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The fact that we live at the bottom of a deep gravity well, on the surface of a gas covered planet
going around a nuclear fireball 90 million miles away, and think this to be normal is obviously
some indication of how skewed our perspective tends to be — but we have done various things over
intellectual history to slowly correct some of our misapprehensions.

— Douglas Adams

To be able to see Nobody! And at that distance, too! Why, it’s as much as I can do to see real
people, by this light!
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CHAPTER I

Introduction

1.1 Constraining models of inflationary-era physics

The Friedmann-Robertson-Walker metric commonly used to describe our universe
is based on the assumption that the universe looks the same everywhere, in all
directions. While this is nearly true on large scales, it is manifestly untrue on small
scales, as demonstrated by our existence, and more broadly the existence of galaxies
and galaxy clusters. The evolution of these structures is reasonably well understood;
the cosmic microwave background (CMB) gives us evidence for density perturbations
on the order of one part in 10° at the time of recombination, and their evolution to
the large density perturbations that we see today is described well by gravitational
collapse. But the origin of those perturbations is far less well understood. Our best
guess comes from inflation. Inflation posits that the primordial density perturbations
have their origin in quantum fluctuations of the inflaton field that were “blown up”
to macroscopic scale during the inflationary era in the first ~ 10733 seconds after
the Big Bang. Inflation is a remarkably successful theory — it neatly resolves several
major problems regarding the very early universe, it’s passed every observational
test we have thrown at it, and it has been very theoretically fruitful. If anything,

though, it’s been too fruitful — in the thirty years since it was first proposed by Guth



(Guth (1981); Albrecht and Steinhardt (1982); Linde (1983)), inflation has grown
from a single theory into a large class of theories. Since we have very little empirical
access to the inflationary era, these theories have proliferated with few constraints
placed upon them by observation. Furthermore, there are theoretical alternatives to
inflation, such as ekpyrotic models, which cannot be ruled out on the basis of current
observations.

It is difficult to place observational constraints on the physics of inflation because
the inflationary epoch is so early in the history of the Universe. Very few signals
remain from that epoch, and there are none uncontaminated by late-time effects.
Most hopes for placing constraints on inflation are pinned on seeking out properties
of the primordial density perturbations that were left behind after reheating®. The
power spectrum of the primordial perturbations has been of particular interest: its

amplitude Ay, spectral index ng, the running (scale-dependence) of the spectral index

dng
dlnk

, and the tensor-to-scalar ratio r have all been measured or constrained, largely
through measurements of the CMB. While all of these parameters can tell us about
the physics of inflation, the spectral index is especially notable. Standard slow-roll
inflation predicts that n, is just below one, and the WMAP CMB data confirm this
prediction (Komatsu et al. (2011)): ny = 0.963 +0.014. This is perhaps the greatest
observational triumph of standard inflation, but the spectral index carries limited
information about the physics of inflation — and there are many different types of
inflation (and alternatives to inflation altogether) which predict the same value for
ns. A large number of these models are also consistent with current measurements
of Ay, 4= and r, leaving us with dozens of alternatives and few prospective means

dInk’

of choosing among them.

I'While there is some hope of detecting gravitational waves from inflation, it is entirely possible that these waves
are far too weak to be seen with a detector smaller than the observable universe.



1.2 Non-Gaussianity

One way to mine the primordial density perturbations for more information
about the physics of inflation is go beyond the power spectrum and search for non-
Gaussianity in the distribution of the perturbations. Single-field slow-roll inflation,
with a canonical kinetic term in a Bunch-Davies vacuum, predicts that the primor-
dial distribution of density perturbations at all scales should be very nearly Gaussian
— to about one part in 10%, though this would be reduced to one part in 10° by sec-
ondary and late-time effects (See Maldacena (2003), among many others; for a more
recent review, see Yadav and Wandelt (2010)). Specifically, the magnitude of the
primordial fluctuations should follow a Gaussian distribution at all scales (see Figure
1.1). This follows from Wick’s theorem, which guarantees that the Nth-order corre-
lation function of the inflaton field will be equal to the Nth moment of a Gaussian
distribution, given the assumptions of standard inflation (slow-roll, Bunch-Davies
vacuum, canonical kinetic term, and a single inflaton field). Thus, the detection of
significant non-Gaussianity would be a serious challenge to the simplest models of

inflation, and would be a corresponding boon to non-standard inflationary theories.

1.2.1 Modeling non-Gaussianity

Unfortunately, searching for non-Gaussianity is not as simple as searching for a fit
to a given probability distribution — “non-Gaussianity” is a wildly non-specific term.
(Calling a distribution “non-Gaussian” is like calling an object “not a puppy” — many
things (hats, lions, sonic screwdrivers) are not puppies.) The universe is so close to
Gaussian that merely searching for deviations from Gaussianity in the distribution
of the primordial perturbations isn’t an enlightening line of inquiry (Figure 1.2). But

sensitive estimators of non-Gaussianity can be constructed if a particular model is



¢

Figure 1.1: A comparison of a Gaussian distribution (black curve) with a non-Gaussian distribution
of the local type (Equation 1.1; blue curve). Here, the non-Gaussianity parameter fyr, = 10*, much
larger than it is in our universe; I have made it large so the difference between the two distributions
is visible. (See Figure 1.2.) The slight excess in the high tail of the non-Gaussian distribution (blue
filled region) is the key region for detecting non-Gaussianity in large-scale structure today.

picked. The most commonly discussed model of non-Gaussianity, known as the local

or “squeezed” model, is defined via (see e.g. Komatsu and Spergel (2001)):

(1.1) O(z) = ¢a(x) + far(da(@)? — (ba(r)?)).

Here, ® denotes the primordial curvature perturbations (Bardeen’s gauge-invariant
potential), and ¢g(z) is a Gaussian random field. The parameter fyr, characterizes
the level of non-Gaussianity — in a Gaussian universe, fyx;, = 0. Looking more
carefully at (1.1), we will have non-Gaussianity of order unity when the second term
is roughly equal to the first term; that is, when fxp, ~ 1/¢g ~ 10°.

The local model has been much studied, in part because it is the first two terms

of the most general local form of non-Gaussianity (Babich et al. (2004)). This model




is also theoretically well-motivated: various popular forms of inflation, including
curvaton, multi-field, and modulated reheating models, all predict some amount
of local non-Gaussianity (Yadav and Wandelt (2010)). Perhaps the most interesting
thing about the local model is the remarkable result from Creminelli and Zaldarriaga
(2004): the detection of fyr, much greater than unity would rule out all single-field

inflation models, regardless of the dynamics involved.

1.2.2 Detecting non-Gaussianity

In addition to the vagueness of the term “non-Gaussianity,” there is the further
problem that neither the primordial curvature perturbations ®(k) nor the primordial
density fluctuations dp/p are directly observable. To learn more about primordial
non-Gaussianity, we have to turn the clock back: we must infer properties of the
primordial perturbations from their “descendants,” the CMB anisotropies and the
large-scale structure (LSS) of the universe today. (See Figures 1.3 and 1.4.) Since
the universe is so close to Gaussian — and since Gaussian distributions are fully
described by their one- and two-point functions — we must look at higher-order
correlation functions (and their Fourier transforms, the polyspectra) in order to test
any given model of non-Gaussianity. The polyspectra generally offer a much larger
number of observables, yielding a large signal-to-noise ratio even if S/N is small in
each individual observable. For example, if there was non-Gaussianity of the local
type in the primordial universe, then the bispectrum (the Fourier transform of the

three-point function) of the CMB is directly proportional to fxr; and the number

3

max’

of angular-averaged terms By, s, in the bispectrum is proportional to ¢ where
Crmax ~ 500 for WMAP. In fact, the best constraints on the Gaussianity of the universe

have until recently come from the bispectrum? of the CMB: WMAP has constrained

2Some models of non-Gaussianity exist that lead to modifications in the four-point function and its Fourier
transform, the trispectrum; these are often characterized using the parameters gni, and 7n1,. These are not quite as



fnw to roughly 30 £ 20 (Komatsu et al. (2011)), corresponding to a universe that is
Gaussian to about one part in 10*°. However, Dalal et al. (2008) pointed out that
a non-zero fyi, leads to a strongly scale-dependent dark matter halo bias, which can
be detected in the power spectrum of large-scale structure; this technique has since
emerged as a source of constraints already competitive with the CMB (Slosar et al.
(2008)).3
Applying these methods in the context of scale-dependent models of non-Gaussianity

is the focus of the rest of this work. In the rest of this chapter, I will examine the
local model in greater detail, along with scale-dependent extensions of that model;
in Chapter II, I'll discuss the relatively new method of constraining non-Gaussianity
from the power spectrum of the LSS, following Dalal et al. (2008), in the context of
scale-dependent models; in Chapter III, I'll discuss methods of constraining scale-
dependent models from the CMB; in Chapter IV, I'll give actual constraints from
current WMAP data on a particular scale-dependent model; finally, Chapter V com-

prises my overall conclusions and a summary.

1.3 Beyond the local model

Switching over to Fourier space, the local model takes the form:

&K
b (K)ba(k — k).

(1.2) O(k) = pg(k) + fNL/ )

For this model, the primordial curvature bispectrum takes a relatively simple form:

(1.3)  By(ky, ky, ks) = 2fxn.(20)26 (k1 + K + k) (Ps (k1) Ps(ka) + perm.).

well-studied, in part because there are few truly computationally-efficient algorithms to calculate the trispectrum. I
will not be considering such models in this work.

3There are also other techniques involving large-scale structure, most notably the galaxy bispectrum and cluster
counts — but the former is not practical to calculate, and the latter is not nearly as sensitive a probe of non-Gaussianity
as the halo bias.




Here, P, is the power spectrum of the primordial curvature perturbations, and
is the Dirac delta function, enforcing the condition that the three k-vectors must
form a triangle. Assuming translational symmetry, the primordial bispectrum for

any model can always be written in the form (Babich et al. (2004)):
(1.4) By(ky, ky, ks) = (27)20(ky + ko + k3) F(ky, ks, k3),

where F'is known as the shape function, so called because it determines which shapes
of triangles in k-space are the dominant contributions to the bispectrum. Thus, we
can characterize different models of primordial non-Gaussianity by looking at the

shape functions that they produce. We can easily see that F' for the local model is
(15) Hocal(kl, kQ, k?3) = 2fNL(P¢(k1)P¢(k22) + perm.),

where Py(k) o< k—(4="¢) is the primordial curvature power spectrum. This function is
maximized for triangles with one side much shorter than the others: k3 << ky ~ kg —
a long thin “squeezed” isosceles triangle. (Hence the name “squeezed model” for the
local model.) Other models of non-Gaussianity favor triangles of different shapes.
The equilateral model, as the name suggests, has much of its power in near-equilateral
triangles; this type of non-Gaussianity is seen in DBI inflation, ghost inflation, and
other inflationary models with non-standard kinetic terms. Models of inflation that
drop the assumption of a Bunch-Davies vacuum can give rise to non-Gaussianity
with a shape function that favors “folded” triangles: k; ~ ko ~ k3/2 (see e.g. Babich

et al. (2004); Chen (2005)).

