order perturbation theory

can be adjusted to describe the experimental results exceedingly well,
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and its use enables one to explore. the specifically macroscopic medium
effects with reasonable confidence,
The model, as we shall construe it, is introduced formally as

the potential,
b + y)
v o= x| v (x) v (x) vy (lx - Ryl
I R j 7
Z
ot L% -
1,9 ey, v 0 Kx-R,D] G

The spinor field operator ¢j(£) has been discussed in the previous chapter.
The components of the vector o are the Pauli spin matrices(ll) end conse-
quently o/2 represents the intrinsic spin (in units of #i) of the neutron.
The vector EE represents the observed angular momentum of the £Z-th nucleus
in its ground state. Instead of the delta function (pseudopotential)

(20), (21)*

introduced by Fermi, we shall depart slightly from convention

and suggest the use of Yukawa functions to represent the short-range

Y
potentials v;, 1 =0,1,

r/xz
Vf(r) = gf e -, (3.72)
T

The reasons for our preference for this potential function will be made
more explicit later; for the moment we simply remerk that it provides a
cross section for neutron-nuclear potential scattering with a somewhat

expanded range. of qualitative validity.

*
The Fermi a%proximation has been recently studied by Plummer(gg) and
Summerfield 25).
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A more useful expression of V 1is obtained by using the spinor

field expansion in Equation (2.8). We find

"chR
v o= Z a.+(2(_,§,s) a(X,E',S') z‘ Ug('_Q_a,:S;s') e — 4 s (3.73)
XKK'ss ' £
where
@ = K-K', (3.74)
- iQ-R
U,(Q8,8) =V lf(PR E(X,R +R)) JE

@ [ vaw o, + 1, i(e) g u (e W@ | (.79)

The Hermitian character of this coarse-grained potential can be readily

demonstrated, for

R

iQ
v ) st a@Ks) ) Ui-gss) e
XKK' ss' 7 (3.76)
' Y
and since §£ and 0 are Hermitian, and v; are real, we have
+ -1 -iQ-R
Uz(g,S',s) =V deR E(X,R +R,) e QR

(x) \t vg(R)Sss, + Zz~uj(S')g§kuk(S)Vf(R)jl

= U, (-Q,5,8") . | (53.77)
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Thus by interchanging (K,s) and (K',s') in Equation (3.76) we obtain vt=v,
which is of course a necessary property of the potential.

The direct matix elements of VN are now of the form

e = §:< k| U,(-Q,s,s") e-ig.5£| k> . (3.78)
k'K's',kKs 4 =

Because of the presence of spin dependent interactions it is necessary to

reinterpret the states |k> to include possible spin states of the nuclei

in their ground states. Elements of the reduced transition matrix for

elastic scattering, with this particular choice of a potential for

potential scattering, become

Es 21

rk'E'S',k.ES - ’ﬁ

}:< k'| U,(-Q,s,s") e—ig053|k>
4

Ugé"(g's')ugfo(gs) < k'|e'15'°52[k"> <kn|ei§‘5z|k> 2

o A+l A _i
Lk goz" + Ek" Ek - EK "2" Fan

(3.79)

Although still rather formal, this expression will provide a suitable
starting point for explicit considerations of medium effects and for the
introduction of useful assumptions and approximations. We shall close
this section by noting that the elastic scattering contributions to the col-

lision terms in Equation (3.39) may be displayed in a form analogous to

Equation (3.67),



v ) (e R ) (o)
]

nn'
v 1 _Es A A
2 0 TPEED1) FEELE ) E o g S B B RDg (0)
E' k's'ks
) K . ) 1 Es A _ A
F(K,Iﬁ,t) Z[l - ) F(_X.)E )t)] 5 rk’fS_'S',k.K_S S(Ek+ EK Fkv Ekr)Dkk(t) *
K' k's'ks

(3.80)

D. TFission and Inelastic Scattering

The contributions to the balance relation (3.39) from fission
and inelastic scattering, like those from elastic scattering, also can
be = expressed as gains and losses, the fission 1oss term combining with
the radiative capture loss to account for the removal of neutrons by
absorption., The processes of fission and inelastic scattering are
relatively more complicated in that they should be properly regarded as
multiple-stage (at least three) reactions, for it ié likely, in the case
of fission, that the compound nucleus decays to two excited fragments
which then subsequently decay to less excited fragments via neutron and/
or photon emission. In the case of inelastic scattering, the compound
nucleus emits a neutron, leaving an excited nucleus which will de-excite
by photon emission after some time lag.* Thus a reaction theory capable
of describing three-stage events 1is necessary in order to treat these
processes., The reaction matrix given in Eéuation (3.34) can be used to
describe only first and second-order processes, so that higher order
terms would have to be included in Equations (3.11) and (3.12). The

generalization of the formalism in section A is a straightforward matter; nowever,

*

Inelastic scatterings in general need not involve the formation of a
compound nucleus, A number of direct reactions of this type have been
cited in Lane and Thomas(g),p. 264, The direct scattering by a rotat-
ing non-gpherical nucleus has been investigated by Chase, et al. 2
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the additional complexity in manipulation which is necessarily involved

is not warranted since we do not intend to discuss these two processes
quantitatively. Iﬁstead, we shall falsify the description by representing
these reactions as two-stage events, and this is accomplished by allowing
matrix elements of VN between states of compound nuclei and "fragment-plus-
neutron" or "fragment-plus-neutron-plus-photon" states.

It should be mentioned that the following brief treatment of
fission and inelastic scattering does not imply that these processes are
not significant considerations in the study of the néutron transport equa-
tion. Quite to the contrary, the importance of the role of fission in
nuclear reactors is obvious; and in fast reactors where it becomes
necessary to obtain as high a mean neutron energy as possible, inelastic
scattering is certainly an essential factor in the analysis., Nevertheless,
there also exists a large class of problems in which the transport equation
without fission and inelastic scattering effects is studied. Our purpose
in this section is essentially to extract the neutron number dependence
of these reactions so that the balance relation (3.39) may be expressed as
an equation for F(X,K,t).

As in section D of Chapter II, we consider a fission event in
which J neutrons are emitted.* The momentum and spin orientation labels
of these neutrons will now be designated by {KS}J, The elements of the

reaction matrix characterizing this particular process are

*
Again we shall ignore delayed neutrons.
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Fz

*
R = N(X,K II [1-N XK
J (5 .81)
VN 1"on ({Ks} ) VNn 1 2
k10 ,kKs J g +1_ ghA_ i :
? kn n 6 n Eﬁn Ek EK '5 FCX"
(3.82)

In Equation (3.81) the product is such that whenever (Ej,sj) = (K,s) the
factor [l—N(K,E,s)] 1s to be replaced by unity. This then ensures that

a neutron can be emitted having the same momentum and spin as that of the
neutron initially absorbed. The matrix element describes the formation

of a compound nucleus and has been encountered previously. Its dependence
upon "external' degrees of freedom is given by Equation (3.56). The other

matrix element, Vklal k

nan({KS}J), represents the "falsification'" mentioned
above since it describes the decay of the compound nucleus into two fission
fragments in external states kl and internal states 05 and J neutrons
with momentum and spin distribution {KS}J; In this case an expression
similar to Equation (3.56) for the '"external state' dependence is not to
be expected since neither of the fission fragments may be regarded as
located at the center-of-mass position of the compound nucleus and on€ has
no knowledge of which of J neutrons is emitted by a given fragment,

The fission contributions to the balance relation can be decom-
posed into gain and loss terms depending upon whether or not the distribu-

tion {KS}J contains the momentum and spin of interest. In the sense of

approximations inherent in Equation (5.80), they may be displayed as



-83-

v @) - NEEe)] W, D (6)

n nn
nn's
* A\ 1 _Fz
Z z FLE,t) T [1- SFRE,E)] 2 rklal,k'lg's'<{K}JK)
Wryay {x} {K}JK
Klklsl JK
A
(X) Dk'k'(t) 6(E 1+ EKv = Ef)

- F(X,K,t) Z Z (1 - EF(X Kyst )]% rl:él,klﬁs({K}"TK)
AT {K} {K}JK '

ks
(x) Dy (t) 8(f +B -2 , (5.83)
where
K = ) e (s} (3.8%)

{oF,

The distributions {K}JK and {K};K denote those which contain and do not
contain the momentum K respectively. The energy Ef may be obtained as
follows. The total energy before fission is

e = (m+My) 2+ Eﬁ + E (3.85)

n K °

and, according to the present approach, the total energy after fission is

€ = (M) + Jm)e®  + Ey +E + E{K} s (3.86)
J

1
n 1 1

where M; is the sum of the rest masses of the two fission fragments, E,



8l

their internal energy (subsequently leads to emission of 7, B, and

1
kinetic energy of the fission neutrons. Thus

neutrons) , E, their "external" (kinetic) energy and E{K is the
J

= 2
E, = Eg' - (m+ M) c® .

The sum of thelast three terms in Equation (3.86) gives the energy released
by the fission process. For U255'ﬂﬁs:B'NMXw.2])Mev,(6) roughly the same
as the energy due to the mass difference. Hence from the standpoint of
energy conservation there is effectively no fission threshold.* Such
will not be the case for inelastic scattering.

We now consider the decay of the compound nucleus by neutron
emission; the residual nucleus, being in an excited state, then decays
to ground state by gamma emission. In order to treat this process with
the formalism employed throughout this chapter, it will be necessary to
assume that a potential exists that has non-vanishing matrix elements
between states in which both neutron and photon numbers are changed. We
shall denote this potential as V' since it does not conform to the separ-
ation (3.41) into parts purely electromagnetic or nuclear. The relevant
elements of the transition matrix for inelastic scattering, in the present

approximation, are therefore

See, however, Weinberg and Wigner,(6)po 108, with regard to the cases
in which A is even.
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1s 1ot 1oyt Is
"kK's TN kK T N(X,K,8) [1-N(X,K}s ") J[14N(X, k', ) )]rkavsvnvx',ka’ _
(3.87)
Is 21 ' V' Wl !y ! TNyt VNn " 2
rlel 1 l)\l kK = ‘h Z k Ii S E )\‘ ,k a k o ’klis o (3.88)
s'k'\',kKs .
- = - A+1 A i
k" + E -E*-E -=7
a &a" kll k K 2 a"

In this case we may expect the matrix elements describing the decay of the

compound nucleus to be approximately factorable as in Equations (3.54) and

(3.56),

, ~iR ;. (K'+k ') p

~ 1 - = LY talt a1y ! R .

Vk.'K'S'E'}\',k"a" ph E <k le Ik UOOC"(K S'K'A ) (3 89)
7 .

Since the nucleus emitting the photon and neutron has to be the one that
captures the neutron,we can again introduce the reduced reaction matrix
appropriate to a single nucleus,

-iR - (K1 +k! 2

, . KHED s oo KB
Y 2n Upg" Ugmo<k'le | k"> <k"|e k>

r Y
kvglstﬁt)\u,k!{_s - x

kllan E | - EA+1 _ EA _ E _

i
=r
o k" kK~ UK T3

a"
(3.90)

The contributions to the balance relation due to inelastic scattering now

become
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‘ IsG IsL

-1 -
v j{: (Wn'n n'n) Dnn(t) =

nn's

v _
i - L reK, )] E: PLE',E) [1+F (X5%)]

Lk 'K's 'k2ks
1 Isk A A
&) 3 "kKsg\,k'K's' © (B + By = By = Bem B D (8)
’ i
SFEEY ) - ZEEELE)) L+ (Bx,t)]
zklglslﬁl)\lks

1l Isz A A

(x) 3 TRk '8 k0 KK 8(Ey, + B, +E_, - E - Be) D (t) . (3.91)

The total scattering effects in Equation (3.39) are therefore given by

the sum of Equations (3.80) and (3.91).

E. The Neutron Balance Equation in Continuous Momentum Space

The neutron balance equation, as given in Equation (3.39) has
been reduced by a systematic study of the various collision terms.
Expressions for the associated transition probabilities, although still
rather formal, have been derived using Heitler's damping theory. Having
determined the explicit .dependence upon neutron occupation number of
each process, we thus obtain an equation describing the neutron density

F(X,K,t). This equation can be written as

o 4 k)
—+ =K, — X F
[&fm—jmj+%t£q LE)

= ZE: F(X,K',t) [Rs(g;g'_>§) + RF(g;g'—ag)] s (3.92)
K'
where we have introduced the following reaction rates,
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RT(x) = Rc(x) + Rs(x) + RF(x) s (3.93)
, 1l _c#

Rc()_(,fﬁ) = Z [ 1+ F)\v(z;ﬁ ,t)] § rk'_Ig')\',k_I_{_S

zk'l_(,.,k's

(x) Dkk(t) o) (Eﬁ‘,Ll +E, - il ﬁ - EK), (3.94)
RALE) = ) (- LRGLELD] D)

Lk 'K's 'ks
1 Es A A
(x) > {rk‘g_{_'s',kgs ) (Ek + B - B, - EK,)

Isk A A
' E*+E +E-E -FE
+ Z [1+F (Xk',t)] TR s 0 KK (B, + B + E - E_ K)}’
A0S (3.95)
: v
Rp(X,K) = z 1 - 5 FRKy,t) ] Dy (t)
LIk 0 {K}:TK
ksiK¢!
w
L Fy , A
(x) 3 Tk o KKs ({K}JK) 5 (E, +E, - E.) , (3.96)
R_(X;KHK) = [1 - ¥ F(X,K,t)] Dy 1y ()
g\&r—= 4/ = 2 Doy lhy k'k!
£k 's 'ks
1l [ Es A
() 3 Vg grar ® B * B Feo )
Isk A A
+ Z (1 + F}\(g,i,t)] Tk, k'K s 8(E + Ep - B - By- EE)} )

KA

(3.97)
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v
R(KE-0) = ) BB T
ATk JK
k's'{K}JK
1l Fe A
® 2 rklal,k'E's' SSEO Et B, Bg)- (5.98)

The expressions for these reaction rates have been discussed in the
previous sections in this chapter. Equation (3.92) is now seen to be
identical in structure to the conventional neutron transport Equation
(1.1); however, the present equation has been derived on the basis of
a discrete phase space.

It has been indicated earlier that the distribution of
momentum points is so dense compared to resolutions in any practical
measurement that no appreciable error can result by expressing Equation
(3.92) as an equation in continuous neutron momentum space. This is

readily accomplished by the use of Equation (2.30) whereupon we find

{ %; tye-V+yv Zt (E:Y_)] £(X,v,t)

=fd5v' v'E(X,v',t) [Zs(z,z')?(z'ay_) + T &,y & (y.'—»z)], (3.99)

where we have introduced the neutron velocity as & variable, v =-ﬂ§/m B
and have expressed the collision rates in terms of corresponding macro-
scopic cross sections, )

;. The two frequencies, g‘and Jf in Equation

(3.99) are defined as follows,
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1]

Z Ry (XK' —K)

Keak

Ry(XK) O (k'-K) o

v! Z% (g,z')qr(z'->x) adv s (3.100)

it

1=
A

=
]

Z F

Ry(3,K) L (K'-K) ok

v Xy (K:.‘C')z(x'*z) v . (3.101)

As usual, 9‘(1'—)3)d5v is to be interpreted as the probability that
given s neutrén scattered with velocity v' it will have its final
velocity in d3v about v, whereas dg(x’—ax)dBV represents the expected
number of neutrons emitted with velocity in d5v about v given that a
- fission event has been initiated by a neutron with velocity v'.

.For the reactions of interest the cross sections and'g are
independent of the direction of the incident neutron. Moreover, 2k often*
depends only upon the initial and final speeds and the scattering angle,
8 =v-v'/|v| |v'|. Inserting these simplifications into Equation (3.99)
and assuming that the discrete configuration space can be replaced by
a continuum, we finally obtain the neutron transport equation in a form
that is conventionally employed in all investigations of neutron slowing

down,diffusion, and thermalization.

*
An exception might be the scattering frequency for low energy neutrons

in crystals.
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IV.  NEUTRON-NUCLEAR INTERACTIONS: MEDIUM EFFECTS

In detailed investigations of neutron transport in macro-
scopic systems, the use of adequate cross-sections in the transport
equation is essential. And adequacy here requires that the cross-
sections not only reflect the specifically nuclear processes under
consideration, but also all relevant environmental effects. The
environment can significantly influence the description of the cross-
section in at least two ways. The dynamics ahd.symmetries of the
system can either separately or simultaneously modify an observed
reaction rate. |

The ratio of nuclear force ranges to characteristic inter-
nuclear distances is of the order of lO'5 or less. Thus it is antici-
pated that a given neutron will interact with the nuclei in any medium
one at a time. Nevertheless the probability of a collision between a
neutron and a nucleus will be affected (because of the requirements of
energy and momentum conservation) by the character of the states avail-
able to the target nucleus in the system. In turn, the nature of these
states is determined by the dynamics of the macroscopic system.
Furthermore, system dynamics modifies reaction rates in still another
way, since they will depend upon the relstive probabilities of finding
a target nucleus in particular available states before a collision
occurs. The effects on reaction rates depeﬁding upon the nature of
the available states for the nuclei are often referred to as "binding
effects", whereas those depending upon the probabilities of occupancy
of these states are called "Doppler effects". |

-93-
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System symmetries, which for practical purposes may be
regarded as distinct from system dynamics, camr also play & role in
determining reaction rates for neutrons at sufficiently low energies
that their De Broglie wavelengths approach or exceed internuclear
spacings, i.e., energies of the order of tenths of an electron volt
or less. The most striking example of symmetry effects on neutron
crbss-sections is probably Bragg scattering in crystals.

For the very low energy neutrons for which symmetry effects
markedly influence reaction rates, dynamical effects of both kinds
(binding and Doppler) are generally expected to be significant also.
Since molecular dissociation and crystal dislocation potential
energies are typically of the order of a few electron volts, it is
anticipated that, at least in principle, there will be neutron reaction
rates which are affected by both aspects of system dynamics, but not by
symmetries. Finally, for still higher enefgy neutrons, binding effects
should decrease in importance and only the Doppler effect should remain
as an influence on cross-sections.

The expressions for neutron-nuclear reaction rates which
have been derived in the previous chaptef implicitly include all of
these effects. In this chapter we shall explicitly investigate some
aspects of them.

The following discussion is réstricted to radiative capture
and elastic scattering because, for simple systems, the calculation
involved is straightforward and the results obtained are of consider-

able interest from the standpoint of reactor analysis.*

*For example, the temperature dependence of reactivity(l) and the study
of th g?alization and diffusion of neutrons in the energy region below
1l ev.
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Because of the complexities of inelastic scattering and fission
reactions and of our intention to describe them only qualitatively,
a quantitative investigation of medium effects in these processes
does not seem feasible at this point. Furthermore, it is unlikely
that inelastic scattering reactions will be observably sensitive to
medium properties due to the large neutron energy required. It is
also unlikely that fission reactions will be influenced by binding,
although Doppler effects may be important.

One neutron-nuclear reaction in which medium effects are
prominent is elastic.potential scattering at low energies. With the
advent of high-flux reactors and the development of high-resolution
neutron spectrometry it has become feasible to measure in considerable
detail the energy and angular distributions of the scattered neutrons.
These investigations not only provide cross-section data for reactor
calculations, but also constitute a quantitative means of studying
atomic motions in solids and liquids.*

In the latter cases the emphasis is on the proper inter-
pretation of the measurements, and for this purpose a realistic
description of the scattering system must exist. The theory of
neutron scattering by crystals and low density gaées, on the basis
of available models capable of representiné quite accurately the
motions in actual systems, has been developed to the extent that
quentitative understanding of the various processes involved is

possible. On the other hand, the corresponding theory for liquids,

*For an extensive list of references as well as a number of important
pepers see the proceedings of the'Symposium on Inelestic Scattering
of Neutrons in Solids and Liquids" held in Vienna, 1960, and the
proceedings of a similar symposium held in Chalk River, 1962.(5
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as is also the case of the theory of liquild state in general, suffers
from the lack of a systematic and relisble description of molecular
motions. The complexities of these motions make it necessary to intro-
duce simplifying assumptions and specialized models in order to carry
out an analysis., Since much of the theory of neutron scattering by
liquids is still under development, this aspect of the investigation
of medium effects will not be considered in the present work.

From the reaction-rate expressions already derived it can be
seen that the effects of the external degrees of freedom of the nucleil
are partially specified by the matrix elements of exp(ig-z), where g
is either a neutron or photon wave vector. The direct calculation of
these matrix elements necessarily involves specification of dynamical
and symmetry properties of the medium. For the purpose of illustration
we shall consider two simple systems, the ideal gas and the Einstein
crystal. Although these are rather idealized descriptions of actual
systems, they are capable of providing useful cross-sections for
realistic reactor calculations., The discussion presented here is
primarily concerned with the translational motions of the atoms,

Thus the results obtained, strictly speaking, are applicable only to
monatomic systems. For polyatomic molecules the same procedure may
be used to treat the center-of-mass degrees of freedom, but in addition
molecular rotations and inter-nuclear vibrations must also be taken

into account.

A, Transport in an Ideal Gas

The simplest dynamical system appropriate for the discussion

of medium effects is one in which the atoms do not interact appreciably
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with each other. The recoil of these atoms in a collision with
neutrons will be like that of free particles, so that only two
properties of the system can be expected to influence the cross
sections: the particle mass which influences the magnitude of the
recoil and the temperature which characterizes the average energy
of the atoms. The use of a free-particle description makes the
cross section calculations quite easy, and the results are often
usefui in transport problems, since systems other than dilute gases
can also be treated in this manner whenever neutron energies are

such that chemical binding is ignorable.

Radiative Capture

The reaction rate describing radiative capture in isolated
levels has been derived in the preceding chapter. From Equations (3.94)

and (3.59) we have

' ' A+l A+l _A RE 2
R, = Z [1+ Fx(g,ﬁ',t)] 5 (Exr - B+ E 1-Ey -EK)]UOG(E'M)I
k' k!
ks
(4.1)
-ik'R iK*R
TR =y - =
2 < k'le k"> <k"| e k> |2
(x) [4(ks)| Z Dy(t) Z Al A 1
a0 4 €+ Een - B -E - 3Ty

k"

For a system of non-interacting particles with no internal degrees of
freedom the Hamiltonian is simply the sum of individual particle kinetic
energies. The k-th eigenstate of the system is a product of individual-

particle cell eigenstates, each characterized by a wave vector which is
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discrete in exactly the same sense for the neutrons. The two matrix

elements in the k" sum can now be written as

< kl‘ e-iﬁ“’E,@ lku S < kul eiE'_R_z lk> =% (k| + k' - k" )5 (kn K Xk )
T UK\ TR T SR )

(4.2)
where Ez, 52 , and Ek are wave vectors characterizing the £-th nucleus
in initial (mass A), intermediate,and final (mass A+l) states respec-

tively. The symbol By (x-x') denotes a kronecker delta. Because of

Equation (4.2) the absolute square of the k" sum becomes

(' + 5’ - K - k)

> = (%.3)
(& - B S + ()
where
u (AK AK\Z .
g = §<;1=-M_— ) (4.4)

po= mM/(m + M) and we have suppressed the subscript £. As one may expect,
in a collision in which the nucleus is in motion the effective neutron
energy is the relative energy EKk'

In the energy conserving delta function in Rc the molecular
energies (Ey = ﬁ?kz/EM) are exceedingly small compared to the binding
energy BA+1 or the photon energy EK,. If we assume that the difference
Eifl - Eﬁ can be effectively ignored*, the summation over k' states can
be performed immediately since then only the kronecker delta depends upon
k'. The energy of the photon emitted during the capture process is

usuvally many orders of magnitude greater than the characteristic thermal

*Keeping this difference entails no difficulty in principle. The approx-
imation is made here for convenience in calculation.
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energy kBT, where kB is the Boltzmann's constant and T the equilibrium
temperature. Therefore it is usually justified to néglect in Equation

(4.1) the distribution F}\,()_(, kyt) compared to unity. We now have

R, = Z X 8(E,, - BB ) ; lUgé 12 X U 2
ﬂﬁ'a A! s
Y () . (1.5)

kl (€q - EKk)2 * (Fa/é )

It is convenient to replace the k sum by an appropriate integral. This
is accomplished by letting the system volume become arbitrarily large

and observing that

X Dp(t) = P(k) Sk . (%.6)
ked k
In Equation (4.6) it is often assumed that the system is in a thermo-
dynamic state so that P is time-independent. The sum over photon
momentum can also be replaced by an integral and in so doing we may
introduce the radiation and neutron partial widths as given in Equations

(3.61) and (3.63). The ratio
(AJ'l -2 jdEE 8(E, -BA+1-EK) (%.7)

is seen to be essentially unity in view of the neglect of molecular

energies. After some simplification the absorption rate becomes
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¢ 2mKTD ﬂ% a a (fa-Em)2+(Fa/2_)2 '(h.8)

R - B\ (NL(R) f a3k P(k)

The microscopic cross section g is related to the reaction rate
R by dividing the latter by the incident neutron speed and the nuclear
density. Since R, represenﬁs the neutron absorption rate by mass A nuclei
located in the configuration volume specified by X, the £ sum in Equation
(4.8) merely gives a factor of NA(X)’ where NA(X) is total.ﬁumber of mass

A nuclei in the cell. The nuclear density in this case is NA()_S)L"3 SO

that
o (K) = [P/M(X)] T, (%K)
(4.9)
it E rc(xN)Fc(xR) f a7k P(k)
° G (€q - Bg)® + (1)

where Zb is the macroscopic capture cross section and X = l/K. For
systems in a thermodynamic state we may use for P(k) the Maxwell-
Boltzmann distribution,and we then find that o, depends parametrically
- upon the medium temperature. Equation (4.9) therefore gives the
familiar single-level resonance capfure cross section.*
The energy dependence of each term in Equation (4.9) gives the
éo-called resonance line shape. In the limit of zero temperature P(E)

becomes (k) and
() (R)

2
(x) = X a0 (4.10)

*The effect of thermal motion upon radiative capture of ?egtrons by gas-
phase nuclei was first considered by Bethe and Placzek. b
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describes radiative capture by a stationary absorber. Note however,
Equation (4.10) still contains the effect of recoil of the compound
nucleus. Each line shape in this case is called "natural", the
Lorentzian being gharacterized by é width FQ/Q. At finite temper-
atures, the integral (4.9) gives a weighted superposition of many
Lorentzians'so the resulting line shape can be significantly broadened,
but with an accompanying depression of the peak value. This effect is
known as "Doppler broadening" and is of considerable importance in
studies of reactor safety and control,* for it is well known that the
broadening of a resonance line can cause a significant increase ip
the effective absorption in a system.

The integral in Equation (4.9) can be reduced to a form that
*

is conventional in the investigation of Doppler effect in reactors.*

In terms of velocity variables,

2
oolv) = B ) B [ o ( R(V)

2 L fo - B2+ (1o 22
(4.11)
where 5
) = (/2 M/t
B

E. = w2, (4.12)

Vp = ¥ -1

v = /m,

vV = AkM .