1.3.1 Scale-dependent non-Gaussianity

While these models each favor a different shape of triangle, the deviation from

Gaussianity in each model is independent of scale.* But there is good theoretical

4Scale-independence for a particular model of non-Gaussianity does not imply that similar triangles of different
sizes in k-space contribute equally to the primordial curvature bispectrum associated with that model. A glance



motivation to think that non-Gaussianity, if it exists, will be scale-dependent; this is
a generic result of single-field inflationary models with interactions, along with most
multi-field models (e.g. Salopek and Bond (1990); Luo and Schramm (1993); Wang
and Kamionkowski (2000); LoVerde et al. (2008); Sefusatti et al. (2009)). We can
introduce scale-dependence to the local model by promoting the parameter fyr, to a

function of scale, fxr(k). The curvature pertubations in this new model are

&K
(27)?

(16) B(K) = 0(0k) + fsn ) [ oo~ ),

This form of non-Gaussianity is expected in curvaton or modulated reheating scenar-
ios (see e.g. Byrnes et al. (2010) and Shandera et al. (2011), where this form explicitly
appears in the study of these models; see also Linde and Mukhanov (1997); Lyth
and Wands (2002); and Zaldarriaga (2004), among many others). Note that this new

ansatz is not local, which is clear when we transform back into real space:

(1.7) O(x) = ¢ + fun(z) * (8(2)* = (9(2))),

where * represents convolution and = denotes a three-dimensional spatial coordinate.

The shape function F' for this model takes the form:
(18) F(k)l, ]{?2, ]{73) =2 (fNL(kg)P¢(k1)P¢(]€2) +2 perm.)

We can parametrize fyi,(k) in a way that is valid for any general form of fxi,(k)
by breaking fyr,(k) into a set of piecewise-constant (in wavenumber) bins, such that

IaL(k) is equal to fi;, in the ith wavenumber bin (Becker et al. (2011)):

(1.9) Siu = (k).

at (1.5) confirms this: Floea1(Ae1, A2, Ak3) = A~B=2ns) [ 1 (k1, ko, k3). This scale-dependence comes from the
fact that we are looking at the primordial curvature bispectrum, which is related to the bispectrum of density
perturbations through the Poisson equation.




In this work, we pay special attention to this parametrization of fyr(k), as well as
a simple form of non-Gaussianity analogous to the conventional parameterization of

the power spectrum

(1.10) ) = ()

Here, kpiy is an arbitrary fixed parameter, leaving fY; and ny,, as the parameters of
interest in this model (Shandera et al. (2011); Becker et al. (2011)).

In the rest of this work, I will forecast and find constraints on scale-dependent
non-Gaussianity of the form (1.6). Chapters II and III are focused on projecting
constraints on the piecewise-constant parameters in (1.9) using LSS and the CMB,
respectively. In Chapter IV, I find the constraints placed on ny, from the WMAP7

CMB temperature data set — to the best of my knowledge, a novel result.
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H)

IaL =10

Fr=10°

¢

Figure 1.2: A further comparison of Gaussian and local non-Gaussian distributions. As the text
in each panel indicates, the top panel has fy1, = 10%, the middle has fyr, = 102, and the bottom
panel has fni, = 102, For fyr, < 103, it is quite difficult to tell the difference between the Gaussian
and non-Gaussian one-point functions; thus, higher-order correlation functions and estimators are
needed.
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fni=-5000

80 Mpc/h

Figure 1.3: The effects of local non-Gaussianity on N-body simulations of large-scale structure
(Dalal et al. (2008)). Here, we have five different simulations, each with a different value of fnr,
but all with exactly the same initial conditions. Local non-Gaussianity introduces a scale-dependent
bias into the halo power spectrum; see Chapter II.
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fne= 0

fne= -5000

fai= +5000

Figure 1.4: Effects of local non-Gaussianity on Monte Carlo simulations of the CMB sky, based on
Elsner and Wandelt (2009).



CHAPTER II

Forecasted constraints on scale-dependent non-Gaussianity
from LSS

2.1 Non-Gaussianity and bias

2.1.1 The effect of a non-vanishing bispectrum on bias

Dalal et al. (2008) found, analytically and numerically, that the bias of dark

matter halos acquires strong scale dependence if fyr, # 0:

30, H?

(2.1) b(k) = by + frr(bo — 1)6. PORGES

Here, by is the usual Gaussian bias (on large scales, where it is constant), 0. ~ 1.686
is the collapse threshold, a is the scale factor, €2,, is the matter density relative
to the critical density, Hy is the Hubble constant, k is the wavenumber, T'(k) is
the transfer function, and g(a) = g(l)@ is the growth suppression factor . This
result has been confirmed by other researchers using a variety of methods, includ-
ing the peak-background split (e.g. Afshordi and Tolley (2008)), perturbation the-
ory (e.g. McDonald (2008)), and numerical (N-body) simulations (e.g. Desjacques
et al. (2009)). Astrophysical measurements of the scale dependence of the large-scale
bias, using galaxy and quasar clustering as well as the cross-correlation between the

galaxy density and CMB anisotropy, have recently been used to impose constraints

Portions of this chapter first appeared in:
Becker, A., Huterer, D., Kadota, K., Scale-dependent non-Gaussianity as a generalization of the local model, Journal
of Cosmology and Astroparticle Physics, 2011, vol. 1, p. 006, doi:10.1088/1475-7516/2011,/01/006

13



Halos

L
)
‘ c‘

ﬂ
m |
‘\1

\
|

I

|
f‘\
\ | \\ ‘\ ﬂ
“\\HHH |

|
\mx J\‘\

! Total (short + long) fluctuations Long-wavelength fluctuations

Figure 2.1: The peak-background split. Halos form when the local matter overdensity dp/p
exceeds the critical threshold for collapse, 0. (red dashed line). In our toy model here, small-scale
fluctuations are added to the large-scale fluctuations (green line) to get the overall fluctuations
(black line). A given fluctuation is more likely to exceed the threshold and form a halo (blue
regions) when it is sitting on top of a large-scale overdensity than when it is sitting on top of a
large-scale underdensity; this is why there are more blue halos on the left than there are on the
right.
on fyr, already comparable to those from the cosmic microwave background (CMB)
anisotropy, giving fx, = 28 £ 23 (1lo), with some dependence on the assumptions
made in the analysis (Slosar et al. (2008)). In the future, constraints on fyi, are
expected to be on the order of a few (Dalal et al. (2008); Cunha et al. (2010)). The
sensitivity of the large-scale bias to other models of primordial non-Gaussianity has
not yet been investigated much (though see analyses in e.g. Desjacques and Seljak
(2010); Verde and Matarrese (2009)).

To get a physical picture of how halo bias is sensitive to local non-Gaussianity,

first remember that halos form when the local matter overdensity dp/p exceeds the

critical threshold for collapse, .. Therefore, a given small-scale fluctuation is more
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likely to exceed the threshold when it is sitting on top of a large-scale overdensity
than when it is sitting on top of a large-scale underdensity (see Figure 2.1). This
picture is called the peak-background split, and it is the primary source of the linear
halo bias: dnao = bo Omatter-

Local non-Gaussianity introduces a coupling between the power in primordial
curvature fluctuations, ®, at small scales and large scales. ® and dp are related
by the Poisson equation: & ~ i—g. Thus, when fy;, # 0, the power in small-scale
density fluctuations becomes tied to the power in large-scale density fluctuations,
which introduces a scale-dependent term Ab(k) ~ k2 into the halo bias.

We can get a more rigorous derivation of this extra term by starting with the

full Poisson equation, to find the relation between ®(k) and the present-time (z=0)

smoothed linear overdensities dg:

28T (k) -

(2.2) or(k) = ngR(k)q)(k) = Mg(k)®(k);

where T'(k) is the matter transfer function, Hy is the Hubble constant, 2, is the
matter density relative to critical today, and Wg(k) is the Fourier transform of
the top-hat filter with radius R. The smoothing spatial scale R is related to the

smoothing mass scale M via

4
(2.3) M = §7TR3pm,0,

where p,, o is the matter energy density today.
One can expand the two point correlation function of dark matter halos, &, (x1, ),
in terms of high-order correlation functions of the underlying density field, &(%N)' In

the high-threshold limit (v > 1), this becomes the so-called MLB formula (Grinstein



16

and Wise (1986); Matarrese et al. (1986)):

En(Tr, 22) = &n(712)

oo N-1 N
v 1 ri,..., L1, o, ..., Iy
(2.4) = —14+exp Z U—ngg\[)
N=2 =1 IR T’ 1 j times (N — j) times
where z;; = |@; — @,|,v = 8./og is the peak height, and €™ (r) is the n-point

correlation function of the underlying matter density field smoothed with a top-hat
filter of radius R. Keeping the terms up to the three-point correlation function, which
is reasonable for the observationally allowed range of fyr,, the expansion series gives
us the halo correlation function in terms of the density field correlation functions:

e

3
v
(2.5) En(m12) = —5 &R (T1, T2) + —3555’)(51317531, o) + ...

OR OR

The power spectrum is given, to the same expansion order as Eq. (2.5), by

(2.6) P%y—ﬂP(M+%B/)£qB(k Ik —q|) +
. h — 0_}22 R O'% (271')3 R\KR, (, q cee

The first term on the right-hand side includes the familiar (Gaussian) bias b =
v/og (in the high-peak limit for which the MLB formula is valid) for the Gaussian
fluctuations. The effects of non-Gaussianity on the galaxy bias are represented by
the second term, including the bispectrum Bpg, which vanishes for the Gaussian

fluctuations.

2.1.2 Beyond the high-peak approximation

The expression (2.1) is only correct in the high-peak, small-£ limit. Desjacques

et al. (2011) pointed out an additional term is required for the exact expression:

L F(R) J, dIn F (k)
(2.7) AM@—QW%@)O%_UD@y%dm%S>
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where
F(k) E&T%‘Q/dklkf/\/lg(k;l)&(kl)
' Py(k2)
(28) X /_1 d[LMR(k‘Q) |:fNL(k5) P¢(k) —|—2fNL(k’2)

The new term (second term on the left-hand side of Equation 2.7) vanishes when
the fiducial fxp.(k) = 0, but it remains relevant for any other constant or scale-
dependent fiducial value, even for the piecewise-constant parametrization of fxi,(k)
from equation (A.13). (See Appendix A.2.1 for details on this.) Desjacques et al.
have found that this new term explains previously mysterious discrepancies (Shan-
dera et al. (2011)) between the theoretical expectation for the scale-dependent bias

and the results of numerical simulations.

2.2 Forecasted constraints on scale-dependent non-Gaussianity from large-
scale structure

2.2.1 Fisher matrix analysis

We would like to project constraints on scale-dependent non-Gaussianity for future
galaxy redshift surveys. To do this, we can calculate the Fisher information matrix
for the parameters fﬁIL that describe the piecewise-constant fyr (k). The Cramér-
Rao inequality tells us that the inverse of the Fisher matrix sets a lower bound
on the covariance matrix we can get on our parameters fi; from our hypothetical
survey. Specifically, given the Fisher matrix F};, the minimum possible marginalized
and unmarginalized errors for a particular fy; are \/ﬁ and 1/1/Fj;, respectively.
Thus, the Fisher matrix allows us to forecast the extent to which scale-dependent
non-Gaussianity could be constrained by future galaxy surveys. (For more on Fisher
matrix analysis in general, see Appendix B.1. Details on calculating the derivative of

the bias with respect to fxr, and fyr(k), a necessary intermediate step in calculating
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the Fisher matrix, are in Appendix A.)
We consider measurements of the power spectrum Py (k) of dark matter halos
(galaxies or clusters, for example) averaged over thin spherical shells in k-space. The

variance of Py,(k) = P, in each shell is (Feldman et al. (1994))

2.9 ) 22 1+nP\>  (27P)? [1+4nP)\’
. g = =
Fn ‘/shell ‘/survey 7/LPh k2dk ‘/;urvey nPh ’
where Viuen = 4mk?dk/(27)3 is the volume of the shell in Fourier space (we are

ignoring redshift distortion effects for simplicity here). Therefore, the Fisher matrix

for measurements of Py (k, z) is the standard expression from Tegmark (1997):

k 2
max 9Py (K, zm) 0P (K, 2m) 1 k2dk
2.10 Fy=> :Vm/

: Op; Op; 2 (2m)%’
e TR

where V,, is the comoving volume of the m-th redshift bin, each redshift bin is
centered on z,,, and we have summed over all redshift bins. We adopt ki, =
10~* A~ Mpc, and we choose k. as a function of z so that o(7/(2kmax), 2) = 0.5
(Seo and Eisenstein (2003)), which leads to Amax(z = 0) = 0.1hMpc™'. P, is the
dark matter halo power spectrum, related to the true dark matter power spectrum

P through
(2.11) Py(k) = b(k)*P(k),

where each quantity implicitly also depends on redshift. Finally, p; are the parame-

ters of interest; in our case, these are the f¥;.