*For a review of Doppler effect in thermal reactors see Pearc .(l) The
effect in fast reactors has been discussed by Feshbach et 31?5) and by
Nicholson(l), Recently the problem of n?n-uniform temperature distri-
bution has been investigated by Olhoeft. 6)

**See, for example, L. W. Nordheim, "Resonance Absorption of Neutrons."
Lectures at the Mackinac Island Conference on Neutron Physics, June,
1961, available as a report of the Michigan Memorial Phoenix Project,
University of Michigan.
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Since v is a fixed vector in the integration,the integral becomes

o0 v+V vy
25 [VdVP(V) f av

J

.0 |v-v|

T (g - B)E + (1y2)°

By changing the order of integration and performing the V integral, we

obtain
o.(v) = S z l"((xN)l"éR) ¥(E %) ) (k.13)
(07
oo“ 'gz(x‘y)z/h'
Wew) = 2= [ay - , (4.28)
en ¢ 1+ y°

where we have introduced the variables

xa = 2(E - C/a)/ra )
A2 - hn EkpT/M, (4.15)

€

]

o = TP
In arriving at this result it has been assumed that u ~ m and that in the

exponential

JE. ~ JE (1 + 2xE)
- o

r

(7)

The integral | has been studied extensively and its values as a func-

(8)

tion of ¢ and x are tabulated. It is somewhat interesting to note
that at very high temperatures (& small) the contribution to the integral

comes mainly from y = O. The resonance line shape is then essentially
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governed by the Gaussian exp (-x2g2/l+), the width of which,
/2

1
2(hEkBT/A) , is known as the Doppler width. The paremeter &/2

therefore is the ratio of natural width to Doppler width.

Elastic Scattering

From the ﬁreceding section it is observed that the external
degrees of freedom of nuclei in gases influence a given collision only
kinematically. Because not all atoms move with the same velocity, the
cross section appears as an average over a distribution (usually thermo-
dynamic) of target velocities. The same remarks are also applicable to
elastic scattering, and in the case of potential scattering the average
is rather easily performed. The reaction rate describing an elastic
process in which the neutrons suffer an energy change of Ex1- Eg and

-1,A A
direction change of 6 = cos 1(5 -K') 1is given by

‘Rg = (é‘—ﬂ)5 % z 'a(E‘f{ - Fff{.+' Ep - Epo )P (t) E e,

kk' ss'
(4.16)
'iQ'R .
o = 2% S [<k|e = ¢ yylk' >

A L

2

N4 N4 -iK*R,, . . iK'* R
z. Upo(Ks) Ugp(K's') < k[ e = L[k > < k"[e' = —ﬂlk'>] 2

-/ A+T K i

O{k”' 8a + Eku - Ek' - EK' - §Fa )

in which we have replaced Dkk(t) by Py(t) as in Equation (L4.6).
In calculating the various matrix elements we note from Equation

(3.75) in the expression for U, the integrand contains the step function
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E(X, R + Bz) as well as vf. Because of the short range of nuclear
forces, L >> Ay, we may effectively write the step function as E(g,g)

and obtain

-iQ - R —_
<k |U, eg--—lilk'>=Uz By (k - k' + Q) , (4.18)

where
- - -8 - R < £
U, ~ L 3 f &R e (8551 vE(R) + _I_g'ug(s)g_jkuk(s')vl(R)],

(4.19)

and again the subscript £ appropriate to the nuclear momenta in the
kronecker delta is understood. For potentials which depend only upon
the magnitude of R (as assumed here) ﬁj is real. The matrix elements
in © which describe resonant scattering are given by Equation (4.2)
with K' replacing k', so the k" sum can be treated as before. The
momentum conserving kronecker deltas appearing in both terms of @
involve only the neutron and the £ nucleus*, the sum is therefore
incoherent and may be removed outside the'square of the absolute

value. This sum again gives a factor of NA. Now we have

2T(NA
= k - k'
2 (k- k' + Q)

2 2 = 2
w[Fe Y Bl e e W

(805 = EKvkv )2 + '(1-‘05/2)2

In writing the cross terms in Equation (4.20) which represent the inter-
ference between potential and resonant scatterings, it has been assumed that

the neutron emission and absorption matrix elements are at mostonly weakly

*This is only true for ideal gases in which there is no interparticle
interaction.
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dependent upon momentum and spin so that
2
1t
UpalKe) Ugo('s") Uy |

This approximation eliminates the explicit occurrence of real terms
proportional to i. The particular model describing potential scatter-
ing used here has been introduced with a spin-dependent term. Spin
effects can also be taken into account in the analysis of resonant
scattering; although this particular aspect has not been emphasized.

In the interest of illustrating the dynamical consequences of macro-
scopic medium effects we shall ignbre the effects arising from neutron-

nuclear spin coupling in our discussion. This neglect implies the

following:
z P - o
ss'
ZUN 2/ 2 e (V) \2
ohate) Ples)® o (B wg” ), )
ss!
>
DA ﬁ(ﬁ; «rc(f)> .
ss'

Meking use of these results and inserting Equation (4.20) into Ry, we

obtain

2nN, S
R, = (5 e Z 8(E, - E, + AE)P,,(t)
kk'

E %_ [%2 «réN)T - D€ Byt ) [ﬁ? Kl‘éN)}}

(x) B (k-k'+q) <T° +
o (€ - B P+ (g p)°

(4.22)
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where AE = EK - EK" and we further suppress the superscript A in the
energy symbols. At this point it becomes convenient to treat the
neutron momentum as a continuous variable, then 5K becomes a Dirac

delta,
21,3
8(k - k' + Q) = (77)” 8(k - k' +Q) . (4.23)

Moreover, it is also appropriate to treat the k and k' sums as
integrals.
In the case of spinless nuclei the potential U characterizing

the direct process may be written as

18- R - R/

T = L_Bg [dBR = (4.2k)
2
~ EE%_ x(Q),
ml
with

2
x(Q) = 2gnm —Q/—ﬁ—L—e . (4.25)

1+ (M)

Comparing with Equation (3.75) we see that this expression is valid so

long as A << L, i.e., range of interaction small compared to the linear
dimension of the spatial cell. Since A is of order lO"15 cm, this con-

dition is always fulfilled for any reasonable choice of L. If, on the

other hand, we had used the Fermi pseudo-potential instead of the

Yukawa potential we would have obtained

m+M )

) & (4.26)

where X is the bound-atom scattering length and a 1is the conventional

"free-atom" scattering length.
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The final form of the elastic scattering reaction rate may

now be expressed as

R, = L f Pk k' £, (X,k',t) (B~ By o+ AE) 8(k-k'+Q)

1, (Mo (v)
= (il"a/Z) - X(%— EK'k')Ha/ ) ]
(x) |x® + 2

(605 = EK'k" )2 + (Fa/é)2

(%.27)

Here we have denoted [N A()_S)/L5 IP(e, t) by‘fAQ_(__,_l_g,'t)' which as an analogue of
the neutron density, represents the average number of nuclei of mass A
having momentum %k' to be found at X at time t. For X > O, the last
term in Equation (4.27) shows that the interference befween potential
and resonant scatterings is destructive at the low-energy side and
constructive at the high-energy side of the resonance line.

The results in the present section can be summarized in terms
of an eqﬁation describing the transport of neutrons in monatomic gases
in which the dominant neutron-nuclear interactions are radiative

capture and elastic scattering,

[%;+?n—-K T+ f—‘ 2,(K)] £(X,Kt)
' , 4,28
- [P0 smmn E) L)) @ -5, o)
where the macroscopic cross sections are
LX) = Z (k) + Z,(x) , | (k.29)
| £a(X,k,t)
T(x) = 5 r(Mp(R) [ 33y A=— »(k.30)
e Z et [ Eq - ) + (1g/2)2
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£ 3 3 _
ZS(K) = = f &k k' @K' fA()_c,g,t) B(Ek-Ek,+AE) 8(k-k'+Q)

| i (N 2 _ (N) L,
(x) [Xa . y 5 (Kl“a/)_z) X(Eq - Eye) (KT g} ’ (4.31)

Ty - B (ra/z)?

and the scattering frequency 5?7(§‘ —>§) is given by

Z (k') 9' (K' -»K) = ’ﬁ [d k &k’ £, (X,k',t) 8(Ey-Ey +AE)S(k-k'+Q)

(k.32)

() [xaz% o - XCa - B ) %’].

a‘ (805 = EK'k')2 + (FC(‘/Q)2

The cross sections, through their dependence upon the nuclear density,
are of course also functions of position. The transport Equation (4.28)
has been extensively employed in reactor analysis. Usually, additional
simplifications are introduced in attempts to treat a problem analytically.
For example, in neutron thermalization and diffusion investigations if is
conventional to assume "1/v" absorption* and neglect the effects of
resonant scattering.

The potential part of the scattering cross section can be
further reduced. Ignoring the contributions from resonant and inter-

ference effects we have from Equation (4.31)

To(K) = (ﬁx) f a’K' &k £(X,k,t) zs(ER %3'5 - AE), (4.33)

*The inverse épeed dependence of the capture cross section follows from
Equations (4.30) and (3.63) for neutron energies far below resonances.
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where ER = (ﬁQ)g/EM is the recoil energy and we have suppressed the
nuclear mass designation in f(X,k,t). Upon the use of the integral

representation of the delta function this expression becomes

[o]

- NG E, 1/2 1 -1t(Eg-AE ) /A
Zs( = _n‘fl f dﬂfdt <>pe s (k.34)
- O . - 00
ATHQ + k/M
<>T = f dkf(X,k t)e
2
-kpT(Qt") /2M
= ne T )_/ o (4.35)

In Equation (4.35) a Maxwellian distribution is again.assumed in evaluat-
ing the integral. The nuclear density [N(Z)/LB] is denoted here simply
as n. The scattering cross section is now expressed in terms of the more
conventional energy variable. From Equation (4.34) we can identify a
microscopic cross section o(E —» E', ©) which describes the scattering
of a neutron from energy E to E' with a specified change of direction

of motion,

ZS(E)’ = n f dE'dQ' o(E - E',0) , (4.36)
where
2
. -(Eg-AE) /MERkgT
'\1/2 e
o2 - 2,0) = XY e )
The variable © denotes the angle between K and K'. The integration of
(9) (10)

o over energy or angles can be carried out. These calculations,

being quite complicated and not particularly illuminating, will not be
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discussed here. On the other hand, the high-energy limit is interesting
and readily available. For E R ev the nuclei can be taken to be

initially at rest*,
£(X,k,t) o~ nd(k)

and we obtain instead of Equation (4.37)

2(3)1/2

o(E 5 E',Q) = X z

,a(ER - AR) . (L.38)

The angular integral of this result is readily performed,

by 1
) OE <E'<E (4.39)
oE »E') = { E(1-0) 1+an’(EE)m T T S
0 , Otherwise
-m.2
with ¢ = 2gm\/A and o =(%:%) . If the second factor is ignored then

o(E - E') gives the scattering frequency familiar in reactor theory

and leads to a constant total cross section o(E) = hnca.** This is
equivalent to assuming that X is a constant which is actually valid

for energies up to about th ev. Beyond this region experimental results
show a gradual decrease in o(E) that can be fitted qualitatively by an
expression of the forﬁ (1 +_BE)‘1, B being an adjustable paremeter.

From Equation (4.39) we find that o(E) is in fact given by this form,

2
o(E) = :hng 5 -
1+ 24 (1 - a)F/A

If resonant scattering is ignored,the transport Equation

(4.28), upon making use of the above results, becomes

*This is equivalent to the limit of zero temperature.

**The same result is obtained by using the Fermi pseudopotential instead
of the Yukawa functions to describe neutron-nuclear interaction.
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- f v v 2%y ,t) (v - v,0),  (h.O)

with 2. = no. This integro-differential equation has been the fundamental

equation in many investigations of neutron transport.(ll)

The energy-
independent form of Equation (4,#0), the "one-speed" transport equation,
provides a problem of practicai interest for the application of the

theory of singular integral equations.(lz’lB)

The first two angular
moments of Equation (4.40) give the diffusion equation which constitutes

the analytical basis for many of the present studies of nuclear reactors.

B. Transport in Crystals

It has been shown in the preceding section that, in the
absence of chemical binding, nuclear recoil effects on the cross-
sections can sometimes be analyzed by a straightforward calculation.
For systems in which interatomic forces cannot be ignored this
effect is in general considerably more complicated. However, in
the case of strong chemical binding, it is again possible to discuss
medium effects in analytical terms, for then one can reasonably
represent the atomic motions as oscillations and make use of well-
developed dyneamical models in solid-state theory.(lu) After elimi-

(15)

nating the dependence upon electronic coordinates one obtains
in the harmonic approximation, a description of nuclear motions
identical to that for a set of coupled oscillators, which can then

be decoupled by a transformation to normal coordinates. However it

is our purpose to illustrate the general features of medium effects on
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neutron interactions. Thus to avoid an involved discussion of
crystal dynamics we shall restrict our considerations to a system
describable by a set of uncoupled oscillators. It will be assumed
that each nucleus experiences identical interactions with its
surroundings so that it executes isotropic oscillations about

an equilibrium position (a lattice site in the crystal) independent
of all other nuclei. From this it follows that the fundamental
vibrational frequencies can all be taken to be the same.