2.2.2 Survey properties
We assume a future survey covering one-quarter of the sky (about 10,000 square

degrees) out to z = 1, and find constraints for a set of 20 fi; uniformly spaced in

log k in the range 107* < k/(hMpc ') < 1, with a smoothing scale of Mgnoon =
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10 M. We assume a flat universe and a fiducial model of constant non-Gaussianity
at the value favored by the seven-year WMAP CMB data: fyi(k) = 30 = f;,. We
include six cosmological parameters in our Fisher matrix aside from the f;: Hubble’s
constant Hy; physical dark matter and baryon densities Qcamh? and Q,h?; equation of
state of dark energy w; the log of the scalar amplitude of the matter power spectrum,
log A,; and the spectral index of the matter power spectrum, n, . Fiducial values
of these parameters correspond to their best-fit WMAP7 values (Komatsu et al.
(2011)). We also added the forecasted cosmological parameter constraints from the
CMB experiment Planck by adding its Fisher matrix as a prior (W. Hu, private
communication). Note that the CMB prior does not include CMB constraints on
non-Gaussianity; the CMB constraints on fxr,(k) are studied separately in Chapter
1. Finally, in addition to the cosmological parameters and the fi; , we include five
Gaussian bias parameters in our Fisher matrix — one by(z) for each redshift bin." The
fiducial values of these parameters are set by the Sheth-Tormen formalism (Sheth
and Tormen (1999)). All of the hypothetical galaxy redshift surveys in this chapter

and in Chapter III have these same assumptions, unless explicitly stated otherwise.

2.2.3 Forecasted constraints on the fj

We already have the derivatives of b(k) with respect to each of the fi; (see

Appendix A for these), so the derivative of P, (k) with respect to the f&; is just

OPu(k) _ ) b(k)

(2.12) of ofy,

b(k) Prnat ()

Prat(k) is the ACDM matter power spectrum, easily obtained from a numerical

code — in this case, CAMB. Since we only consider information from large scales

1Using six cosmological parameters along with five bo(z) and 20 fIZ;IL led us into some issues with floating-point
errors and numerical precision. The 31 x 31 Fisher matrix we obtained was rather ill-conditioned and difficult to
invert reliably using 64-bit precision; we were eventually forced to move to 128-bit precision in order to accurately
marginalize over the cosmological parameters and nuisance parameters.
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(k < kmax =~ 0.1 A Mpc ™), we do not model the small amount of nonlinearity present
at the high-k end of these scales. (Note that, while some of the f¥; have support
at k > kmax(z = 1) &~ 0.2 h Mpc™*, we only use information about those (and other)
parameters coming from k < kpax(z) in each z-bin.)

The constraints vary considerably as a function of the k at which these parameters
are defined. The best-constrained f¥; corresponds to the 107%¢ < k < 1074 bin,
and it has an estimated unmarginalized error of o(f4]) = 28; for comparison, the
worst-constrained fi;, which corresponds to the largest scale (smallest k) bin, has
an unmarginalized error well over 10!'. As expected, the marginalized constraints for
the best-constrained parameters are a bit weaker than the unmarginalized constraints
— the best-measured fi; has an estimated marginalized error of 41. In general,
dependence of the constraints on the value of k£ is determined by two competing
factors: as k increases, there is a larger number of modes, each with a smaller signal
(given by the smaller nongaussian bias Ab). The best-constrained k is also affected
by the fact that only information out to k = kpax = 0.1h Mpc™' is assumed from
the galaxy survey. In particular, we have checked that if we unrealistically assume
information to be available at all k£ (instead of at k < kuyax) without modeling the

nonlinearities, the unmarginalized constraints on ff; improve monotonically with

increasing k. Therefore, the raw signal-to-noise ratio in fi; increases with k.

2.3 Projection and principal components

2.3.1 Constraining other fxr(k) models

Once the Fisher matrix F' has been obtained for the set of parameters fy;, it is
quite simple to find the best possible constraints on the fg; that could be obtained
from a future galaxy redshift survey. By projecting this Fisher matrix into another

basis, it is also possible to find the constraints on any arbitrary fyr(k) without



21

—
o
<
=
o
<

-
=]
G

10°

.= .=
B B
c 10° < 10°
S S
t 10* = 10*
w w
o el
910° 910°
@ ©
o 2 o 2
@ 10 @ 10
e S
10 10*
0 0
104 103 2 107 10° 104 10° 2 10! 10°

10"
k (h/Mpc)

(a) Unmarginalized errors (b) Marginalized errors

10"
k (h/Mpc)

Figure 2.2: Forecasted unmarginalized (left panel) and marginalized (right panel) constraints on
piecewise-constant parameters f&; assuming a future galaxy survey covering one-quarter of the
sky out to z = 1, with average number density of 2 x 10~ gal/Mpc3. For comparison, the green
horizontal line is the constraint found for a constant fyi, using the same survey assumptions . While
the individual parameters fﬁIL are poorly constrained as expected, their few best linear combinations
— the principal components — are well measured; see the next section and text for details.

calculating a new Fisher matrix from scratch. A trivial example can be found in
Appendix B.2, where we find that the estimated error on a constant fy,, assuming
the same future survey as in the previous section, is o(fxr) = 8.7. (Note that
this forecasted constraint is on a par with the error expected from Planck, where
o(fn) ~5.)

For another, scale-dependent example, consider a power-law form for fyi(k) (as
in Equation 1.10):

k

. Lk O\ "NL
(2'13) fNL(k) = fNL (_) )
piv
where kpiy is an arbitrary fixed parameter, leaving f{; and ng, as the parameters
of interest in this model. (kpi, is generally chosen to minimize degeneracy between
f and ny,, for the observable of interest. We have set ki, = 0.20h Mpc ™, close to

the optimal value in our case; in CMB analysis, the optimal value is lower, around

0.08hMpc™'.) The partial derivatives of our basis of f&; with respect to these
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parameters are:

OfxL ( k ) N
2.14 - :
( ) 0 b KIL kpiv
Ofiy o E o\ e k

Starting in a basis of 20 fi; evenly spaced in log k, we project down to a basis
of fX, and ny, in order to forecast constraints on the two new parameters from a
survey covering one-quarter of the sky out to z = 1. We are using the same limits of
integration as in Section 2.2.1, along with the fiducial values f{;, = 30 and ng,, = 0.
The forecasted constraints on these parameters, marginalized over each other, are

Ofr, = 8.7 and Onpyy = 0.85.

2.3.2 Principal components

We now represent a general function fyi,(k) in terms of principal components
(PCs). In this approach, the data determine which particular modes of fxi,(k) are
best or worst measured. The PCs also constitute a useful form of data compression,
so that one can keep only a few of the best-measured modes to make inferences about
the function fyr,(k). Finally, the PCs will also enable us to measure the degree of
similarity between our scale-dependent ansatz and the local and equilateral forms of
non-Gaussianity.

It is rather straightforward to start from the covariance matrix for the piecewise
constant parameters f; and obtain the PCs of fyr(k). The PCs are weights in
wavenumber with amplitudes that are uncorrelated by construction, and they are
ordered from the best-measured (i = 0) to the worst-measured (i = 19) for the
assumed fiducial survey. The construction of the PCs is described in Appendix B.3. A
few of these PCs of fxi(k) are shown in Fig. 2.3. For example, the best-measured PC

has most of its weight around k& = 107%* A Mpc ™!, which agrees with sensitivities of
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Figure 2.3: The forecasted best-measured principal components of fxn(k). The PCs, eU)(k), are
eigenvectors of the Fisher matrix for the f{, and are ordered from the best-measured one (j = 0)
to the worst-measured one (j = 19) for the assumed fiducial survey.

piecewise-constant parameters shown in Fig. 2.2. Again, the sensitivity is not greatest
at the largest value of k (1 hMpc ') because we assumed cosmological information
from k < kmax = 0.1 A Mpc™*. We checked that information available at a higher
kmax would shift the “sweet spot” of sensitivity to higher wavenumbers in this case
as well.

The forecasted error in the best-measured PC is 19.3; the error in the next-best
measured PCs are 31.3 and 34.7, but the accuracy rapidly drops off from there. Thus,
the first three or four PCs should be enough for any conceivable application. The

forecasted error in each PC is plotted on a logarithmic scale in figure 2.4.
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Figure 2.4: Forecasted RMS error on each principal component from LSS.

2.4 Conclusions

In this chapter, we used forecasted constraints from an intermediate-future galaxy
survey to calculate errors on individual parameters fi; (see Fig. 2.2). Projecting
the Fisher matrix for the f; down to a different basis, we were able to project
constraints on the power-law model of fyi(k) (1.10). We further calculated the
principal components of fxr,(k), and thus identified the best-measured configurations
(in wavenumber) of this function (see Fig. 2.3). While the sensitivity of the survey
to non-Gaussianity increases with increasing k, restricting the survey information to
scales where linear perturbation theory is valid imposes a “sweet spot” in sensitivity
of k ~ 0.2hMpc™. We will see a similar effect — but at a different scale — in the

next chapter, where we forecast constraints on the fi; from the CMB.



CHAPTER III

Forecasted constraints on scale-dependent non-Gaussianity
from the CMB

3.1 Signatures of the generalized local model in the CMB

Traditionally, the best constraints on non-Gaussianity have come from the CMB.
This is done almost exclusively through estimators involving the N-point correlation
functions for N > 2 and their Fourier transforms, the polyspectra. Most emphasis
has been on the N = 3 case, or the bispectrum of temperature fluctuations in the
CMB, if only because of its relative computational simplicity. The well-known general

expression for the CMB bispectrum, re-derived in Appendix C.1, is

. 2\ (201 + 1) (205 4+ 1)(205 + 1) (41 £y g
By, = (;) \/ : o 000 / k3dky K2dks k2dks

(3.1) X Ba(ky, ks, ks)t0 (ky)E2 (k)85 (k) / r2dr jo, (ki) e, (kar) i, (kar).
0

In principle, we can use this to find the Fisher matrix F;; for the CMB bispectrum:

(Babich and Zaldarriaga (2004); Komatsu and Spergel (2001))

1 aBlmn
32 FMPog, Y Y

A o,
Imnpqr 2<6<ta<ty —01fets  ODi

pqr
(C—l )l aB@lfzfs
{10203/ mn,pgr
14243 apj

Here, C is the covariance of the bispectrum and p;; are the parameters of interest.
Ay, 0,0, 18 @ combinatoric term — equal to 6 when ¢; = o = (3, 1 when ¢, # {5 # (3,

and 2 otherwise (Spergel and Goldberg (1999)). The indices 4,7,k and p, q,r run

25
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Figure 3.1: LSS (top left), CMB (top right), and combined (bottom) forecasted constraints on the
piecewise constant parameters fij; in the generalized local model. All constraints are unmarginal-
ized. The LSS constraints come from the power spectrum of halos, assuming the same survey
parameters as Section 2.2.2, while the CMB constraints come from the bispectrum of temperature
and polarization fluctuations. See text for details. For reference, the green line is the forecasted
error on a constant fyy, using the same assumptions. There are bins “missing” on the rightmost

end of the Planck plot; those bins correspond to k-values too large to be probed when £, = 2000,
as it is here.

independently over all eight possible ordered triplets of temperature and polarization
fields (TTT, TTE...EEE). C can be thought of as a 6-point function, being the
covariance of the 3-point function; since fxr, < 10, it is reasonable to only consider
the Gaussian contribution to the covariance of the bispectrum, C. Using Wick’s

theorem, this is:

(33) C£1£2£3 = C€1 CEQC&
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Further details of calculating C, By, ,., and the derivatives of the bispectrum are
all in Appendix C.

Equation (3.1) is a totally general result for the bispectrum of the CMB in terms
of the primordial Bardeen curvature bispectrum Bg; we have not picked a particular
model of non-Gaussianity. But (3.1) is not useful without an expression for Bg. For

the local model (i.e. constant fxr,), Be is:

1
(34) Bq><kl7 k27 kS) = 2A?beL (k'?’(nsl)kg(nsl) + perm.>
1 2

where Ay is the amplitude of the primordial Bardeen curvature power spectrum.
Using Eqgs. (3.2), (C.29), and (C.24), we have the following expression for the CMB

bispectrum Fisher information in the constant fyi, case:

1 (20, +1)(205 + 1) (205 + 1) <£1 0 £3>2 1
FCMB — 4A4
. ¢ Z Z AgnggS 471' 0 0 0 Aglzﬂg,

Imn,pqr 2<01 <tl3</l3
% (Cip(C ma(Cirl o [ | @ s + perm.)}
(35) x [ /O " 2y (afl(r)ﬂé(r)ﬂgg(r)—|—perm.)}.

For the scale-dependent generalized local model, with fxi(k) in place of fxr,

things are somewhat more complicated. The Bardeen curvature bispectrum is:

Sy (ks)
(3.6) Ba(ky, ko, k) = 242 <k3<"SN1L>k33 gy + perm. | .
1 2

Using the piecewise-constant parametrization of fyi,(k) together with (3.2), (C.29),
and (C.25), we get an expression for the Fisher matrix of the fY; that is similar to

(3.5):
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£m: 2
— 1 (251 + 1)(2€2 + 1)(2&; + 1) by Uy Ug
CMB __ 4
FGMP o= 4a) Y Y N A 000

Immn,pgr 2<41 <l <(3

< (O C (e | [ (o)), + o)

Af1f2€3 0
(3.7) X [/000 r2dr (a@’l’j(r)ﬁé(r)ﬁg (r) + perm.)] )

Despite appearances, calculating the full Fisher matrix FMP

is relatively straight-
forward, and it takes roughly half an hour (on four 2.2 GHz processors) for twenty
fi parameters with £, ~ 2000. (Some tabulation is necessary for the o and j
functions, and the Wigner 3j-symbol is not easy to calculate for large ¢. Details on
all of this are in Appendix C.) We did not include other cosmological parameters in
this Fisher matrix, as the CMB bispectrum does not constrain them terribly well,

nor is fnr, expected to be terribly degenerate with them; the CMB power spectrum

places much stronger constraints on other cosmological parameters.

3.2 Results and joint constraints

3.2.1 Forecasted constraints on the fj;

We have performed a CMB Fisher matrix analysis to forecast errors from the
Planck mission: we take (.« = 2000 and noise parameters from the Planck “blue
book.” Figure 3.1 shows the (unmarginalized) constraints on the piecewise constant
parameters fY; in the generalized local model from the LSS and Planck forecasts
individually, as well as combined. Note that both types of surveys have comparable
constraints at the pivot wavenumber, and the pivots also agree (though this statement
is only approximate given the huge range of scales on both axes). Away from the
pivot, the Planck constraints are expected to be better than those from the LSS,

but both rapidly deteriorate away from the pivot ki, ~ 0.1h Mpc™'. Finally, the
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Figure 3.2: The forecasted best-measured principal components of fxr,(k) from LSS and Planck,
with a fiducial fyi,(k) = 30. The PCs, ) (k), are eigenvectors of the Fisher matrix for the fi
and are ordered from the best-measured one (j = 0) to the worst-measured one (j = 19) for the
assumed fiducial survey.

combined constraints are significantly helped by breaking of the degeneracies between
the CMB and the LSS, and lead to better constraints across a wider range of scales.
We will make these statements more quantitative below when we study the specific
case where fxr,(k) is a pure power law in k.

Note that our Fisher matrices for the CMB — but not for the LSS — assume
all cosmological parameters other than the fi; are fixed (known). Adding priors
from other data sets (e.g. SN Ia, the power spectrum of the CMB) constrains other
cosmological parameters well enough that we would not get appreciably different

results if we had those other parameters and their priors in our Fisher matrix.

3.2.2 Principal component analysis

As in Chapter II, we can represent a general function fyr(k) in terms of prin-
cipal components (PCs). Figure 3.2 shows the forecasted PCs of LSS and Planck
separately, while Fig. 3.3 shows the combined PCs. Fig. 3.4 shows the forecasted
1-0 errors on the PCs for LSS, Planck, and the two combined. Typically, the lowest

principal component (PCO0) serves to see how well we can find the deviation of fxr,(k)
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Figure 3.3: The forecasted best-measured principal components of fyr, (k) from the joint LSS +
Planck data set.

at its pivot (i.e. best-determined wavenumber) from the fiducial value. The higher
PCs (PC1, PC2, etc) serve to probe the k-dependence of fyr..

While the combined principal components are dominated by the contribution from
the Planck PCs in this particular case, the relative strength of the LSS constraints
is strongly dependent on two factors: volume of the LSS survey and, to a slightly
lesser extent, fiducial (i.e. true) value of fxr(k). We investigate these dependences

further in the next section.

3.2.3 Projecting constraints on the power-law model of fxr,(k)

As in section 2.3.1, we can project our Fisher matrix down to a different basis in

order to study the power-law parameterization of fxr(k) (see Equation 1.10):

(3.5) Fr(k) = fa (ki) |

piv
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Figure 3.4: Forecasted RMS error on each principal component for LSS, Planck, and combined data
sets.

We find a story similar to the one we found with the PCs; see Table 3.1. We can use
the constraints on f¥;, and ny,, to find constraints on fxr(k) as a whole, through
the usual methods of error propagation:

(3.9)
0 2 ) 2 9fa O
o—(fNL(k:»_\/ ( I (fﬁ)) +( Lo o—<anL>) +23§zi37{—:i€f§mmy

—0 0
afltIL aanL

where Cy /. is the covariance between f{;, and n, . Using this relation, and given
some fiducial model of fxi,(k), we can plot the forecasted constraints on fy,(k) as a

function of k. This is what we have done in Figure 3.5 for the Planck bispectrum, a

Projected errors o(f;,) and o(ny,, ), and the corresponding pivots

Variable \ LSS \ LSS + Planck Cjs \ Planck bispectrum | LSS + all Planck

o(fi) | 17 8.7 44 3.9
o(np) | 20 0.85 0.29 0.22
kpiw | 0.12 0.20 0.080 0.096

Table 3.1: Fiducial f%;, = 30; fiducial ny,, = 0. Each column’s numbers are for the pivot in
that column; thus the errors in the two parameters are uncorrelated in each column. LSS survey
parameters are the same as in Section 2.2.2.
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Figure 3.5: Forecasted constraints on fxi, (k) from several different data sets, assuming the power-
law model of scale-dependent non-Gaussianity: fni(k) = [ (k/kpiv)™/~t, projecting down from
the piecewise-constant fi; basis. The red dashed line is the maximum & for which information was
kept in the LSS Fisher matrix at z = 0.

future large-scale structure survey, and the combination of both (along with priors
on cosmological parameters from the Planck power spectrum).

The constraints on fyr,(k) from a large-scale structure survey are quite sensitive to
the survey parameters. Unlike the constraints on fyr (k) from the CMB bispectrum,
the forecasted constraints from LSS are also sensitive to the choice made for the
fiducial model of fxi,(k), as shown in Appendix A.3. Forecasted constraints on f
and ny,, for a couple of different LSS surveys, with a couple of different fiducial
models, are compared to forecasted constraints from Planck in Table 3.2. (Note

that all values of ny,, are equally likely for the fiducial model where f{; = 0, since

fxi(k) = 0 no matter what ny,, is in that case.) Figures 3.6 and 3.7 are analogous
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Figure 3.6: The same as Figure 3.5, but with different survey parameters for large-scale structure,
similar to the planned Euclid survey.

to Figure 3.5, but for different choices of survey parameters and fiducial values of

fX1, and ny, , respectively.

3.3 Conclusions

In this chapter, we studied how well the generalized local model (1.6) can be
probed with the combination of cosmic microwave background data and large-scale
structure surveys. As in Chapter I, we started by forecasting errors on the individual
parameters fi; (see Fig. 3.1). We also found the best-measured linear combinations
of the fi; through principal component analysis (see Fig. 3.2). We also projected the
Fisher matrix down to the two-parameter space for the power-law form of fyi,(k),

and then propagated the errors from those parameters to fxr(k) as a whole (see
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Fiducial fy (k) =0

fxr (k)

10 107 16'2 107 10°
k (h/Mpc)

Figure 3.7: The same as Figure 3.5, but with a fiducial fxi,(k) = 0.

Figures 3.5, 3.6, and 3.7.)

We found that both the bispectrum measurement from the CMB Planck survey
and power spectrum measurement from an LSS survey can constrain fyi,(k) tightly
in a relatively narrow range of wavenumbers around k ~ 0.12 Mpc™'. The scale best
constrained by the CMB is larger (i.e. at a smaller k) than the scale best constrained
by LSS: we get complementary information about fyi(k) from the two data sets.
Constraints from the CMB and LSS should remain comparable if systematics are
properly controlled for — but systematics are arguably more difficult to control for
LSS surveys (witness the larger number of nuisance parameters and degeneracies
in the LSS Fisher matrix). The ability of LSS to constrain fy(k) effectively at a

wide range of scales also depends on the survey parameters and the fiducial model
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Projected errors (o: , op for different surveys and different fiducial fnr,(k)

fNL)

Zmax = L, fsky = 1/4 | Zmax = 2, fory = 1/2 Planck

Fiducial fxi(k) = 30 (8.7, 0.85) (2.2, 0.28) (4.4, 0.29)
Fiducial fxr(k) =0 (2.9, o) (0.41, o0) (4.4, o)

Table 3.2: Forecasted constraints o; from different LSS surveys, assuming different fiducial mod-
els. Forecasted constraints from Planck are also shown for comparison. (All values of ny,, are
equally likely in the second fiducial model, where f3; =0. )

of fxr(k) chosen, as is clear from Figures 3.5 - 3.7 and Table 3.2. Nonetheless, large
galaxy redshift surveys planned for the future may well be competitive with, or even
better than, the constraints on the magnitude and running of fxr,(k) expected from

Planck.