The present model, the Eistein crystal, is admittedly &
severe idealization of actual atomic motions in bound systems.*
Nevertheless, the results derived on the basis of such a description
are meaningful and, like the ideal-gas cross sections, often useful
for practical calculations. In general it can be expected that the
model will provide an adequate description of integral properties of
the cross sections, but is not suitaeble for quantitative analysis of
differential cross section measurements. One can, however, extend
the following results to more elaborate crystal descriptions; the
required modifications being mainly refinements of the model and not

changes in the method of calculation

Radilative Capture

A natural extension of the investigation of neutron capture
by free atoms(u) is the corresponding treatment for atoms bound in a

crystal. This problem was first considered bvaa.m‘b(l7> whose work is

*In some crystals it is possible that the vibrational motions can be
adequately described by an Einstein mo%el° Such an example could be the
hydrogen atom in Zirconium hydride. 1
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of more general significance because the process of radiative éapture
is closely related to other nuclear processes characterized by a
point interaction, a fact that has attracted attention only recently.(lB)
For example, one encounters the same matrix elements of the form
< k| exp(ig *R)|k' > in the problem of emission and sbsorption of
nuclear gemma rays,* With respect to neutron absorption Lamb showed
that if the lattice binding is sufficiently weak the resonance line
shape is the same as that of a free nﬁcleus but at an effective temper-
ature corresponding to the average enefgy per vibrational degree of
freedom of thé nucleus including zero-point vibrétion. ‘We shall first
obtain the general cross section and then show how this limit emerges.
The reaction rate to be studied is that given in Equétion
(k.1). Since the energy eigenstates |k > are no longer momentum
eigenstates, the matrix elements must be obtained by a different
approgch. We shall sgain ignore the external energies Eﬁ and Eﬁfl

in the delta function™ and also neglect the photon distribution

function compared to unity. The expression for Rc becomes

' A+l RZ p, N& 2
R, = % Z 8(E_,-B  -Ey) |U0a|2|UaOl <>, (4.41)

Eﬁ' AMOs

*In fact, Lamb's theory provided the initial explanation of recoilless
gamma ray trensitions, a process now known as the M8ssbauer effect. (19

**Although this approximation is conventional, it is here as in Section
A not necessary. For example, the method of analysis used in the
following to obtain elastic scattering cross section can be equally
well applied here.
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iK - Rﬁ 2
" - -
<> = Z Pk(t) Z <k"le [k > , (4.42)
+1 i
k K" eoc"'EK'Eﬁ* ' "3l

where as a result of performing the k' summation the k" sum appears
outside the square of the modulus. The quantity < >, except for a
constant multiplicative factor, is identical to the expression con-
sidered by Lamb,(l6) In order to carry out the k" summation, we

rearrange the resonance denominator by writing

(B - ir)™t = i j ds e_(r-iE)s

o
so that
' -(s+s')r/2 i(s-s")(E.-C,) :
(04
<> = fds ds' e e K <>p (.13)
i(s-s')H -iK°*R -i(s-s')X iK-R
- =7 - =f
<> = P (t) <k |e e e e |k >.
T k
k
(4. hk)
For an Einstein crystal in thermal equilibrium it is a
straightforward matter to evaluate < >_. The calculation is discussed

T

in detail at the end of this section and we quote here only the result,

o]

2
-DK -n[Z - iAw(s=-s')]
<> = e X I_(PK°) e , (4.45)

n==0

where D = 1 coth Z, P = n csch Z, 1 = A/2Mw, Z = ’r’w.)/2kBT, w is the
oscillator frequency and I, the modified Bessel function. Inserting

this result into Equation (4.43) and performing the indicated integrals
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we obtain an expression for Rc. Upon introduction of the partial widths

as before, the capture cross section is givén by

2
OC(K) ) EﬁE DK j{j FéF)FgR)

3

I, (PK®) ™2
) ) €

o - By - nﬁw)2 + (ra/2)2

(4.46)

The integer n denotes the number of phonons that are created or destroyed
depending upon the sign of n. The case of n = 0 gives‘a reéonance line |
centered at be. This absence of recoil corresponds to the fact that the
neutron momentum is absorbed by the crystal as a whole.* In general the
line shape of each resonance can be quite complicated and may even sﬁow
fine structure indicative of phonon transitions.<l7)

It is of some interest to investigate the implications of
Equation (4.46) in the liﬁits of strong and weak binding. The condition
of tightly bound nuclei is simply expressed by taking the vibrational
frequency to be arbitrarily large. In this limit the cross section

becomes
() _(R)

‘ 'y T
(K) = = B ) (b.b7)
0. Woo o2 Z (aog _ EK)2 + (Fa/2)2

where by virtue of the small-argument representation of the modified

Bessel function,

~ x\1 1

¥As in most crystal models the mass of our system is assumed to be
infinite. In practice, however, there will always be a finite, though
vanishingly small, amount of recoil.
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we have ignored all but the n = O term. As one can expect there is no
temperature or recoil effect for rigidly fixed absorbers so each reson-
ance is described by its "natural" line shape. It is to be noted that
this result is not equivalent to the zero-temperature limit because in
that limit the zero-point vibration effect is still to be taken into
account. For the latter case o,(K) is given by Equation (4.47) multi-
plied by the factor exp(-nkK2).

The form of the cross section in Equation (4.46) is not con-
venient for examining the weak binding limit. For this purpose we return
to a consideration of < >. Upon the introduction of a delta function

and its integral representation, Equation (4.42) becomes

3 A+l < x| &5 B 57
<> =jW®6@-E +%")E

- g o Bgep)® + (rg/2)?

. -itp
(x) < k"| elE R |k > \jp dp =

S (Eo - Bgp)® + (rq/2?

1 f K- R(t) KR -1ty -Eg)-Rjt)/2
r

where

(t) JIK R k>

1
=
=
-

—~
+
-
~
o
V
Il
A
~
o
I=
1=

(h.h9)
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As in Equation (4.45) it can be shown that
g(t) = mK° [coth z(cos fwt - 1) - i sin Hwt] . (4.50)

If now g(t) is expanded in a power series and terms up to second order

in t are retained,

_ 2
g(t) o -iEt - EgEt /2, (4.51)
with
E = 4w coth z
1
= 1w [ <@+ 3] , (4.52)

where <h>T is the average oscillator level. It is seen that E represents
the average energy of a vibrational degree of freedom including zero-
point vibration. For the truncated series to be valid it is necessary
that the integrand in Equation (4.48) make negligible contribution when-
ever Fwt > 1. If this is to be the case, the sum g +Rg(t) must be large

and positive; in other words we require

r+EE > 2w

R J (L‘WSB)

which is the condition of weak binding.
The approximate form of g(t) given by Equation (4.51) allows us

to express the crystal cross section in terms of the W(g,x) integral

(16,19)

introduced fof the free-atom cross section. We observe that Equation
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(4.48) cen now be written as

o -2Y (6 - mer BR) - (B 9)° .
<>2-f-‘2 -[ dy sl T r ) (k.54)

2 -
where A = EERE and the ¢ subscript is suppressed. Again making use of

the delta function and its integral representation, we have

P 7 isz -|z| -1
- isz -|z| -is
e |y| = i— ‘/P ds ‘/P dz e Y
T[-oo

2 -00
1 2 e-isy
= J[ ds T . (k.55)

With the help of this expression the y integration in Equation (4.54) yields

<> V(E,x) (4.56)

?J#—

with ¢ = I'/A and x = 2(Eg-£ -Eg)/I'. The quantity x is defined here some-
what differently from that given in Equation (4.15); the difference is of
order (m/M)2. Equation (4.56) shows that the resonance line shape in
crystals for the case of weak binding is the same as that in gases, but by
comparing the two A's the crystal line shape is seen to correspond to an

= 1
effective temperature of E/kB. This result was first obtained by Lamb.( 7

Elastic Scattering

An elastic scattering is an interaction in which the number of
all kinds of particles, translational kinetic energy, and momentum are

conserved. Evidently, in the previous chapter because of our preoccupation
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with the specifically nuclear aspects of neutron-nuclear reactions, we
treated this notion rather casually. There, we implied that a process

was elastic if the initial and final "internal" nuclear states were the
same. Literally, such an implication is never justified. Practically,

it is justified in the present discussion if the target nucleil are
aggregated in an ideal, monatomic gas, since we have ignored all neutron-
electron interactions and hence electronic excitation of atoms. But also
practically, it is not justified hére if the nuclei experience appreciable
binding as they do in molecules, crystals, and liquids. In fact, in these
latter instences, an elastic collision is one in which both the "internal"
and "external" initial and final nuclear states are the same. We shall
adhere to this more careful interpretation henceforth.

The reduction of Ry as given by Equation (4,16) and (4.17) to
give cross sections describing potential, resonant, and interference
scatterings can be carried out without approximation. The resonant cross
section will be examined in the limit of short lifetime of the compound
nucleus, which, as will be seen, is quite similar to the above weak binding
limit, Various aspects of the potential cross section are of interest, and
these will be discussed and used to predict the behavior of the total cross
section.

The reduction of Ry involves the evaluation of matrix elements

of the type given in Equation (4.4L). We rewrite (4.17) as

® = 2 ®; <u.57>4
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n -iQR,, 1Q-R
e = z UU, <kle = 2> <x|e™ 4k >, (4.58)
20
*
&, = 8
4 .N& -.is(A-;L'I‘)
— 2 v, ™y ds e o 2°«Q
£ oo o0
200 e

(x) <c'|et@Re > <kl E R e'i§'°5£<'s)|k'> , (4.59)

* is(Aa+j"'F ) -is'(A-L 1)
B £ Ng o, NL' Ng' , 2 a a” 3 la
& = z Ulgaulg@(ulgaugﬂ) deds © ©
L'
iK'.R,(-8) iK-R -iK-R,, -iK'*R_ (-s')
() <wrfe S BT Ry e B R R )

where Ay = Ea'EK and in writing Equation (L4.60) it is assumed that the
resonances do not overlap. Note that now there will be contributions
from terms with £ # £', these terms lead to diffraction effects which
for crystals cannot be ignored. The calculation of @i is tedious but
proceeds in a completely straightforward manner. We shall display only
the results in the form of a differential cross section in final neutron

energy and scattering angle, i.e.,
. P i, oy
GS(E -E,0) = oS(E -E,0) + o (E'>E,6) + S(E'_>E,9) s (k.61)

where the superscripts denote the potential, interference, and resonant

contributions, and where
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P
GS(E'—>E,G)

X2 )l/2 -Dq? { X 8(B-rhw) T_ (P?) & °

E!
n=-w
| L P (xpx41)
+ B(4E) NA Z e }, (k.62)
24!
. ,2
0:(E|_a E,G) - E l/2 —DQ E{:'XF .{ -D(K2+K )/2 S(AE _ [nl+n2]ﬂm)

-(ny+n +nx)2
- (nyinging Iny (PQ-K) Iny(PQK) Ing (PK-K') [€-E' - (n) +ny) 1]

nynpns [Ea-E'-(nl+n5) w]? + (rb/2)2

-DK? 1 y"eiﬁ‘(éz-ﬁz-)}ﬂ I, (%K') (6B -rfw)e }

i 2 (8B ) 4 (1/2)

, (4.63)

3 (N) O (kP ne+n
Gene) - E)7F) EE— LD N () e b an g
Q nl,..n6

(x) I (FK°) I, (PK' [ﬁ Tn, (PK-K')e “niZ } o~ (matnp)2
nl 3

[€4E' - (ngtnytng)tw] [E-E'-(nytngang)iw] + (r,/2)?

x)
{8, B ' (nptny g Y] 2K (r o/ 2)PH €4 1= (ngtngans Y] 2+ (1,/2) %)
2 vy _
+  8(LE) e-2DK 1 Ez e 8y x,)
Yo

I, (PKK)T, (BKK') [ (6B nytw) (6B -ngt)+(r,/2) Je” (P17

) 2 """ - b

™R [(Ea-E-'—nlﬁn)2+(Pa/2)2][ -Brongw)® + (1/2)%)

(k.6k)
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The equilibrium position of the £-th nucleus (atom) is denoted by X, .
In each cross section the direct terms (4 = £') have been separated from
the "interference" terms (4 # £'), the latter involve no energy transfer
and therefore contribute only to elastic processes.*¥ A discussion of the
potential cross section will be deferred until later. From Equations
(4.63) and (4,64) it can be observed that the influences of chemical bind-
ing upon resonance phenomenon are quite complicated and that interpretation
of these results appears feasible only in the limiting cases,¥*¥ The
dependence of og upon the scattering angle appears solely in the argument
of the modified Bessel functions and in Q. In the event of 90° scatter-
ing Equation (4.64) is considerably simplified since all the n's except
nq and n, are zero and the corresponding Ini's are to be replaced by unity.
The exponential exp[-D(K2+K'2)], in the resonant scattering
cross section is known as the Lamb-Mdssbauer factor. This factor provides
an attenuation of any resonance process that is influenced by temperature
and lattice binding through the parameter D. On the other hand, the
corresponding exponential in the potential scattering cross section is
exp[—D(E_E')E], which is the familiar Debye-Waller factor. The attenua-

tion of direct processes is therefore sensitive, in addition, to the

*
This is & direct consequence of the assumption of independent vibrations.
In & more realistic model which treats the atomic motions as coupled
oscilletions there will then be both elastic and inelastic "interference"
or diffraction effects.

*%

See, for example, the discussion of elastic resonant scattering by
Trammell.(go) Analogous expressions employing more realistic models
of crystals have been obtained by E. Wissler (unpublished).
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angular cofrelation between initial and final neutron momenta. This

comparison is interesting since it tends to suggest that if the lifetime

of the compound nucleus is very short the attenuation factor of a reso-

nance process can conceivably be expressed in an angular dependent form.