CHAPTER IV

Constraints on the running of local-type non-Gaussianity
from WMAP T7-year data

4.1 Introduction

As mentioned elsewhere in this work (e.g. equation 1.10), a common parametriza-

tion of fxr,(k) is a simple power law:

ko "NL
(4.) ) = o (1)

Despite the relative popularity of this model, nobody has ever placed actual con-
straints on ny,, , nor any other form of running of non-Gaussianity with scale. In
this chapter, we use CMB data — specifically, the seven-year data set from the Wilkin-
son Microwave Anisotropy Probe (WMAPT) — to place the first-ever constraints on

Ny, the running of local-type non-Gaussianity.

4.2 Estimating ng

In order to extract information about primordial non-Gaussianity from actual
CMB data, we need to have an unbiased estimator. Estimators relate the observable
quantities on the CMB sky (pixels) to theoretical parameters of interest (e.g. fnr).
Unfortunately, it is difficult (if not actually impossible) to construct an estimator for

ny,, directly. Instead, we have adopted an alternative procedure.

36



37

We start with a fast cubic estimator for fy, due to Komatsu, Smith, and Wandelt
(Komatsu et al. (2005)) and modified it to get an estimator for f%;. (The details
of the KSW estimator and our modification of it are in Appendix D.) We used this
modified estimator to construct the likelihood as a function of both fY; and ng, .
Then we marginalized over f3; to get the likelihood as a function of ny, alone,
which in turn gave us an estimate of ny,, .

To find the likelihood, we first find a x? statistic for f¥;, given a value of nyy, .

The x? statistic for a set of observables O; is defined as:

2
obs theory
(0= o™m)

(4.2) X2 = Z 5

i Utheory K

Taking the angular-averaged bispectrum By, as our observables, and defining

B;T;;;g(anL) as the theoretical expectation for the angular-averaged bispectrum in

the case where f{; = 1, we have:

2
X2<f§]L, anL) _ Z < 233243 fNLBE?fesgg(anL>>
A Cy, Cr, C,
(Bie)” — 260 B Bt (n) + (R Bl ()
(4.3) = Z b _
016205 Cr,Cy,Cy,

(This works because the theoretical expectation for By, e, < fX1-)
Using the skewness parameter S(ny,, ) from the KSW estimator (equation (D.24)),
and taking advantage of the definition of the Fisher matrix F'(ny,, ) for f%; (equation

(D.25)), we can rewrite x? as:

Bobs 2
(4'4) Xz(fI;kILvanL) = [Z é Egﬂg ] - 2f§LS<anL) + (ff\kIL)zF(anL)'
010905 012l

We can simplify this expression by introducing the following definition:

obs 2
(3314253)
— C,CiCl,

o N
|

(4.5) Xo =
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X2 is the goodness-of-fit parameter for the data with respect to the f;, = 0 case,
hence the notation. Note that the numerator of x2 is an observed quantity, and the
denominator is based solely on the theoretical prediction for the power spectrum (as
well as a few noise and beam parameters of WMAP). Therefore, xZ does not depend
on f{y, or ny,, at all.

Now we can rewrite x? as:
(4.6) X (i ) = Xg — 23S + (fRu)*F.
Completing the square, we find:
(4.7) (o) = F <f1§L - %)2 + X0 — %2

Finally, we can take advantage of the definition of the modified KSW estimator itself,

fin(ns) = S/F (equation (D.26)):
2/ rx * [k 2 2 Fx \2
(4.8) X (R ) = F <fNL - fNL) +xo — (f3)°F.
¥? is minimized in f%, when ff, = fi.:
(49) X?nin(anL) = X(z) - (fltIL)QF

Figure 4.1 is a plot of x2,, — x& as a function of ny, .
We don’t have to settle for minimizing x? over f%;, though. We can actually find
an expression for the likelihood, £(f3y,, sy, ), and marginalize over fY; to find the

likelihood as a function of ny, alone. We can get the likelihood from x?*:

2 _F(fITIL*fKIL)Q _xg-(F)?F
= e 2 2
2

(4.10) L(npes i) o exp (—X— e

Figure 4.2 is a contour plot of this likelihood in the nys, - fX; plane, and figure 4.3

is a three-dimensional plot of L(ny, , fiL)-
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i

Figure 4.1: X2, — X2 as a function of ny, .
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Figure 4.2: A contour plot of the likelihood in the fY; - n, plane.
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Figure 4.3: A three-dimensional plot of the likelihood, L£(f{, " fwr)-

To marginalize over [y, we integrate the likelihood:

1 xg-GRp)*F

(4.11) Elnga) = [ £l o) e x e

2
Remembering that x3 is constant, e merely contributes to the normalization, and

we are left with:

1 GR?r
(4.12) Lng,) o< —=e 3

VF

4.3 Results and conclusions

4.3.1 WMAPT constraints on ny,

Figure 4.4 shows L as a function of ny, for three different values of the pivot scale

Fpiv - x? is independent of our choice for kpiv, but the likelihood itself is not, since F’

T INL
iv

is inversely proportional to &, . This is not especially surprising, since choosing

a different pivot is equivalent to choosing a different effective prior in fY;. The true



41

o— Fk;, =0.0538 Mpc '
ke =0.05 Mpc ™!
ke =0.02 Mpc ™!

Lng,)

i

Figure 4.4: The likelihood marginalized over fY; as a function of ng, for the true pivot, along
with two other pivots.

pivot scale favored by the data is the value of kpi, for which the errors in f{; are
uncorrelated with the errors in ny,, . We find this scale by using the likelihood to

calculate the covariance matrix C between fY; and ng, :

(4.13) Ci; = ((pi —pi)(p; — pj))-

With C in hand, we can find k;, (Shandera et al. (2011)):

Cff\‘va"f
(4.14) Fpiv = kvexp | = | .
fNLCanL TINL
Here, k, is the pivot used when evaluating C; similarly, f%; is the value used in C.
Despite the fact that k, and f{; show up in the expression, kp;, does not depend
on them — the same value of ky;, will come out of (4.14) no matter what values of
k. and f§, are used. We find that kYMAP7 &~ 0.0538 Mpc™'; this corresponds to the

likelihood shown by the bold blue line in Figure 4.4.
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Figure 4.5: Several models of fyr,(k) with high likelihood. All of the models shown here lie within
the 68% confidence region in Figure 4.2, and they all use the pivot favored by the data, kpiy = 0.0538
Mpc—t.

The central value for ny,, is the value which maximizes the likelihood at the cor-
rect pivot, and the uncertainty comes from the width of the likelihood (our likelihood
is manifestly not Gaussian, so we can’t just use the uncertainty from C). Putting it

all together, we have the following estimate for ny, from the WMAP7 data, with a

68% (95%) confidence interval:

+2.1(+4.2
(4-15) N = 1‘9—1.45—2.13

4.3.2 Conclusions

These constraints in ny, , (4.15), are the first constraints on the scale-dependence
of any form of non-Gaussianity. They are, admittedly, somewhat loose constraints
— there are still a variety of power-law models for fyi,(k) that the data do not rule

out (Figure 4.5). While the WMAPT data are compatible with ny,, = 0, the shape



43

of the likelihood function does hint at a positive value for ny, . We will learn more
about this hint soon with the Planck data, due out next year. For the fiducial
value fyi, = 30 favored by the WMAPT data, the forecasted Planck error on ny, in
Table 3.2 is Uﬁj,i‘;"k = 0.29, indicating that Planck may be able to improve upon our

WMAPT constraints by nearly a full order of magnitude.



CHAPTER V

Summary and conclusions

Non-Gaussianity is a potentially powerful probe of inflationary physics in the
very early universe. Single-field inflationary models with interactions, along with
most multi-field models, generically produce scale-dependent non-Gaussianity. To
learn more about primordial non-Gaussianity, we must infer properties of the pri-
mordial perturbations from the anisotropies in the CMB and the large-scale structure
of the universe today, and we must look at higher-order correlation functions and
polyspectra in order to test any given model of non-Gaussianity.

The best constraints on the Gaussianity of the universe have, until recently, come
from the bispectrum of the CMB: WMAP has constrained fyr, to roughly 30 + 20
(Komatsu et al. (2011)). But Dalal et al. (2008) pointed out that a non-zero fyr,
leads to a strongly scale-dependent dark matter halo bias, which can be detected in
the power spectrum of large-scale structure; this technique has since emerged as a
source of constraints already competitive with the CMB (Slosar et al. (2008)).

I have focused on an extension of the local model, Equation (1.6), in which the
usual local non-Gaussianity parameter fyr, is promoted to a function of scale, fxi,(k).
I have paid particular attention to a piecewise-constant parametrization of fyi,(k)

into a set of constants f¥;, Equation (1.9), as well as a simple power-law model of

44
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fnL(k), Equation (1.10).

In Chapter II, we used forecasted constraints on the individual parameters fi;,
from an intermediate-future galaxy survey. We also projected constraints on the
power-law model of fxr(k). We calculated the principal components of fyi(k) to
find the best-measured linear combinations of f%;. The sensitivity of the survey to
non-Gaussianity increases with increasing k, but restricting the survey information to
scales where linear perturbation theory is valid imposes a “sweet spot” in sensitivity
of k ~ 0.1h Mpc™'.

In Chapter III, we studied how well the generalized local model can be probed
with the combination of cosmic microwave background data and large-scale struc-
ture surveys. As in Chapter II, we started by forecasting errors on the individual
parameters fi;. We found the principal components and forecasted errors for the
power-law form of fyr(k). We then propagated the errors from those parameters to
fau(k) as a whole.

Constraints from the CMB and LSS should remain comparable if systematics are
properly controlled for — but systematics are arguably more difficult to control for
LSS surveys (witness the larger number of nuisance parameters and degeneracies in
the LSS Fisher matrix). Nonetheless, large galaxy redshift surveys planned for the
future may well be competitive with, or even better than, the constraints on the
magnitude and running of fyi(k) expected from Planck.

In Chapter IV, we used the WMAPT data to obtain the first constraints on the
scale-dependence of non-Gaussianity of any form. The WMAP7 data are compatible
with ns, =0: ng, = 1.977]. The Planck data, due out next year, should be able
to improve on these constraints enough to tell us whether the slight hint of a positive

Ny, is significant.
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We are entering a very exciting era in cosmology; in the next few years, data
may finally be good enough to start placing serious constraints on entire classes of
inflationary models via primordial non-Gaussianity. Planck and the next generation
of large-scale structure surveys will be able to constrain the non-Gaussianity of the
universe down to one part in 10°. Non-Gaussianity, if we do find it, will give us new

insight into the physics at work in the first fraction of a second after the Big Bang.
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APPENDIX A

Finding the derivative of the halo bias with respect to fy,
and the fi;

If we denote the full bias of dark matter halos by b + Ab, where b represents the

bias for the Gaussian fluctuations and Ab is the non-Gaussian correction, then
P, Ab\?
Al —=b 1+ —

where P, and P are the power spectra of halos and dark matter, respectively. The

non-Gaussian correction to the linear peak bias to the leading order becomes

(A2) =2 oo [ s Batia. k.

where By is the matter bispectrum on scale R. Hence, the non-Gaussian correction
Ab(k) can be expressed in terms of the primordial potential fluctuations as (Matar-
rese and Verde (2008)):

Ab 5, 1
(A.3) =~ (k) = D(z) 81203 Mp(k)

/Oo k2 M (k) /1 duMR(l@)w.
0 -1 ¢(k)

We perform the integration over all triangles. The triangles’ sides are &y, ko, and k;
the cosine of the angle opposite ky is u, so k3 = ki 4+ k? + 2k kp. Mg(k) is the same
function defined in Eq. (2.2), and the redshift dependence of the critical threshold

for collapse is given as d.(z) = 6./D(z), with 6. = 1.686.