We shall now investigate Equation (4,64) in such a short lifetime limit.
As in the case of the weak binding limit in radiative capture,

a "time-dependent" representation of og is more convenient for the

present purposes. If we consider only the direct terms of Equation (4.64),

we have

& (E-2,0) - (%,)1/2 Z [iﬂq(_m_]z

2
[0
-itAE A -(s+s! ) -i(g-g! -F! '
(x) ;—“ fdt e © fdsds' e (s+s)1y/2 e Hs-s') Eo® )e“(ss t), (4.65)
- 0
where
u(ss't) = 1 {K%(t) + K'® gx(s-s'-t)
+ K-K' [g(s') + g¥(s) - g(s'+t) - g*(s-t)]1} , (k.66)

with g(t) given by Eguation (4.50). For very large I the contribution to
the s and s' integrals will come mainly from s,s' < P_l. This suggests

that the terms in p which depend only upon s or s' may be represented by

truncated power series. Retaining only the first two terms we obtain

u(ss't) ~ - DQ2 + ifon(K°K')(s-s') + u'(ss't), (k.67)
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2 2 +if.KD(S-S')
15—

+ifws  +ifms !
[K=+K e~

-e )1, (4.68)

no+  +ifhwt
n'(ss't) = ?— e~

KK (
where o+ = coth Z + 1. In Equation (4,68) the double sign denotes a sum
of two terms corresponding to upper and lower signs respectively. The
terms neglected in the above approximation are of order (hms)2 and higher,
so a condition for Equation (4.67) to be applicable can be stated as I' >> #w.
Thus if the lattice binding is small compared to the resonance width the
attenuation factor in oi is also effectively given by the Debye-Waller
factor,.* |

The resonant scattering section which one obtains by using the
approximate form of p is very similar to Equation (4.64). We will not
exhibit this result, but instead if we introduce a further approximation
by writing

I o 14 p(sdt), (4.69)

we would obtain

. g 1/2 D@2 Ar, (M) 42 8(AE)
E'SE,8) ~ (=, e ke S

(07

+. = &(LB+w) [ E /% + E' [t
2 (EyE+02+(1y/2)2 (£ By, +t + 1) + (1 /2)2
_ /% _ T/fw }'}
(ga_E'+§ +4w - —Jé- I‘a) (cca-E'+§+ 32- r'a) (&a-E'+§- % I‘a) (éa-E'+§-|_-'ﬁw+ % Foz) .
' (4.70)

If we interpret the compound nucleus lifetime as the interaction time, the
above condition implies that the collision time be short compared to the
characteristic vibration period in the lattice, This conclusion is in
general agreement with Trammell.(20
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with { =#n(K- K'). The first term in Eqﬁation (4.70) represents the
contribution from elastic scattering, and, in the remaining terms, upper
and lower signs denote inelastic events in which the neutron loses or
gains energy by an amount % (one-phonon processes). Higher order
inelasticity has been neglected by virtue of our expansion in Equation
(4.69).%

In the remaining part of this chapter we shall restrict our
attention to potential scattering only.¥* The cross section given in
Equation (4,62) is seen to contain X simply as a multiplicative factor.
This is & consequence of our implicit assumption that the system is
spinless and mono-isotopic.For an arbitrary system with nuclear spin
2

and isotopic mixture it will then be necessary to replace the X

multiplying the direct and interference terms by a% and ag respectively,

where
2 I+1 2 I 2
a. = < — > <
1 oI+l &+~ t SEm e 7o
2 2
a. = <itl 4 + it a2 >, (4.71)
2 2T+ 1 + oT+1 -

I being the nuclear spin and the symbol < > here denotes isotopic

average., The quantities a, and a_ characterize the interactions in which

neutron and nuclear spin orientations are parallel and antiparallel, and

*
This jis iomewhat similar to the "time" expansion first introduced by
Wick,

* For potential scattering of neutrons by crystals the reader should see
the excellent review by Kothari and Sl?éW} (22) for the time-dependent
representation approach see Sjolander; a number of fundamental
aspects of the gener?l theory have been reviewed in detail by Yip,
Osborn, and Kikuchi,
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are defined by

o
|

+ XO"‘%X_L’

)
1]

B - (4.72)

where

_me [ -10-R
XO,l = Enﬁg\/g R vO,l(R) e ‘ (4.73)

In the special case of neutron-proton scattering a, and a_ would
correspond to the conventional triplet and singlet scattering lengths,
although in the present treatment they are functions of the momentum
transfer, With the above modification the differential cross section

for potential scattering* can be given in more general form,

1/2 [ -iMEt/n
E'»E@) = L (B dt
% (81 ,6) o B L/p ©
0
&) nan g ) nean |, (h.78)
4 m

where

1Q:-Ry(t) -iQ
e e

M@0 =) < e (1.75)

k

It is sometimes conventional to speak of 9 in terms of its coherent and

incoherent parts, Thus if we introduce coherent and incoherent scattering

Henceforth we suppress the superscript p.
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lengths as
2 2 2 2 2 . L.76
= a a =a_ - a .
fcon - 2 7 Pine - 17 T2 (k.76)

the cross section becomes

- ®
1/2 -1AEt /B
o (B'>E,0) = —= (E_>/ f dt e /
S E!
0

2nlvh

(x) {ainc Z Mgy (Q,%) + aioh 2 Mgy (Q,%) } | (.77)
4 Iy

For the Einstein crystal this is not a particularly convenient representa-
tion so we shall continue to discuss the contributions from direct and
interference scattérings separately.

Thus far it has been possible to calculate A(Q,t) directly
because for the simple systems under consideration, the exact eigenstates
k> are known, For more complicated dynamical systems, such as liquids,

this approach is still straightforward but now the calculation depends
upon less satisfying models for explicit forms of the wave function.
There exists, however, an alternate and equivalent procedure for formu-
lating the general scattering problem, In this approach the cross sec-
tion is expressed in terms of a space and time dependent function which
describes all the dynamical properties of the scattering system,(25) s0
that the approximation in describing a complicated system then enters in

the determination of this function. This function is defined as

-3 _i0.
G = @0 [ e TEELY @, (.78)
7
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and similar quantities for the 4=/ and z;lz' terms only are denoted as
Gs(ﬁ’t) and Gd(z,t). The cross section is then expressed as a four-

dimensional Fourier transform

1/2 2 |
1 2
aeoge) = (B[R s @’ s @] (b19)
2n \ B! - inc inec coh coh
#S (Q,AE) = f dtddr G(r,t) 1(Qr - AEt/8) , (4.80)
coh — -
and sinc'is obtained by replacing G with Gg. The function S is called the

scattering law, and is a quantity in terms of which the scattering data
can be analyzed and presented for use in the transport equation.(26)*
The function, G(z,t), was introduced by Van Hove(25) as a
natural time-dependent generalization of the familiar pair distribution
function g(z) which describes the average density distribution as seen
from a given particle in the system.(29) Aside from neutron scattering,

G(r,t) is in fact a quantity of general interest in the statistical theory

of many-body systems.¥* From the reality of S one has

G¥(r,t) = G(-r, -t). (4.81)

*
For a discussign of the properties of the scattering law see Nelkin(27)
and Rosenbaum, {2

*X%
See, for example, FanO,(BO) and Singwi and Sjolander,(l8)
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The fact that G is in general complex implies that itvcannot be inter-
preted as an observable. As suggested by Van Hove, under classical condi-
tions or more specifically when B(t) commutgs with R, G gives the proba-
bility that given a particle at the origin at t = O there will be a
particle at r and t. A number of attempts have been made to develop a
theory of slow-neutron scattering by liquids on the basis of such an
interpretation.(Bl)*
We now return td more detailed consideration of neutron scatter-

ing by an Einstein crystal. From Equation (4.74) we can write the cross

section as

[ 2 2
GS(E'—>E,G) = 5(LE) e [alIO(PQ ) - ag]
DQ 2

+ 8(LE) ag % Z Y’

Y3
1/2 De2 © .
+ ( E 32 e D9 z 5(LE - ntw) I (PQQ) e 2 . (4.82)
E!' 1 n .

n=-o0
n#o0

The elastic contributions are exhibited in two separate terms, The second

term contains the interference factor

cn. 2
1 E: elg L.y
N J
where now £ extends over all the scatterers in the spatial cell and N is

L

their total number. For a cell of characteristic length L~ 107" cm, N is

* . . . . .
For a discussion of the classical limit of the cross section see

Asmodt, Case, Rosenbaum and Zweifel, Phys. Rev., 126, 1165 (1962),
A discussion of the classical limit of G(r,t) has been given by
Rosenbaum, (2
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of order lO12

so that this factor gives the well-known Bragg,condition
for elastic interference scattering in the usual way. As a result of
the assumption of uncorrelated vibrations, diffraction effects are seen
to be purely elastic., This will not be the case if we employ. a model
that describes the nuclear motions as coupled oscillations.(zu)

The n % 0 terms in 0 constitute the inelastic portion of the
cross section and these give rise to a set of equally-spaced lines in
the spectrum corresponding to different phonon excitations. This struc-
ture is in marked contrast to the smooth distribution predicted by the
gas result in Section A, Since the vibrational states are stationary in
the harmonic approximation (infinite phonon lifetime) all lines have zero
width.* It can be observed that so long as energy conservation is satis-
fied any inelastic process may occur. At T = 0 the neutron cannot gain
any energy because exp(-nZ), interpretable as & measure of the probability
of finding the oscillator in the n-th eigenstate, vanishes.

The exponential factor exp(—DQz) in Equation (4.82) is the
quantum analogue of the Debye-Waller factor originally derived in X-ray
diffraction to account for the effects of thermal motions of the scatter-
ing system. It attenuates all processes, particularly at high tempefature
or small Z ; the effect does not vanish entirely at . T =0 Dbecause of
zero-point motions of the scatterer. For very small 7 the asymptotic
form of the modified Bessel function
-1/2

Ip(x) ~ (2mx) e

X

*
For discussions of finite phonon li€§§§me in neutron scattering see

Maradudin and Fein,(32) and Akcasu.
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becomes applicable, the exponential part of which then cancels the Debye-
Waller factor. Obviously the same situation holds in the case of large
Q2 so we see that interference effects will be negligible in the region
of high momentum transfer.*

Since o (E'->E,8) is the differential cross section in energy
and angle, the total potential scattering cross section og(E') is
obtained upon integrating Equation (4.82) over ) and E . Because
GS(E') enters directly as a parameter in the transport equation it is
of some interest to exemine its behavior on the basis of Equation (4,.82),
The macroscopic system under consideration is in general not a single
crystal, so the cross section should be averaged over crystal orientations.
This aspect, however, is not relevant to our discussion. Therefore we will
ignore it along with spin and isotope effects, At very low neutron energies

(E' < lO'5 ev) the cross section predicts no apprecisble elastic processes

2
2

ficiently long that the Bragg interference condition cannot be satisfied

.because Io(x) is essentially unity (ai = af = 2) and the wavelength is suf-
at any scattering angle. Also in this region (E' < #w) the neutrons can-

not lose energy, so the only permissible process is that by which the neutrons
gain energy. The cross section therefore varies as %, and generally
increases with temperature. As the incident energy is raised,elastic
processes begin to contribute. A significant increase occurs when the

Bragg condition which allows the largest wavelength is just satisfied.,

At still higher energies the interference term begins to be attenuated

In a general theory which admits elastic as well as inelastic inter-
ference scattering the present remark applies only to the elastic por-
tion which, however, usually provides the dominant diffraction effect.
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by the Debye-Waller factor, and, while the cross section will continue
to exhibit sharp jumps as additional sets of crystal planes give rise
to interference scattering, the over-all oscillatory behavior is damped.
For sufficiently fast neutrons (E' i,ev) the dominant process is
inelastic scattering in which the neutrons~lo§; energy,., Here each
scatterer can be treated as a free particle so that the result in sec-
tion A is applicable. In fact, in the weak-binding 1imit-one can show
that og(E') -» 4n(MX/Mﬁm)2. The sbove remsrks are illustrated in Figure
4,1 which is in general agreement with observations for such scatterers
as graphite, beryllium, and lead.(ﬁu)
All the discussions in this chapter have been concerned with
monatomic systems and hence the center-of-mass degrees of freedom of
the nucleus. However, in polyatomic systems, the neutron can excite all
the degrees of freedom of the molecule so that internal molecular degrees
of freedom also have to be éOnsidered. The intermediate scattering func-
tion A(g,t) can be written as a product of two functions, one depending
on center-of-mass translations and the other on the internal molecular
motions. If rotation-vibration coupling is ignored, A can be further
decomposed so that the effects of translation, rotation, and vibration
may be considered separatelyf From the stanapoint of analyzing a partic-
ular experiment it is important to treat the rotations properly since.
tbeir energies are of the same order as those of translations., The
presence of rotational transitions can therefore complicate any inter-
pretation of the scattering data with regard to intermolecular forces,
The method of calculation presented in thié section can be

used to treat the normel modes of internuclear vibration., The influence
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of molecular rotations has been investigated meinly in neutron scattering

(9), (35)

by gases. The cross section of a free rotator can be obtained

. (36), (37 . .
rigorously, but the application of the formalism is rather
involved.* On the other hand, in systems where appreciable orientation
dependent forces exist rotational motions will likely become hindered.
An interesting example is water where experiments have revealed prominent
modes of hindered rotation. This type of motion is still not completely
understood, although attempts to describe its effects in neutron scattering
(39), (ko)

are probably sufficiently accurate for thermalization calcula-

tions.

The Thermal Average

In the preceding cross section calculations it was necessary to

evaluate averages of matrix elements of the form

itH/h -iK.R, -itH/# iK:R,,
S = E: Pn <n| e:L / e =2 e e/ el_ -4 | > (4.83)

£4'
n

for an Einstein crystal.** In this notation Pn is the probability that
initially the crystal is in a state specifiled by the eigenstate |n>, H is
the crystal Hamiltonian, K is a momentum vector and R, is the instantaneous
position of the £-th nucleus in the crystal. If equilibrium position X,

is introduced then

(38)

¥ A number of approximations have been proposed, see McMurry.

(9)

*%
The following approach was first given by Zemach and Glauber.
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Sger = Wyp ol (xpixy) (b.8l)
-iK-u,(t) iK-u
Wpgr = <o — o8 GRS (4.85)
where we have let Bz =X, + u, and have introduced the Heisenberg
operator
uy(t) = ity -itH/A (L.86)

Since the Hamiltonian consists of a sum of individual particle Hémiltonians,
the only part of H that does not commute with u, is H,. In Equation (4.85)
the symbol <Q>T denotes an appropriate average of the expectation value of
the operator Q. This quantity is often called the thermal average because
the crystal is assumed to be initially in a thermodynamic state., Note
that sz, is & function of t only if £=£'; this is the case of direct
scattering which will be considered first.