Portions of this appendix first appeared in:
Becker, A., Huterer, D., Kadota, K., Scale-dependent non-Gaussianity as a generalization of the local model, Journal
of Cosmology and Astroparticle Physics, 2011, vol. 1, p. 006, doi:10.1088/1475-7516/2011,/01/006
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A.1 Constant fyg,

Eq. (A.3) leads to the famous scale-dependent bias formula in the case of a con-

stant fyr,. For this model, the bispectrum is

(A4) B¢<k1, kg, k‘g) = 2fNL [P¢(k)1)P¢(l€2) + perm.].

Through Eq. (A.3), this leads to the result

Ab ¢ 2 fNL 2 Py (k2)
; (k) D(2) 87202 Mn(k) /dklklMR(kl)P¢(k1)/d,u./\/lR(k‘z) {qu(kz) +2}
_ 2fNL50 f(k)
where
_ 1 2 P¢(k2)
(A.6) F(k) = —87r20% /dklklMR(kl)P¢(k1)/d,u./\/lR(kz) {qu(k) +2] )

Note that there is a factor of 2 in Eq. (A.5) because we can exchange the order of
integration of terms corresponding to k; and k.

Finally, we rewrite Eq. (A.5) by defining

(A7) Filb) = g s [ AKMa) Pk [ didaho) Pl
(A8) (k)= m / dky ki Mg (k1) Py(ky) / duMp(ks).

Then, for constant fxy.,

(A9) S0 = 2 (F()+ Fa(h).

and the derivative with respect to fnr, is

(A.10)

0 {ﬁ k)] = B m )+ Bk

6fNL b n D(Z)
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A.2 Scale-dependent fyi,

Now we repeat the analysis of the previous section, but we allow fxr,(k) to be
an arbitrary function of scale, adopting the ansatz in Eq. (1.6). We still assume

homogeneity, so fNL(E) = fxr(k). The bispectrum is given by
(All) B¢(k1’ ]{?2, ]{73) = 2[fNL(/{Z1)P¢<I{?2)P¢(kZ3> + perm.].

Here, the triangle condition always holds, so that (for example) k; = |k; + k_;:,|

Following Eq. (A.3), we get

Ab e 2 ,
T = 5 s | R Ma)P )

This looks like Eq. (A.5) — but this time, fyi(k) is a function, not a constant.
Thus, to find the derivative of Ab/b(k) with respect to the relevant parameters, we
must parametrize fyr,(k) in a way that is valid for any general form of fxr (k). We
consider the piecewise-constant (in wavenumber) parametrization where fyr (k) is

equal to fi; in the ith wavenumber bin:

(A.13) frn = faw(ka).
The derivative of Ab/b(k) with respect to these fi is:

9, {ﬁ(kz)} 0 2 y
afi, L b "] D(z) 8w?0Mg(k)

(A.14) {%%/dk1k%MR(/€1)P¢(/€1)/dMMR(k2)P¢(k2)+

+2/ dklkaR(kl)P¢(k1)/d,uMR(kg)] :
kgekj

where 9;; is the Kronecker delta function. Note that the last integral over k; only

goes over the jth wavenumber bin.
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This derivative can be rewritten more concisely as

(A.15) 82& [%(ki)] = % [6:F1 (k) + F (k)] .

The functions F; and F, are defined as in Eqgs. (A.7) and (A.8), except that the
superscript in FQJ indicates that the integral over ks is to be executed only over the

Jth wavenumber bin.

A.2.1 The Desjacques et al. term

The new term in the bias, pointed out by Desjacques et al. (2011), is the second

term of (2.7):

(A.16) N(k) = ﬁ?n—]z:).

This is not a particularly computationally friendly form. We can make it more

tractable by using the chain rule:

OR dF dO’R -1
(A.17) N(k) = 05 3 (dM) .

Now we need to take the derivative of N with respect to the fi;, for our Fisher

matrix.

ON dop\ ' 0 1 dF

ofly " (dM) Ofiy Lf(k) dM}

ar () o[ (ary_Laror)
F \dM ) ofy [dM \ofi, ) FdMofi,

Equations (A.17) and (A.18) are everything we need to properly account for the

dogr

T are the only z-dependent

new term in our Fisher matrix. Note that orp and
quantities in N; since their z-dependence is linear and exactly the same, it cancels

entirely, leaving N independent of z.
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Figure A.1: How the choice of fiducial fyi, affects the forecasted constraints on constant fyi, from
a future galaxy survey. See text for analytic explanation for why results are the best at a fiducial
value of fnr, = 0.

A.3 The effect of the fiducial value on constraints

The fiducial value of fyi, affects the Fisher matrix — and thus the forecasted
constraints on fyy, itself — because the relationship between P, (k) and fyr, is non-
linear. The fiducial fyr, enters the Fisher matrix through the bias, by way of
P, = (b*(k))P(k). Assuming Py, (k) > 1/n (a reasonable assumption at large angular
scales where non-Gaussianity constraints largely come from and where shot noise is

negligible), we find that the Fisher matrix element corresponding to fyi, = const is

(A.19) FLSSoc/(Zl}fg)Qb‘z(k)dk:/<fNL (b?[jkab(k)))Qdk'
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Thus, the expression on the right-hand side will, in general, be dependent on the

choice of fiducial fxr. Since |Ab(k)| blows up at small k, in that regime we have:

Ab(k) !
(A.20) (fNL (bo + Ab(k))) TR

At large k, Ab(k) goes to 0, taking the entire expression with it. Thus, the integral
is dominated by the contribution at low k, meaning we should expect a maximal
Fisher matrix element around a fiducial fyi, = 0. And indeed, that is what we see
in Figure A.1: the forecasted constraints on fyr, from a given sky survey depend on

the fiducial value chosen, with the tightest constraints at fxr, = 0.
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APPENDIX B

Statistical methods: Fisher matrices, principal components,
and all that.

B.1 Fisher information matrices: a brief introduction.

Fisher matrices are powerful tools for forecasting the constraints placed on a set
of parameters from an expected future data set. It is a purely analytic method; no
likelihood evaluation or parameter search of any kind is required. This makes it a
particularly fast and convenient method for error forecasting. In this subsection, I
will give a brief overview of the derivation and application of Fisher matrices in the
abstract. More details about how I performed specific Fisher matrix calculations are

provided in Chapters II and III.

B.1.1 Bayes’s theorem, likelihood, and the Fisher information matrix

Any reasonable interpretation of probability admits the following truth about

conditional probabilities:

P(AB)
P(B)

(B.1) P(A|B) =

In other words, the probability of A given B is equal to the probability of both A

and B divided by the probability of B. Given B.1 and some other basic axioms of

Portions of this appendix first appeared in:
Becker, A., Huterer, D., Kadota, K., Scale-dependent non-Gaussianity as a generalization of the local model, Journal
of Cosmology and Astroparticle Physics, 2011, vol. 1, p. 006, doi:10.1088/1475-7516/2011,/01/006
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probability, we have the following chain of reasoning concerning the probability of a

hypothesis H and some data D:
P(H|D) = P(HD)/P(D)

P(D|H) = P(DH)/P(H)

P(H|D)P(D) = P(HD) = P(DH) = P(D|H)P(H)

(B.2) ~|P(H|D) = P(D|H)P(H)/P(D)

This is Bayes’s theorem. The probability of the hypothesis given the data,
P(H|D), is equal to the probability of the data given the hypothesis, P(D|H), mul-
tiplied by the probability of the hypothesis, P(H), divided by the probability of the
data, P(D). P(H) is known as the prior probability; P(D) = [ P(D|H")P(H')dH' is
the probability of the data marginalized over all hypotheses, and is therefore called
the marginal probability; P(H|D) is the posterior probability; finally, P(D|H), the
probability of observing the data given the truth of the the hypothesis, is known as

the likelihood. Bayes theorem, then, can be restated:

prior probability

posterior probability = likelihood X - —
marginal probability

The marginal probability depends only on the data (and the chosen hypothesis
space), not on H itself; thus, it can be viewed as an overall normalization factor. For
a likelihood function sharply peaked in hypothesis space, it (nearly) doesn’t mat-
ter what method you're using to assign priors to your hypotheses — the likelihood
function will pick out a narrow band of hypotheses so long as we have sufficiently
informative data.

But how do we quantify the notion of “sufficiently informative” for our data? Our

data is sufficiently informative if the models in our model space are sensitive to the
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parameters our data tell us about. We already know that our models are sensitive
to the parameters we're measuring if the likelihood function for those parameters
is sharply peaked in our model space. So we can quantify how useful our data will
be for distinguishing among different models in terms of the peak curvature of the
likelihood function — and we measure a function’s curvature by taking its second
derivative. Thus, we arrive at the Fisher information matrix, often just called the

Fisher matrix:

0? ln£>
B.3 F,={—
( ) < 81%3273'

Here, L is the likelihood, and the p; are the parameters of interest in the model (e.g.
any cosmological parameters). The Fisher matrix gives us a quantitative measure
of how well a data set can choose among available models — and thus, how much
information a data set can contain about the parameters that determine our models.
The brackets () indicate an expectation value taken over realizations of the data,;
this enables us to find an analytic expression for the Fisher matrix. We assume
that the data are distributed according to a multivariate Gaussian; in that case, the
covariance matrix of the data C' has all the information about the distribution of the

data:

1 1 AT -1 7
(B.4) L= 2n) 2 det O[T exp _i(d —d); C;; (d—d); |,

where d; are the data (with d; the mean for each i) and Cj; is the covariance of the
data. After some tedious but straightforward algebra, (B.3) and (B.4) combine to

give an expression for the Fisher matrix:

1 _ B _ -
(B5> Fij = §TI'[C IC,iC 1C7j] + d{c 1d’j

where ; is the partial derivative with respect to p;.
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In most cases, J,i and C' will depend on the values chosen for the parameters p;; in

order to calculate the Fisher matrix F;.. one must first choose fiducial values for these

K
parameters. So the Fisher matrix can be used to forecast constraints on the errors in

the p; — as we are about to see — but it obviously cannot give any information about

the most likely values for the p; themselves.

B.1.2 Using Fisher matrices to estimate parameter errors
The most straightforward way to use Fisher matrices in error forecasting is through

the Cramér-Rao bound, which states that an error in a cosmological parameter p;

will be greater than or equal to the corresponding Fisher matrix element:

(F~1); (marginalized error)

(B.6) o(pi) >
1/v/F;  (unmarginalized error)

Here, the marginalized error is the error in p; marginalized over the uncertainties in
all the other parameters in the Fisher matrix £, while the unmarginalized error is the
error in p; while holding all the other parameters perfectly fixed. The marginalized
errors are generally the quantities of interest, since we are usually trying to determine
the values of several parameters at once from the same set of data. Cramér-Rao only
gives us a lower bound on the marginalized error — but in practice, we assume that the
data will saturate the bound, allowing us to effectively forecast the best achievable

errors for a given set of observations using Fisher matrices.
B.2 Calculating the error on an arbitrary parametrized fx(k)
Projecting the constraints from an old set of parameters fi; = fap(ki) (i =

1,2,...,N) to new parameters (which we can call ¢; j = 1,2,..., M for some M)

is in principle straightforward. The Fisher matrix in the new parameters, F™v, is
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given by
N
op”* op'
B7 .FZ-H?W - - —F
(B.7) DY i
so that
(B.8) e =PrEp,

where P;; = Op' /¢’ is the derivative matrix of old parameters with respect to new.