Accbrding to the Einstein model,nuclear vibrations are isotropic;
sO each of three directions of motion can be treated independent of the
others, The fact that each nuclear coordinate is an independent oscillator

coordinate reduces the calculation to a one-dimensional problem, i.e.,

3
Ly o Wou o (+.87)
ﬁjz = }; P <ha IeiKOPa(t) ™ oy |na? . (4.88)
(07
Doy

For a crystal in thermodynamic equilibrium we have
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)
[

e-nogw/kBT (z e-nogxu/kBT_ >-1

e~220g (1 - =22y | | ~ (4.89)

where o is the characteristic vibrational frequency and Z =~ﬁm/2;BT. The

thermal average W%z can be rewritten_upon the use of an operator identity

1
P P - AtBt 5 [A,B] (4.90)

which applies whenever operators A and B commute with their commutator

[A,B]. In our case [u (t), u,] is just a c-number so that
) : (0% e

K2
(04
5 [ug(t),uy] 1K £)-
ﬁjz = e2 <e a[ua( ) uO‘]>T _ (k.o1)

/

This expression can be further simplified according to a corollary to

(9)

Bloch's theorem,
<e > = e s (4.92)

where x .1is & multiple, or some linear combination, of commuting

oscillator coordinates and their conjugete momenta. Thus

2 :
Wiz = exp { - IZ—O‘ [<u§(t)% + <l.12>T -2 <ua(t)uo?T] }_. ) (4.93)

For the purpose of evaluating the indicated thermal averages in
Equation (4.93) it is convenient to replace particle displacements by
"ereation" and "destruction' operatbrs similar to those introduced in

Chapter 1II. The new operators are governed by the commutation rule
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+ +
[aa(t)) a’a’(t)] = . [a‘a) aal] =. Soay. ()4..9)4_)
and have the properties that

alnp> = J—na[na-b, a(t)|ny> = Ina e 1% |na-l>,
a+|no? = '\], ny*l | n#1>, a.+(t)|na> =~/na+l o0t |ngt> . (4.95)

In terms of these operators,

(8 =R [ah(6) + ay(0)] (k96

and similarly for u. The following thermal averages are then readily

found,
2 Y . n
<u5(t)>, = <u§T = o (2 <npp + 1),
g (thupn = “;@ [(ma;T +1) e 0t +<n >0 ei‘“} , (4.97)
where_
-2z e
e#L (4.98)

<nO?T=IZnaPna=e (1 -
"o

It is seen that in W%z the only dependence upon ¢ is in Kg. Thus the o
product in Equation (4,87) leads to a dependence only upon K2 as one would

expect, and we find

00

2
-DK -n(Z-iwt.)
5, = ¢ > I (PK2) e (2-dot), - (5.99)

n = -0
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where
D = ncoth?z,
P = nesch 2
n = A/2Mp ,

and use has been made of the generating function of the modified Bessel

function of the first kind,

e =

£ (r + 1/r) i

r* 1 (y). (4.100)

In a very similar manner the corresponding result for inter-

ference scattering (4 # £') is

iK*(x,,-x -iK. iK -
S, = e~— (xp-xp) _-iKmy PR STIN
L4 T T

)

2 .
-DK= iK- -X
e — (Ezl _E R ()-’-.,lOl)

= €

Equations (4.99) and (4.101) have been used to write Equations (4.45),

(4.62), (4.63), and (L.6k4).



10.

11.

120

13.

1k,

15.
16.

17.

-139..

* REFERENCES

R. M. Pearce, J. Nuclear Energy, Al3, 150 (1961); R. B. Nicholson,
APDA - 139 (1960).

M. S. Nelkin and E. R. Cohen, Progress in Nuclear Energy, Series I,
3, 179 (1959); D. E. Parks, Nuc. Sci. and Eng., 9, 130 (1961); see
also Proceedings of Brookhaven Conference on Neutron Thermalization,
BNL - 719 (1962).

Inelastic Scattering of Neutrons in Solids and Liquids, International
Atomic Energy Agency, Vienna, 1961 and 1963 (two volumes).

H. A. Bethe and G. Placzek, Phys. Rev., 51, 450 (1937).

H. Feshbach, G. Goertzel and H. Yamanchi, Nuc. Sci. and Eng., 1,
L (1956).

J. E. Olhoeft, University of Michigan Technical Report OL261-3-F,
July, 1962.

L. Dresner, Nuc. Sci. and Eng., 1, 68 (1956); G. M. Roe, KAPL-124l
(1954).

V. I. Sailor, BNL - 257 (1953); M. E. Rose, W. Miranker, P. Leak,
L. Rosenthal and J. K. Hendrickson, WAPD-SR-506, (1954), two volumes.

A. C. Zemach and R. J. Glauber, Phys. Rev., 101, 118 (1956).

E. P. Wigner and J. E. Wilkins, AECD-2275 (194k4).

B. Davison, Neutron Transport Theory, Oxford Univ. Press, London,
1957,

K. M. Case, F. de Hoffmann, and G. Placzek, Introduction to the Theory
of Neutron Diffusion, U.S. Government Printing Office, 1953.

K. M. Case, Ann. Phys. (N.Y.) 9, 1 (1960).

M. Born and K. Huang, Dynamical Theory of Crystal Lattices, Oxford
Univ. Press, London, 1957.

M. Born and R. Oppenheimer, Ann, Phys., 84, 457 (1927).

A. W. McReynolds, M. S. Nelkin, M. N. Rosenbluth, and W. L. Whittemore,
Proceedings of the Second United Nations International Conference in
the Peaceful Uses of Atomic Energy, 16, 297 (1958).

W. E. Lemb, Phys. Rev., 55, 190 (1939).



18.

19.

20.
21.
22.
23.

2k,

25.
26.

27.

28.

29.

30.

31.

32.

33.
3k,

35.

~140-

W. M. Visscher, Ann. Phys., 9, 194 (1960); M. S. Nelkin and D. E.
Parks, Phys. Rev., 119, 1060 (1960); K. S. Singwi and A. Sjolander,
Phys. Rev., 120, 1093 (1960).

R. L. Mossbauer, Z. Physik, 151, 12k (1958); Naturwissenschraften,
45, 538 (1958); Z. Naturjorsch, llha, 211 (1959); see also H.
Frauenfelder, The Mossbauer Effect, Benjamin, New York, 1962.

G. Trammell, Phys. Rev., 126, 1045 (1962).

G. C. Wick, Phys. Rev., 94, 1208 (1954).

L. S. Kothari and K. S. Singwi, Solid State Physics, 8, 109 (1959).

A. Sjolander, Arkiv f. Fysik, 14, 315 (1958).

S. Yip, R. K. Osborn, and C. Kikuchi, "Neutron Acoustodynamics,"
NP-12399 (1963), issued as University of Michigan College of Engi-
neering Industry Program Report IP-52k.

L. Van Hove, Phys. Rev., 95, 249 (1954).
P. Egelstaff, Inelastic Scattering of Neutrons in Solids and Liquids,

International Atomic Energy Agency, Vienna, 1961, p. 25; R. M.
Brugger, ID0O-16999 (1961).

M. Nelkin, Inelastic Scattering of Neutrons in Solids and Liquids,
International Atomic Energy Agency, Vienna, 1961, p. 3.

M. Rosenbaum, Thesis, University of Michigan, 1963; also issued as
University of Michigan Technical Report 03712-4-T, March, 1963.

F. Zermke and J. Prins., Z. Physik, &;, 184 (1927); T. L. Hill,
Statistical Mechanics, McGraw Hill, New York, 1956.

U. Fano, Phys. Rev., 103, 1202 (19%56).

G. H. Vineyard, Phys. Rev., 110, 999 (1958). K. S. Singwi and
A. Sjolander, Phys. Rev., 120, 1093 (1960); A Rehman, K. S. Singwi,
and A. Sjolander, Phys. Rev., 126, 997 (1962).

A. Maradudin and A. E. Fein, Phys. Rev., 128, 2589 (1962).

7. Akcasu, Thesis, University of Michigan, 1963.

D. J. Hughes and J. A. Harvey, Neutron Cross Sections, BNL-325 (1955).

R. G. Sachs and E. Teller, Phys. Rev., 60, 18 (1948); N. K. Pope,
Can. J. Phys., 30, 597 (19525; T. J. Krieger and M. S. Nelkin, Phys.
Rev., 106, 290 (1957).




-141-

36. A. Rahman, J. Nucl. Energy, 13, 128 (1961).

37. S. Yip, Thesis, University of Michigan, 1962.

38. H. L. McMurry, Nuc. Sci. and Eng., 15, 429 (1963).

39. M. Nelkin, Phys. Rev., 119, T4l (1960); for applications of this
model see BNL=T719 (1962)

40. S. Yip and R. K. Osborn, Phys. Rev., 130, 1860 (1963).




Page Missing
in Original Volume



V. SPECIAL TOPICS

In this chapter we examine some aspects of two interesting
but specialized and unrelated topics. The first has to do with what
might be called neutron thermodynamics, i.e., the origin, nature and
applicability of a certain time independent, velocity-space distribu-
tion for neutrons and atoms which is achieved in special circumstances.
This topic is specialized only when viewed in the context of the re-
actor. But it will also be seen to be an important part of the general
subject of gas thermodynamics.

The second topic is also to be regarded as specialized only
when considered as a part of reactor technology. As presented here
it is the beginning of a study of higher order particle distributions
in reactors=--in particular of a few relevant doublet densities. Such
studies lead to a quantitative appreciation of the phenomena of |
correlations and fluctuations in the distributions of various kinds
of particles. 1In this connection it is of interest to note that
reactor-type systems are perhaps uniquely suited to an experimental

investigation of these matters.

A. Neutron Thermodynamics

Most attempts at an analytical study of neutron distributions
in reactors explicitly divide the energy range into at least two parts,
in each of which the neutron densities are treated according to approx-
imations peculiar to the range. The lower energy part of this sub-

division is referred to as the thermal range--its upper limit being
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some few times the (kT) of the atoms in the system. The reference to
thermal, however, 1s presumably not solely based on the fact that its
demarcation is roughly tied to the mean energy of the atoms in the
reactor but also to the expectation that, at least in many instances,
the neutrons themselves in this energy range will be in a quasi-
thermodynamic state. In some specific instances this expectation

has been essentially verified experimentally.* But in most cases

it is defended merely on speculative grounds. As a part of a study
of the fundamentals of neutron transport theory, it seems appropriate
to probe a little for the limitations on what can or cannot be asserted
in this matter.

The initial approach to the subject will be in terms of a
very special problem. Consider neutrons and a single kind of atoms
mixed homogeneously in gas phése. Assume, however, that these
distributions are not in a steady state. It is reasonable to expect
that the mixture will indeed eventually achieve some sort of steady
state and the question is~-what can be said of it., This, of course,
1s a familiar problem in the kinetic theory of gases.

For reasons that will become apparent later, it will be
assumed that the only interaction between neutrons and nuclei and
between atoms that need be considered is potential scattering., Neutron
radiative capture processes could be included in the argument if the
inverse gamma-neutron reaction was also cansidered and if kinetic

equations for gamma rays were adjoined to the equations for the

¥See, for example, B. T. Taylor, AERE-N/R-1005 (1952).
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neutrons and the atoms. However, such a system (analogous to a
chemically reactive gas) would be one which in the equilibrium state
wouldAnot only be characterized by a specific velocity distribution
for the particles and y-rays but also by a specific ratio of particle
densities. A sfudy of the kinetics of such a situation might be
interestiné, but'it,is difficult to regard it as relevant. Reasons
for not including resonant-elastic scattering are a bit more obscure
and hence will not be discussed at this point.™

According to these remarks, the neutron balance relation

as obtained from Equation (4.28) is

of fd3K'd5k'd5kA(_Ig'5'; K k)[g(K)gy (k)£ (K)E, (k')

ot
- 8(K')g, (k" )0(K)E, ()] (5.1)
where
22° ( | By = Epy) 8(k + K - k' = K')
A(K k;K'k') = 22— E, - E., - Euy 1 Ko
(K kK'k') o BB+ Bg - By - By,) B(k+ K-k - K
= A(K'k'; K k). ) (5.2)

In Equation (5,1) we have retained the factors g(K) = 1 - han(E) and
gA(E) =1+ (211)5 fA(_lg)° The former enters because neutrons are
fermions and the latter because it has been assumed, for the sake

of illustration, that the huclei are spinless bosons. Strictly speak-
ing, neither of these factors should be given much consideration bgcause
of the extreme unlikelihood of finding real systems degenerate with
respect to either neutrons or nucléi. Nevertheless, it is correct to
keep them, and the keeping occasions no difficulty. The extent of

their practical significance will be discussed later on.

*See, however, the footnote for Equation (5,.18).
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To proceed further, a balance relation for the nuclear
distribution function is required. This could be deduced from first
principles just as has been done for the neutrons earlier, but such

a derivation would be repetitious. Hence, we merely note that

of
R K T D RIENCOERCRENEDENEED
- g, (5 ), (k)2 (R)E, ()]

+ deK'd5k'd5KA(§'§',5 k) [e(K)e, (k)2(K' )£, (k')
- (K g, (k" E(K)E, (1)1 (5.3)

The first term on the right-hand side describes atomic collisions with
Al being the scattering frequency appropriate to elastic collisions be-
tween neutral atoms, while the second term represents the effect on the
atomic distribution due to neutron-nuclear collisions.

Now note that a sufficient condition that the neutron and
nuclear distribution functions be independent of the time is the

vanishing of the integrands in Equations(5.1) and (5.3), i.e.,

£(k)  falk') o f(K)  f(k) (5.4

BK) g k) | sE g >he)
and

£f.(kx') £,(k!) £f,(k) f£,(k,)

A\E avl) A Ay (5.4b)

ga(k') gy (ki) gpa(k)  gp(kg)

Since the primed and unprimed variables are essentially the pre- and

post-collision momentum variables for particles experiencing elastic
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collisions, it follows that the logarithms of the factors in Equations
(5.4a) and 6.4b) are at most linear, scalar combinations of the

collisional invariants, i.e.,

1w IE) o g WK + 7By, (5.5a)
g(K) -
and
£, (k
1o E) a + ¢ - Mik + 7E,_, (5.5b)
gA(I_{)

’where a, ok, L, and y are‘six arbitrary constants. A little examination
reveals that the arbitrariness in the constant vector { must be inter-
preted as a velocity shared by all of the particles of both components
of the gas and, as such, is igporable in the present context. After
some rearrangement, one finds that Equations (5.5a) and (5.5b) imply

that

£(K) = [bn(e +1)1 (5.6a)
and
(er3( ATy (5.60)

£, (k) =

In these latter expressions, B, u, and pA are again arbitrary constants;
though the structure of these steady state solutions to Equations (5.1)
and (5.5) strongly suggests their interpretation as the thermodynamic
solutions - and hence the identification of B as (]&BT)'l and p and N

as the chemical potentials for the neutrons and nuclei respectively.