Let us look at a couple of examples. Projecting to the case

(B.9) fxu(k) = fxn = const

is particularly easy, since P is the column vector with P;; = dffy/dfzxL = 1. Then

F"is a 1 X 1 matrix that quantifies information on fxr,, given by

(B.10) Py =" Fu.

The error on fyr, is of course given simply by o(fxr) = 1/+1/FI¥Y.

Another example is given by the function

(B.11) Fra (k) = (kﬁ) ,

with two parameters, ko and nyxg. Then one can show that (labeling ky = ¢; and

nNG = @o):

nng (ki \™NC
B.12 g = NG (T
(B.12) Pa ko (k)

AN

Then, using Eq. (B.8), one can simply obtain the 2 x 2 Fisher matrix in kq and nxg.
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B.3 Principal components of fxy,(k)

We now show how to decompose the measurement of fxr,(k) in principal compo-
nents, which are essentially the eigenmodes of the covariance matrix for the afore-
mentioned parameters fyp(k;). This method has been widely used in cosmology,
including applications to parametrizing and describing dark energy (Huterer and
Starkman (2003); Albrecht et al. (2009)). It allows us to order the best-to-worst
measured weights in wavenumber of the function fyr, (k).

Let the function fyi(k) be described in terms of piecewise constant parameters

fin = fau(ki), where

N
(B.14) Fxu(k) =Y pi©ilk).

i=1
Here, ©(k) = [H(k — ki°¥") — H(k — k;™™*")] is the top-hat function of unit height
over the ith wavenumber bin, and we assume a total of N bins. k"' and k;"P

are the wavenumber bin boundaries, and H is the Heaviside step function. We have
effectively expanded the function around the zero value, though this is not crucial:
the left-hand side could be fxp,(k)— £ (k), for any fiducial fi¢(k), and the formalism
still follows.

The Fisher matrix F' is the inverse covariance matrix in the original piecewise-
constant parameters p;, so that FZ;I = (pipj) — (pi)(p;). We first diagonalize the

Fisher matrix F':
(B.15) F=w'DW,

where D is diagonal and W is some orthogonal matrix. The vector of uncorrelated

parameters, q, is related to the vector of original parameters p via

(B.16) q=Wp,
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and it is easy to check that the q are uncorrelated; that is, (qq’) = D~!. The rows
of W are therefore the new parameters.

Thus, to calculate the principal components:

1. Obtain the full Fisher matrix for N parameters p;, plus the cosmological pa-

rameters 7%, Qcpurh?, Hy, w,log A, and n,.

2. Marginalize over the cosmological parameters by inverting this larger Fisher
matrix, taking the N x N submatrix, then inverting back to get the Fisher

matrix of the p;; we call this Fisher matrix F
3. Diagonalize F' as in Eq. (B.15)

4. The rows of W are the principal components. More precisely, ¢, = >, Waipi,

and ¢, are the PCs.

Let us now change notation slightly (to agree with the commonly used one, e.g. Huterer
and Starkman (2003)), and define the shape of the a-th principal component in i-th
redshift bin as ocz(a), so that aga) = W,;. Then we can represent the a-th principal

component, ¢ (k), in terms of the original parameters p; as'

N
(B.17) k) =D o pi Oi(k).
i=1

The PCs are obviously uncorrelated, and their eigenvalues \,, so that

al 5

a _ a b ab
(B.18) (e@e®)y = Z ozl( )a§ )<pz-pj> =1
i,j=1 @

where, recall, \, = D,,.
Finally, let us calculate the coefficients ¢ in the expansion in principal compo-

nents of an arbitrary fxr(k)

(B.19) fru(k) = Z Cae(a)(k’)-

a=1

1This is basically the continuous version of the relation g = Zl Weaipi-
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Let coefficients fi; describe fyr,(k) in our original basis, so that fxp(k) = const =
> [api©i(k), with f&; being left arbitrary for now. Then, taking the expectation

value of the product with e®, we get

B20)  (fuR)e®) =T = <(me) x (Zaﬁ‘”w»

N
(B.21) = > Rauol(F Yy,
ij=1
so that
N
(B.22) ca=Xa D fln i (F7)y.
ij=1

For example, in the simplest case of constant fyr,(k), where fi; = const = fyr,, the

coefficients of the principal components in the expansion of fxy,(k) are

(B.23) Ca=Xafar D o\ (F7Y);  (for fp(k) = far = const).
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APPENDIX C

Calculating the CMB bispectrum Fisher matrix for
local-type non-Gaussianity

C.1 Calculating the CMB bispectrum

The non-averaged bispectrum is:

(Cl) Bﬁ1€2€3,m1m2m3 = <a€17711 Alomo af3m3>

where the a;,,s are the coefficients on the spherical harmonic decomposition of the

CMB sky. The a;,s can be related to the Bardeen curvature perturbations ®(k) by:

A~

€2 aw= [ @RSV = an(-i) [ G5 €Y K)

Here, g,(k) is the CMB temperature radiation transfer function. There are several

conventions used for this transfer function; g,(k) is related to the transfer function

Ty(k) found in (Gibelyou et al. (2010)) by:

(©.3) gelk) = —= g0

V20 + 1)

We will be using yet another convention, as both of the transfer functions above
lead to messy prefactors later on. Throughout this paper, we denote the radiation
transfer functions as t,(k), defined as:

() k) = {peh) = U
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With these transfer functions, (C.2) becomes:

[ i
(C.5) Gem:m(—l) /(2ﬂ)3 k)t (k)Y (k)

One last word on transfer function conventions: these transfer functions connect
the CMB sky to the Bardeen curvature perturbations, not the primordial curvature
perturbations.

The angular-averaged bispectrum By, ¢, is related to the raw bispectrum By, s,z my ma.ms

of (C.1) by the relation:

0l 0
(C.6) Biytyey = Z ( P >B€142€3,m17m2,m3

my mo M3
mi,m2,m3

Here, (mgllfff; 3) is the Wigner 3j-symbol. This symbol ensures that ¢; + {5 + /3 is
even, my + me + mg = 0, and the triangle inequality (|¢; — ¢;| < €, < €; 4+ (;) is
met for all 7,7, k.! Substituting (C.1) and (C.5) into (C.6), we obtain the following
expression for the angular-averaged bispectrum:

0y by 0 By Phy Bk
Boor — (4)3(—1)tHets 142 €3 / 1 2 3
sty = (47)(—1) 3 (ml ) Y R

mi1,m2,m3

(C.7) XYy (K1) Y7, (Ka) Y7 (K )ty (B )ty (K)o, (Fs) (@ (k) @ (o) @ (ks))
Using the definition of the Bardeen curvature bispectrum, By,

(C.8) (®(ky)®(ka)P(ks)) = (27)35(ky + ko + k3) By (K1, ks, k3),

we find:

1 by Uy Ly oAVE (0 VvE (D
B@lfgfg, - F Z <m1 Mo m3> /d3k1 d3k2 d3]{73}/£1m1 (kl)nzmg (kZ)}/ggmg <k3)
mi,m2,m3

(Cg) thl (l{fl)tg2(k32)tg3 (k’g)é(kl + k2 + kg)B.:p(k’l, kQ, k’g)

1There are some computational difficulties that arise when evaluating the 3j-symbol for high l1,2,3; see Appendix
C.3.2 for more on this.
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(The prefactor of (—1)47%2+% vanished because the Wigner 3j-symbol ensures ¢; +
Uy + U5 is even.) Taking advantage of several identities in Wang and Kamionkowski
(2000) (their (12) and (13)), the orthogonality of the spherical harmonics, and the

Gaunt integral identity (Komatsu and Spergel (2001)), this becomes:
9\ 3
B oyes = (%) Loioy0, /k:fdk:l k3dky k3dksBe (ki, ko, k3)te, (ki )te, (ko)te, (ks)
(C.10) x / P2dr o (kar) ey (ko) (k).
0

where Iy, 4,0, is the Gaunt integral

(201 + 1) (205 + 1)(205 + 1) (01 05 £y
11 Iy g = .
(C.11) ftats \/ Am 000

The real-space integral is now a one-dimensional integral in the spherical coordinate

r, starting at our location and ending at infinity. This real-space coordinate is

to@

% = ¢(rp — 7.) between the time

the difference in the conformal time An =
when the CMB was emitted and the time when we saw it. Equivalently, it is the
difference between the radius of the particle horizon of the observable universe when
the CMB was observed and that radius when the CMB was first emitted. Thus,
nearly all of the contribution to the integral in r comes from a short period of time
around the surface of last scattering, and there are no physical contributions beyond
7> max = Mo = ¢cTo &~ 14.6 Gpc. For our purposes, when performing this integral in
Chapter III, we sampled the integral 150 times between 7., and 7. — 27, where
Tmax — T« 1S the comoving distance to the surface of last scattering. We also sampled

50 times between 1, — 27, and 0 to capture any impact that late-time effects might

have had. Increasing the sampling rate did not significantly improve our results.
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C.1.1 Bispectrum and derivatives for fxr, and fxr,(k)

Using (C.10) along with (3.4), we get the following expression for the angular-

averaged CMB bispectrum in the constant fyr, case:

2\’ 1
Bflﬁzfa = QAZ;fNL (;) Ig1g253 /k%dk‘l l{igdk‘g kgdk’g <k3—(ns—1)k3—(ns—1) + perm.)
1 2

(C.12)  t, (kY (k) () / " 2dr iy (kar)jea (ko) e (ko)

Following equations 33 and 34 from Yadav and Wandelt (2010) (where they are
themselves following Komatsu and Spergel (2001), equations 17 and 18), we’ll define a
pair of functions, ay(r) and 5,(r), to help us rewrite (C.12) in a more computationally

friendly way.

(013) 044(7“) kJth(k?)jg(k’r’)dk

(C.14) Be(r) k=)t (k) jo(kr)dk

A0 30

Now (C.12) looks like this:

(C.15) Buunts = 282 v sat / P2dr (cu, (r) e (r) Bey () + perm.)
0

and (naturally)

9Bu s = ! By tse
O fnL I

For the scale-dependent fyi,(k) case, we use (3.6) to find that the angular-averaged

(C.16)

CMB bispectrum is:

0By, 1,04

(C.17) T

— 2A?¢I€1€2£3\/ r*dr (o, (r)Be, () Be, (r) + perm.)
0
where o is:

upper
ki

(C.18) ay(r) = /k E2to(K)jo(kr)dk.

lower
k2

2N
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Polarization and cross-terms

The bispectrum for multiple fields is a simple extension of the single field case.

By analogy with (C.1) and (C.2), the multiple-field bispectrum is

(019) Bglqlg&;,mlQOg - <a§1m1a22m2a23m3>7
where

4 3k N
C.20 aP:——H/ DKL (k)Y (k
(C.20) = s Y [ e 2ROV E)

and t}(k) is either the temperature or polarization radiation transfer function. Using
these definitions and running through equations (C.7) through (C.17) again, it’s
pretty clear that we can rewrite the bispectrum for multiple fields very easily if we

just change (C.13), (C.14), and (C.18) slightly:

(C.21) a2(r) = % / K22 (k) jo ()i
2 .
(C:22) 81) = = [ 1t h(hr )
R
(C.23) ot (r) = - /klower K*t0 (k) je(kr)dk.