To reinforce this interpretation, construct
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s(t) =

kB" fd5K [£(K,t) 1n f(g,.t)

+

g(ﬁ)t) In 8(§:t)]

(5.7)

ky dek [£,(k,t) 1n £, (k,t)

g, (k) 1n g, (k)]

This function is studied because; when evaluated in the time independent
state corresponding to the distributions (5.6a) and (5.6b), it is (to

within a constant) the usually accepted expression for the entropy of

an ideal gas mixture of half-integral spin fermions and zero spiﬁ‘bosons

in the thermodynamic state,(l) It is now our purpose to show that fhis time-
dependent generalization of the thermodynamic entropy function monotonically
increases in time until it reaches a steady state which indeed turns out to
be the steady state just referred to. That is, we present an H-theorem which
suggests that Equations (5.1) and (5.3) describe an irreversible evolution
in time of the distributions £(X, t) and fA(E, t) toward the steady states
given in Equations (5.6a) and (5,6b), and that these latter distributions

are to be interpreted as the thermodynamic distributions of the gas

mixture.
Differentiating S we find that
8 . _x deKéglnf
dt B ot

ofp
-k [, (5.8)

where use has been made of the fact that the total number of particles

of a given kind in the system is constant in time, Using Equations
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(5.1) and (5.3) to eliminate the time derivatives in Equation (5.8)
and taking meximum advantage of the symmetries of the transition

probabilities A(K'k';K k) and A;(k'k{; k k), we find that

8.3 f &’k e’k a’ka ke (k' Jg, (k' & (K)e, (K)A(K'K' 5K k)
dt 2 . -

r(K)e, ()a(K ey (k') rE(K)E, () £(K)E, (k)
(x) 1n [ ; } (5.9)

g(E)gA(E)f(E' )fA(E' ) ‘e(K')e, (k') e(K)e,(k)

B

W F dBk'dBKid3kd5klgA(E')gA(l_ii)gA(E)eA(El)Al(}g'E';5 k)

O.

(x)1n fA(E)fA(El)gA(E')gA(Ei) [fA(E')fA(Ei) _ fA(E)fA(El)]
g, (kg (k )f, (k')f, (k1) “g,(k')e, (k1) g, (k)g, (k)

Thus the entropy function increases in time until the distribution
functions satisfy the conditions (5.4a) and (5.4b), at which time S
becomes maximum and stationary. In consequence, we shall henceforth
interpret the functions (5.6a) and (5.6b) as the thermodynamic
distributions for neutrons and nuclei respectively in the "ideal

"

gas’ system.

However, before these distributions can be useful to us,
some estimate of the parameters p and pp must be made. This is
accomplished by the usual nonmalization requirement that the wvarious
particle densities represent a definite number of particles per cm5°
Application of the requirement leads to the observation that the
factors exp(Bu) and exp(Pu,) are exceedingly large, except for most

unlikely conditions of high density and/or high temperature and/or

small mass particles, (Conditions met, for example, by the gas-like
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conduction electrons in some metals at room temperature, by nearly .

N

zero=-temperature gases - or liquids of He' and He5, and by electron-
proton gases in the cores of stars). Consequently, for reasonable

reactor conditions, we may approximate
-PE
£f(K) ~ e K/lm e s

T,(k) » ; (5.10)

which, when properly normalized, are simply the usual Maxwell-Boltzmann
distributions for classical gases, We shall regard them as so approxi-
mated for the rest of the present discussion., It should be recalled
that we have also so regarded the one for the neutrons in the preceding
chapters.

The above discussion provides a fairly satisfying demonstra-
tion of the plausibility of the assertion that the solutions (5.6a)
and (5.6b) (or more practically (5,10)) represent the thermodynamic
distributions for the neutrons and nuclei in gas phase (assuming no
sources or sinks and elastic scattering only)., However, it is a bit
disturbing that the demonstration was presented in so restricted a
context., After all, most reactors so far have been constructed in
the solid or liquid phase, Furthermore most nuclear environments inter-
act with neutrons in many other ways than elastic scattering. Many of
these interactions, such as radiative capture, fission, and nuclear
inelastic scattering for example, are true preventatives of the
realization of the above thermodynamic states =~ at least under realistic
conditions. But it is anticipated - and has been suggested experiment-

ally - that the above thermal neutron distributions will be
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realized in other states of matter than gas phase. Thus we present
an argument or two more or less germane tc the point in an effort to
reinforce that anticipation.

First Wé note that Equation (5.1) may be rewritten as
(bearing in mind the above assumption of nondegenerate systems)

of _ f ax! [£(x') /(K" - K) - £(K) 9/ (K -K")] , (5.11)
ot , 2 K

where evidently

' (K' k) f ’x'a’k AK'K'; K K)E, (k'), (5.122)

7K ->K') = f d5k'd.3k A(K'k'; E_lg)fA(E) . (5.12b)

With the present phrasing of the equation fcr‘the neutren distribution,

a sufficient condition for a steady state becomes
£(k') 7' (K' »K) = £(K) 9'(K»K') . (5.13)

The scattering kernel, 2@ is essentially a momentum transfer cross-
section times the speed of the incident neutron. If we demand that
this steady state be characterized by a Maxwellian neutron distribution,
we find - after a few manipulations to extract from J'the energy trans-

fer cross=section - that

E'e'BE' o(E' > E) = Ee'BE,o(EaE') . (5.14)

That is, if the steady state is to be a thermal one for the neutrons,

then the effective energy transfer cross-section (which of course is
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presumed to incorporate an appropriate thermal distribution for the
scatterers) must satisfy & detailed balance condition, Equation (5.1k4).%
It is noteworthy that the effective cross-section for scatterers in the
crystalline phase does indeed satisfy this condition as is evidenced in
Equation (4.62). Thus it is suggested that the equilibrium distribution
of neutrons in crystals will also be Maxwellian.

In a second attempt to give some force to this suggestion,
we consider an H-theorem for the density matrix itself. Again, it is
not so much a theorem as a plausibility argument. But when phrased in
terms of the density matrix rather than the singlet densities it seems
to represent a significant generalization of the above discussion to
arbitrary scattering systems.

Recalling Equation (2.56), we have

Dy
ot

- ; Wont (Dpipr = Dyy) - (5.15)

n!

Again define an entropy function by

S = - kB; D, nD . (5.16)

n
If the transition probability, W, has certain symmetries, it is easily

demonstrated that

as
dt

0. (5.17)

*See the discussions of Hurwitz, Nelkin and Habetler,(z) Appendix A.
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The necessary symmetry required of W in order that Equation (5.17) hold
is probably not known, but it is certainly sufficient that™

W

nn' W

n'n (5.18)
Actually it is not difficult to show that Equation (5.17) holds under the

weaker symmetry requirement(u)

Y VprDan = ) VamDpn - (5.19)
n#n' n#n' |
However, as we have seen, most of the useful representations of W for
the description of neutron-nuclear reactions in the energy range germane
to thermodynemic consideraticns actually satisfy Equation (5.18). Thus
we will spend no effort here to expiore the implications of weaker re-

quirements.

*See Heitler,(j) Appendix 5. Note that from Equation (3.34) we have

R _ 2xn IV _ Vnn"vn"n' 2
= 2n \ L= nn)t,
nn' x L A + iB
n"#n,n'
with A and B real, and Vayr = Vyiy (V Hermitian). Thus W, is symmetric

if B= 0 or Vun'Vn'n"Vp'n is real. In the case of either a direct or a
pure resonance event as in the cases of potential scattering and radiative
capture, condition (5.18) holds to the order of the present calculations.
However, when resonant scattering is included the symmetry of the corres-
ponding transition matrix depends upon properties ‘of the nuclear matrix
elements, UN, which have not been discussed. By assuming

N N 1l 2
Udvo(_lgs) UOOf'(E 5 ) NlUg"Ol .

as in Equation (4.20) we have effectively asserted that Equation (5.18) is valid
in this case as well.
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The equelity in Equation (5.17) obtains if and only if

D =D for all states |n > and |n' > for which W+ does not

n'n'
itself vanish. Recalling that Wp,' is non-zero only if E,, = E,
it seems evident that the time derivative of the entropy will vanish
whenever the density operator assumes the form of a functional of
the energy, H, i.e.,
D - D(H) . (5.19)

An argument suggesting & choice of a particular functlonal proceeds as
follows. Conslder a system consisting of two weekly interacting systems,
The Hemiltonian will be of the form

H = HE*+ EP + gPD 5 | (5.20)
Suppose now that this system 1s left isolated for a sufficient time.
A steady state will be reached which we anticipate will be the thermo-
dynamic state. If the interaction between the systems 1s sufficlently
week, we further enticipate that the distributions of pertlcles eamong
the states characteristic of each separate system willl be essentially
determined only by the nature of that system - excepting that each

distribution will shere & parameter common to both, the temperature.

That 1s, we expect that
p(E + ©® + B'F) ~ D(E + EP) = D(E)D(ED). (5.21)

A solution of the functional Equetions (5.20) (neglecting E*B) and

(5.21) ie

p = z7tPH , (5.22)
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where
Z = Tre ‘ | | (5.23)
so that

TrD = 1. | (5.2%)

Applying these arguments to a system consisting of a neutron

gas interacting with nuclei, we have for the Hamiltonian

2p2
H = E BT 2'(K,s) a(K,s) + Hy +V (5.25)
Ks
22
1K
s ) S e als) + 8
Ks

The thermal density matrix then becomes in this instance,

D = p"D° , (5.26)
where | oo
1=K
n exp I:"B %S om a-"—(_IS)S) a(E:S)]
D = > ) (5'273)
P
Tr exp[-B > o & (K,s) a(K,s)]
Ks - -
and
exp [-B H°]
p° - % . (5.270)

Tr exp [-B H°)

The neutron density‘corresponding to this density matrix is

]

£$(k) = Tr (T o' (Ks) a(Ks)) D

Tr (T a'(K,s) a(k,8)) D . (5.28)
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A straight forward calculation leads us again to the expression (5.6a).
Thus by these arguments also we find the conventional expression for a
fermion density in momentum space. However, in this case the distribu-

tion of the nucleil is not restricted to gas phase.

B, Higher Order Neutron Densities = Particulariy the Doublet Density

To this point the discussion has been exclusively devoted to
singlet densities (especially neutron singlet densities) and approximate
equations which describe them, Actually this devotion to singlet
densities has been more apparent than real, since we have in fact
8lid over the matter of dealing with higher order densities whenever
confronted with them. Many times above, we have casually replaced
certain aversges of products by products of aversges., Thus, without
expliclt comment, we have frequently met, and disposed of, higher order
densitles by approximating them by products of singlet densities. For
the purpose of deducing equations to describe the singlet densities
these approximations are expected to be Justified in the context'ih
which they are introduced, That is, it is not anticipated that the
interpretation of measurements of quantities determined primarily
by mean values will be serlously falsified by ignoring fluctuations
about the mean, However, occasionally experiments are designed for
the explicit purpose of measuring - directly or indirectly - these
fluctuations, It 1s perhaps obvious that such observations cannot
be interpreted in terms of mean values (singlet densities) only, Thus,
in order to develop a framework in which these observations can be

studied as well as 1n which to investigate the importance of the
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approximations referred to above, we turn now to a brief examination of
higher order stochastic quantities. Actually we shall restrict our
attention almost completely to second order densities, although the
generalization necessary for the.consideratién of densities of arbitrary
order will be seen to be trivial in principle but tedious in practice.

We define a doublet density for neutrons by

Fén)(z,g,)_c',g',t)

16 ) e at(5K,e) a(BK,s) & (X K',80) a(X! K!8t D()
SS--'
16 1r . (X,K) p, (X';K') D(t). (5.29)

]

In the representation which diagonalizes the density operator with

eigenvalue N(X,K), we find

e erny - 08 ; NEE) MK Dya(t) . (5.30)

n

In earlier sections we have consistently approximated averages of products
like the above by products of averages; ‘which, if done here, would lead to

the statement that
PO x k) v B K B @), (5.31)

As we have already mentioned, it is not anticipated that the error intro-
duced by approximations like Equation (5.31) into the descriptions of
the singlet densities themselves is important. However, the interpreta-
tion of experiﬁents which, in one fashion or another, are designed to

measure the difference between the left - and right - hand - sides of
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Equation (5.31) surely requires a more elaborate treatment of Fén).
Thus we shall briefly sketch the deduction of a transport equation
for the doublet density defined in Equation (5.30).