So for the constant fyi, case, we have
pqr

0B o
(C.24) —hbts _ 20314, 0,04 / r*dr (o) (r)BL (r) By, (r) + perm.)
afNL 0 1 2 3

while for the piecewise-constant fxi,(k) case, we have:

pqr

0B o0 .
(C.25) bbb 203 I, 0,0, / r*dr (o (r) B3, (r) By, () + perm.)
o : R

C.2 The covariance of the bispectrum

It is usually a good assumption to consider only the Gaussian contribution to the

covariance of the bispectrum, C. Using Wick’s theorem, one can straightforwardly
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show (Liguori et al. (2010); Babich and Zaldarriaga (2004); Spergel and Goldberg

(1999)):

(C.26) Crtaes = C, Cr, Coy
where

(C.27) Co=CV +52W, =CV +C¥

CEV is cosmic variance, while C¥ is the variance due to the noise and beam width
in the survey. o7 is the variance of the noise in the survey per pixel, and W, is a
“window” term relating to the survey beam type and width (Cooray and Hu (2000);
Knox (1995)).2 For an experiment with multiple frequency channels (such as Planck
or WMAP), the basic form of equation (C.27) still holds, but finding C} is slightly
trickier (Cooray and Hu (2000)):
1 1 1

(2 o TG T = A
For uncorrelated Gaussian noise, o7 (v) = o*(v) is constant, and you can find its
value for a particular experiment fairly easily; for example, the Planck beam width
and noise parameters are found in the Planck mission “blue book.”

We have only been dealing with temperature (TT), but it is not significantly
harder to add in polarization (EE) and cross (TE) terms. The covariance matrix

here is (Yadav et al. (2007); Babich and Zaldarriaga (2004))

(C.29) (Cobyes)imnpar = (Co.)ip(Co ) mg(Cr e

where

crroopE
(C.30) Cy =

crE PP

2Confusingly, Cooray and Hu (2000) uses w~?! for what we are calling o2.
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Noise is dealt with in the same way as in (C.27) for CT and CF¥ in (C.30). Assuming
that the noise for T and E are uncorrelated, 0%, = (ATAE) = (AT)(AE) = 0, and

thus CéV’TE =0 for all 4.

C.3 Computational details

C.3.1 / sampling and binning

In evaluating equation (3.7), we do not actually use every ¢ < £,,.«; that would be
incredibly computationally expensive. Instead, we sample and bin in /. The binning
in ¢ is progressive, not fixed-width: all ¢s are kept up through ¢ = 40, at which point
sampling drops off gradually until, at ¢ = 100, only every tenth ¢ is sampled. The

“width” of the bins in ¢ are given by the equation

(C.31) Ag = [l = lica) + (G — G)] = %(ﬁm — i)

| —

C.3.2 Calculating the Wigner 3j-symbol

We need to be able to calculate the Wigner 3j-symbol for large (> 1000) val-
ues of /193 in order to evaluate many of the expressions we're interested in. Un-
fortunately, the 3j function built in to the GNU Scientific Library can’t properly
evaluate the symbol for ¢ 95 2 70. Thus, we were forced to create our own special-
purpose 3j-evaluator. Thankfully, we're only interested in the special case m; 23 = 0;
as it turns out, in this case, the 3j-symbol reduces to (see Wolfram Mathworld:

http://mathworld.wolfram.com/Wigner3j-Symbol.html):

(C.32)
(2g—201)!(29—20)!(29—2L3)! ! T o
b ly £3) <_1>g\/ — (gg+1§! — (g—fl)!(g—QZQ)!(g—e3)! if L = 2g;
000 )

if L=2g+1,
where L = (1+/{5+/03. Since (C.32) involves evaluating the factorials of relatively large

numbers when any of /; 5 are large, we used Stirling’s approximation to perform the
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factorials — but we needed the factorials to remain accurate even when the arguments

were small, so we used six terms in the approximation.
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APPENDIX D

The KSW estimator and the modified KSW estimator

D.1 The KSW estimator

Komatsu et al. (2005) found a fast cubic estimator for fy;, based on a full-sky
CMB temperature map; Yadav et al. (2007) and Yadav et al. (2008) extended that
estimator to deal with polarization, sky cuts, and inhomogeneous noise. I will refer
to this estimator as the KSW estimator for convenience’s sake.

We start by recalling from Appendix C several useful definitions and equations
relating the primordial curvature bispectrum to that of the CMB. The angular-
averaged CMB bispectrum By, s, is related to the shape function of the primordial

curvature bispectrum Fy through the equation

eor 2 3
Byt = <;> T, 0y04 /(/ﬁkz/ﬁ))2 dky dky dks Fg(ky, ko, ks) te, (kv) te, (ko) te, (ks)

(D.1) X / r2dr jo, (ki) je, (kar)je, (ksr),

0
where Iy, .0, is the Gaunt integral

(201 4+ 1)(200+ 1)(205+ 1) (44 Ly U3
D.2 I = )
(D:2) fibats \/ A 000

We can reduce this to a considerably simpler form in the case of local non-Gaussianity

(i.e. when Fp = Fieal: see equation (1.5)) :

(D.3) B (£ = 2 Tnnne / P2dr (e, () By (r) Bey () + perm)
0
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where ay (1) and 5y(r) are defined (using a slightly different convention from Appendix

C, to play nicely with the output from CAMB) as

(D.4) anlr) = % / K24, (k) o (er )
(D.5) By(r) = % / K2 P ()t () o)

Given a set of spherical harmonic coefficients ay, for the CMB sky, we can define

a set of “filtered” maps, A and B:
(DG) Z Oég = (ng}/gm(fl)
(D.7) Z Bu(r) = agmnmm)

where CN’g = b7Cy + Ny is the power spectrum corrected for beam width and noise.

Komatsu et al. (2005) construct a skewness parameter S from these filtered maps:

(D.8) S = / r2dr / PRA(R, ) B (A, )

Equation (D.8) is the computationally friendly form of the skewness parameter, and
we can skip straight to (D.15) if we just want to calculate a full-sky estimator for
fnr. But to see how it leads us to that estimator, we have to do a little more work.

Keeping in mind that the observed CMB bispectrum is defined as

(DQ) Bgzsﬂg - <a€1m1af2m2af3m3>7

it is not hard to see that S reduces to

By, Biyiyty (Fx = 1)
(D.l()) S = 1t263 " £1€243
Z Cy,C,Cl,

£1<tla<l3

where

(D.11) By (fxr) = beybeybe, By (fau)-
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Performing a least-squares fit of B, to B, we find (Komatsu et al. (2005)):

2
Htheory o
(D12) S ~ fNL Z (B€1€2f3 ({NL~— 1))
01<ty<tl3 Co,Cp, Cy,

z?gg( fan=1) = 83;?;;2 /0 fxw, because Bg?ffg is proportional to fyr. Therefore,
we can write the Fisher matrix F' for fyi, as (see (3.5)):

>, 2 theory
8Btheory 1 ( 01020 (fNL == 1))
(D13)  F= Y ) R 3 |
£1<tla<l3 afNL Ofl 052 CZB £1<la<l3 Ch OZQ Oﬁs

This, in turn, means we can rewrite (D.12) as

(D.14) S ~ fuF.

Thus, the KSW estimator for fyr, is:

>

|

(D.15) NL

While this estimator works well for a full-sky map, it breaks down for a cut-sky
map. To get around this, an extra term is introduced into the estimator (Yadav

et al. (2008)) to account for the spurious signal introduced by the sky cut:

~ Scut fk S + Shnear
D.1 = = == .
(D.16) =7 2

Slinear 1s:

Slinear - / /d2 1 n sim(ﬁ7 T)>MC
fsky

(D.17) +2B(1, 7) (Asim (A, 7) Baim (A, 7)) 010 -

The subscripted filtered maps Ag, and Bgp, are generated from Monte Carlo real-
izations of the cut CMB sky; the brackets ()¢ indicate an average over all Monte

Carlo maps. The Monte Carlo maps were produced using the prescription laid out
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in Appendix A of the WMAPS5 paper (Komatsu et al. (2009)); the only difference
(aside from our use of the WMAP7 data) is that we used a uniform weighting for
the maps, rather than the slightly more complicated weighting given there, since it
only results in a marginal improvement of the estimation of fyr. We created the
Monte Carlo maps in Python; we plugged these Monte-Python maps into HEALPix,
by way of HealPy, to do the forwards and backwards spherical harmonic transforms

required to obtain the A and B maps.

D.2 Modifying the KSW estimator for a power-law fyr,(k)

It is fairly simple to modify the KSW estimator for the case of a power-law fxr,(k)

of the form

D.13) i) = o (=)

piv
We want an estimator for the parameter fY;. Note that the pivot scale, Ky, is
completely degenerate with f{;; the choice of pivot scale is largely arbitrary, and
in fact we will see that ky, cancels entirely from some (but not alll) quantities of
interest.

To get our new estimator, start with the shape function for the bispectrum asso-

ciated with this fxr(k):

f*
NL
" fNL
piv

(D.19) Fp = 2(fxL(k1)P(ko)P(k3) + perm.) = 2 (k{"NE P(ky) P(ks) + perm.).

Plugging (D.19) into (D.1), and deploying the usual tricks, we get:

(D'2O) Bﬁ?fjggy(fﬁ, anL) = 2f1§LIfle253 /0 rdr (751 (anL7 T>ﬁfz (T)ﬁﬁs (7”) + perm.) :

Here, v¢(nyy,,r) takes the role of ay(r), and is similarly defined:

2 1

N
Q kin

(D.21) Ye(Mpyp,T) = /k2+”fNL te(k)jo(kr)dk.
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We can use v,(r) to write down a new filtered map G(i, ),

(D'22) G anL’ T Z'W Ny T) = amefm( )

and we can use G(ny,, ,n,r) to write down a new skewness parameter S(ny,, ).

(D.23) S(np,) = /r2dr/d2ﬁG(anL,ﬁ, T)BQ(fl,T)

In the case where ny, =0, ve(nyy,,7) = au(r) and S(ny,, ) trivially reduces to (D.8).
The same argument that takes us from (D.8) to (D.10) applies here too, so S(ny, )

must reduce to

Bgﬂsﬂg ( E?ffg(fm L, anL))
D.24 S(n =
( ) ( fNL) Z Cﬁl Céz 023

£1<tla<l3

We can write the Fisher matrix F(ny,, ) for f{; at a given value of ny, as

(D.25)

~ Htheor * 2
F— Z aBZZOX(anL) ’ 1 _ (B;MQ@;(HJCNL’ fNL = 1)>
8f1§L Cfl OZQ Cfg, Cgl 042 CEB

£1<tla<l3 £1<tla<l3

The least-squares fit (D.12) still holds, so we have the following unbiased estimator
for fXi:

S(anL)

(D.26) fi =
A Fff\}L (anL)

To account for a sky cut, the same arguments used by Yadav et al. (2008) hold

here, as we are still using a cubic estimator. Thus, our actual estimator for fY; is

cut(anL) qukS(anL) + Slinear(anL)

D.2 = = ==
( 7) fNL Ja F )

where F'is the appropriately-modified Fisher matrix element for f%;, and Sinear(7 £y

18

Slinear(anL = fk / /d2 anL’ﬁ’r)<B§im(ﬁvr)>MC
sky

(D.28) +2B(1, 7)(Gsim Ny, D, 7) B (A, 7)) ] -



(0]

Now we have an estimator for fY; — and more importantly, we have a skewness

parameter for fY;, which allows us to get the likelihood function for ny, in Chapter

IV.
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