Recalling Equation (2.43) and the discussion leading up to
it, we find that

aF(n) -6 | ror '
—-Lat - L Tri— [ e, P11 D(t) (5.32)
~ X [(py P} )prpr = (pyey) T W, D (t).
mll

Using the relation

[”T:pl P;_] = pl[aT, pi] + [”\’/: p.lp', (5.32a)

in connection with the arguments leading from Equation (2.45) to (2.49)
facilitates the calculation of the first approximation to the transport
terms, and we obtain

[§_+’ﬁ_1<1 3, K a]F(n)
ot m axj m an

(5.33)
v 10 ) @R M@K - NEE) RELED] W, D (6)
!
As in Chapter II, the remainder of our task here is the reduction of
the interaction terms on the right-hand-side of Equation (5.33) to
useful form giving due regard to all nuclear and macroscopic medium
interactions which might significantly influence the distribution,

Fén). Also the details of cross~section calculations proceed here
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essentially the same as in Chapters III and IV, Hence little of this
detail need be recapitulated; and, since our interest is in illustrat-
ing how a theory of fluctuations and correlations may be systematically
constructed and not in deriving working equations for the analyses of
realistic cases, we shall confine our attention to the relevant aspects
of scattering, radiative capture, and fission only, Then here, as in.
Equation (5,29), we can write the right-hand-side of Equation (5,33 )

as the sum of three sets of terms, i.e.,

[_5__+'3Kj 3, EK 3
ot m oX m X'

} PP KK )
J J

16 ) IR W ELE) - NEK) NELED] R, D (4)
nn'! '
(5.34)

¢ 16 I EE) M@K - NEK) MR W, D ()

nn’
+ 1® E [N*(X,K) M (X',K') - N(K,K) N(X,'K')] W D (t),
) > ~= == - - n'n nn
nn!

where WS

n'n’ Wi'n , and Wi,n are those elements of the transition prob=-

ability required for the description of radiative capture, scattering,
and fission respectively,

Although it is not the simplest interaction to deal with here,
we shall first consider the scattering terms. The point is that this
interaction is sufficiently complicated to illustrate all of the inter-
esting features of the influence of binary interactions on the time rate

of change of the doublet density, and at the same time simple enough to
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be described in some detail, On the other hand, the treatment of
the capture reactions here is almost an obvious and trivial general-
ization of thatArequired earlier in the discussion of the equation:'
for the singlet density, whereas our discussion of the fissién
contributions to Equation (5.34) must necessarily be confined to
results only, as their derivation is quite tedious though straight-
forward.

In order to carry out the sum over final states, it is
convenient to distinguish between the terms for which X # X' and

those for which E = z'. We thus write

H
I

{62 [N'(X,K) N'(X',K') - N(X,K) N(X*,K')] W2, D (%)

nnt

(1 - 8,07 Z [N (%,K) W'(X',K") - N(X,K) NZ*,K*)] W), D (+)
nn?

+

Oxx L’6Z [N’(Z:E) N'(X',K') - N(XK) N(X',K')] WaopDp(8).
nn‘

(5.35)
Our purposes here will be adequately served if we suppress all detail
associated with cross=-section calculations and treat the distributions
of target nuclei as statistically decoupled from the neutron distributions.
It is to be emphasized that the neutron and nuclear distributions will not
be regarded as uncorrelated in all circumstances. In fact such a corre-
létion is crucial to the interpretation of certain fluctuation experi=-
ments to be discussed later. In view of these remarks we find as in

Equation (2.67) that
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_ | N(X,K, )
W, = wzr K, N(X,K,) [1 - __21_ 1, (5.36)

where X designates the spatial cell in which the scattering event takes

place and K, and El represent the momentum of the neutron before and

2
after the collision. The meaning of the quantity G; K is best
' Lo R
described by the relations:
- HK
y s - 5 k)
K.—» K m S 2
K -2 =1
=1
P2 5
= = L (7)) (5.37a)
and
—S _ '-r_ﬂig 3
E\ WEQ—) -IEl CTm ZS(Ke) 9' (52 - ISl) d Kl
K,edJK
- 1
-2 v () 7, op,) (5.570)
=, sve 2 T 1 '

In Equations(5.37a) and (5.37b) Zg is the usual macroscopic cross-section
and 2} is the scattering frequency. Entering Equation (5.36) into
Equation (5.35), the sums over both final and initial states may be
carried out quite straightforwardly (beéring in mind, of course, that
only binary collisions are to be considered). If furthermore we pass

to the continuum in momentum space, we find that
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6
e (o)

(5.38)

The first four terms in.this expression are strict analogues of the
corresponding scattering contributions to the balance relation for the
singlet density as seen in Equation (5.1) for example. It is evident
that the dependence of thése terms upon the third order densities is
purely a quantum effect, and here also is of importance only for
degenerate systems. The remaining terms, non-vanishing only at the
points X = X' are classical and quaﬁtum contributions to a correlation
effect resulting from the fact that at X = X' scattering can transfer
neutrons between momentum cells within the doublet density. The
factor (2ﬁh/L)6 to which ézs is proportional is common to all terms

in the balance relation and may be ignored throughout henceforth.

In the classical limit (limit as A — 0) Equation (5.38) becomes

9, - [ @ B onen e -p (P @eae)

s m

+ f d.jP" _Pi ZS(PH) 9) (B" N B,) fén)(z.,g,z,’g‘u)

- Ere fMwexe) - B oren) 25 xpx,e)
P o) B or e (M)
2 - S -

+ 8(2-2') f dBP" %.'_ Zs'(Pn) 27 (R" N P_) f](_n)(_)_(.’_l?.")

5 ()7 (o) £Mxe) - B 5 (en) (2 >p) £

(5-39)
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The remeinder of our considerations in this chapter will be confined
to this classical limit.
Our discussion of the "capture" contributions to Equation

(5.34) can be brief. We find, in the continuum,

o= 10 ) IR M@K - MK NELEDWN, D (5),
nn’l
3 - -2 re e Maexen

(5.40)

- B neneP e

t

* 5 - 2') & Z,(P) £,(X,P) -

7 -
The structure of this result is evidently the same as £hat seen in
Equation (5.38) lor (5.39)). That is, the first two terms are analogous
to the capture terms appearing in the singlet balance relation, whereas
the last is inhomogeneous and implies a capture contribution to corre-
lation. These inhomogeneoﬁs terms are interpreted to imply correletion
to the extent that their presence in the balance relation for the doublet

density prevents solutions of the form
$Pgexe) = e Mee) (M (5.41)

The contribution of fissions to Equation (5.34) is calculated

to be
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In this equation, we have introduced some frequency functions repre-
sentative of various aspects of the distribution of neutrons produced

by fission. These are:*

J
Boz(]-?-" ,E)dBP = The probability of a fission induced
by a neutron at P" producing exactly J neutrons, @ of which

have moments in d°P about P, (5.43a)

J
Bob(g",g)dBP = The probability of a fission induced

by a neutron at g" producing exactly J neutrons, @ + o of

which have momenta in a’p about P, (5.43b)

Big(g"lg,g')d5Pd5P' The probsbility of a fission
induced by a neutron at P" producing exactly J neutrons,
& of which have momenta in dBP about'g and o of which have

momenta in a’P! about P, (5,43¢c)

Evidently, for a given value of J, @ and ¢ take on all integral values
and zero subject to the condition that their sum not exceed J. |
Converting the left-hand-side of Equation (5.34) to the con-
tinuum in momentum space, and substituting Equations (5.39), (5.40)
and (5.42) into the right-hand-side of Equation (5.34) provides us with
a transport equation for the neutron.doublet density, One aspect of
this equation is notable and requires comment. Though the equation is
inhomogeneous (terms proportional to the singlet density appéar in it)

it does not contain the usual inhomogenities proportional ‘to the triplet

*See also Equation (2.80) and Equation (3.101). Note that

| X oBl(p',B) = (B! > B).

J,Q
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densities (at least not in this classical limit). The absence of
such terms is a direct consequence of neglecting neutron-neutron
colliéions and of treating the nuclear densities as known and deter-
mined independently of the neutron distributions. As we shall see
below, the latter of these simplifications will have to be discarded,
at least in part, if certain fluctuation experiments are to be under-
stood and analyzed.* |

An example of problems in fluctuation analysis might be
the moment analysis»of the record of counts by a BF3 neutron detector.
In this instance the particlés detected are the alpha particles pro-
duéed in the B(n, He)Li feaction. The count record may be analyzed
in a variety of ways. Perhaps the most straight-forward is to divide
the record into a large number of equal time intervals and record the
number of counts per interval. These numbers may then be averaged,
squared and then averaged, etc. to obtain ahy moment of the alpha
particle accumulation that is desired. The same count record may
then be re-divided into time intervals of a different width and the
moments recomputed. This process is repeated until the desired
moments have been obtained as functions of the interval width. If,
for example, the mean value of the count rate changes with time,
certain rather obvious refinements of the analysis of the record
must be introduced. The theory to be sketched here will deal with

the first two moments obtained as indicated.

*For recent,work on the gheory of neytron fluctuation in reactors
see Pluta, (5) Matthes, (6) and Bell.f‘(lﬁ In all these investigations
the theory was developed on the basis of an ensemble probability
for the reactor and the phenomenological derivation of an equation
to. describe it.
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The first thing to be noted is that the actual observations
have nothing directly to do with neutron distributions at all, How-
ever, it will be seen that the second moment of the alpha particle
accumulation (which may in fact be interpreted as the doublet density
for the alphas) is coupled to the second order cross-density for alphas
and neutrons; which, in turn, is coupled to the neutron doublet density
for which an equation was derived above. The neutron doublet and
singlet densities are coupled also to the doublet and singlet densities
for the delayed neutron precursors. We shall ignore these latter
couplings (and hence delayed neutrons) since they add great bulk to
the analysis but nothing new in principle. Of course, the actual
interpretation of the experiment requires their consideration,

From thesg remarks, it is evident that even the limited
treatment envisaged here will require more equations than have been
derived so far. Specifically we require balance relations for the
singlet and doublet densities for the alpha particles and for the

doublet alpha=neutron cross density. These densities are defined by

Pt = 17 1 el (EK) sy EK) D) (5.4ba)
P (50,50, 8) = 178 T ol (X,K) 8y (BK) ag(X',K!) ag(E! K D(),
(5.44b)
(om) . -6 + +
F2 (E;E:E':K’:t) =L Tr aa(_}E:E) aa(X;E) a,(X',K") a (X',K')D(t),

(5.4kc)
where the (Q@,n) sub (super)-scripts refer to quantities appropriate to
alpha particles and neutrons respectively. Equations describing these

densities in the classical limit and in the momentum continuum are
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(P')Z’D(P' - P) (n)(x P',t), (5.458)
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S = G ) ) anene) RS XRIRY
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+

Sxx' P!

- e Y ap o)

(X,B',t) . (5.45¢)

In these equations we have introduced the notation Zb(P) for the macro-
scopic cross-section for the absorption of a neutron of momentum P by

the Boron in the detector, XZm(P) = Lg(P) + Zo(P) + Zp(P) + Ip(P), eand

D 3
2% (2."2')d P' for the probability that, if a neutron of momentum P
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is absorbed by a Boron nucleus, an alpha particle of momentum P' in
dBP‘ will be produced.

The experiment with the alpha-particle count record referred
to above consists of a measurement of the singlet and doublet density
for the alpha perticles defined in Equations (5.l44a) and (5.44b). Thus
the interpretation of that experiment in terms of system parameters
requires (at least) the solution of the coupled system of Equations
(5.45a), (5.45b), (5.45c), (5.34) (teking into account Equations (5.39),
(5.40), and (5.42)), and the equation for the neutron singlet density
discussed in the previous chapters. And even this formidable task is
unrealistic since it overlooks the influence of delayed neutrons. The
kinetics of these "fluctuations" appears to be sensitive to these
neutrons, and conseéuently balance relations for the singlet and doublet
densities for the delayed neutron precursors must be considered along
with those just referred to. Approximate attempts to deal realistically
with these experiments have been made,(5)

'In order to facilitate a few final remarks regarding the
structure of thé equations for the singlet and doublet neutron
densities, we recapitulate them here. We display them this time
as functions of velocity rather than momentum and keep the explicit
indication of the arguments of functions to a minimum. Correspond-

ingly the equation for the singlet density reads

a a . 1 \ "
S+ .aX_J+ RT> £ = f aV" GV V) £,(V") (5.46)

and the equation for the doublet density is
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[ 9 & vj_.a_ + v&% + Bg(V) + RI.(V")] £, |

f dBVnG_(Kn __;z) fz(zn ’K') - f d5 " G(!" _)!|) fa(z)z")

8(X-X') [8(VY-V') Rp(V) £,(V) - &(Y » V') £,(V) (5.47)

oy + 1) ) + s [ v P - v )

+ f d.5 " H(Y." l!’ z') fl(vn)]

Here we have introduced the reaction rates, R(V) = V Z(V), and the

frequencies (un-normalized);
" n " " J n
ey -1 = B P o)+ ) ) ad, ), (5.48)
‘ Jo
and -

KLY = R [ ) @0 sy, v

Joo

- s ) ow s () e swar) ) Pann| L (5.9)

Joo Jo

We have also made the identification
8(X - X') = &, /10 (5.50)
el = - XX* ) ¢

where 5(&-&’) is to be interpreted as a Dirac delta function if we

regard the domain {g} as continuous. It is worth noting that

fG(X"-—) V)& = Rg(V") + Rp(V") < >" ) (5.51)
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and
[a v v - rm) <o, (5.52)

where, for example, the symbol < J >" represents the mean number of
neutrons produced in a fission induced by a neutron with speed V'. 1In
many practical applications, the dependence of < J >" and <Je > upon
the energy of the fission-inducing neutron is ignorable to a good
approximation.

Only rudimentary investigations of the implications of the
coupled systems of equations like Equations (5.46) and (5.47) for
neutron distributions have been carried through so far. Nevertheless
a couple of rather general observétions regarding the structure of
the solutions to Equation (5.47) can be made immediately. Recalling
Equation (5.46), it is seen that fg(g(_,g,g',g',t) = fl(}_(,z,t) fl(}_(',y_'-,t)
is a solution to Equation (5.47) if the right-hand-side of the latter
is set equal to zero, i.e., 1f the inhomogeneous terms are ignored.
Thus the inhomogeneous terms may be interpreted as a source of correla-
tions. Furthérmore, it is to be noted that, in systems in which the
singlet density may be regarded as space independent, the source term
depends only upon X-X'. Thus it may be inferred that, in such syétems,
the doublet density will depends only upon X-X' also. However,
mofe importantly, it is also inferable that the doublet density will
not be space-independent in such systeﬁs.* The significance of this

latter observation remains to be explored.

*The authors are grateful to Professor F. Shure for bringing this
point to their attention.
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