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ABSTRACT

Statistical inference for some problems in network analysis

by

Yunpeng Zhao

Co-Chairs: Elizaveta Levina and Ji Zhu

Recent advances in computing and measurement technologies have led to an explosion

in the amount of data that are being collected in all areas of application. Much of

these data have network or graph structures, and they are common in diverse scientific

areas, such as biology, computer science, sociology and so on. This dissertation makes

three contributions to inference problems in statistical network analysis.

The first two parts of the dissertation focus on community analysis. In the first

part, we establish general theory for checking consistency of community detection

under the degree-corrected block model, a generalization of standard stochastic block

model, which allows variation in node degrees within a community, thus accommo-

dating hub nodes. We compare several community detection criteria under both

the standard and the degree-corrected block models. We show which criteria are

consistent under which models and constraints, as well as compare their relative per-

formance in practice.

The second part proposes a new framework for community identification. Most

community detection methods focus on partitioning the entire network into commu-

nities, with the expectation of many ties within communities and few ties between.
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However, many networks contain nodes that do not fit in with any of the communities,

and forcing every node into a community can distort results. We propose a framework

that extracts one community at a time, allowing for weakly connected nodes. The

proposed extraction criterion performs well on simulated and real networks. For the

case of the block model, we establish asymptotic consistency of estimated node labels

and propose a hypothesis test for determining the number of communities.

The third part makes a contribution to the link prediction problem. In many

applications, notably in genetics, a partially observed network may not contain any

negative examples of absent edges, which creates a difficulty for many existing su-

pervised learning approaches. We develop a new method which treats the observed

network as a sample of the true network with different sampling rates for positive

and negative examples. We obtain a relative ranking of potential links by their prob-

abilities, utilizing information on node covariates as well as on network topology.
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CHAPTER I

Introduction and Literature Review

Recent advances in computing and measurement technologies have led to an ex-

plosion in the amount of data that are being collected in all areas of application.

Much of these data have network or graph structures. There are two elementary

components in all networks: a) nodes (basic units of a system) and b) the edges

(connections between the nodes). These can differ widely depending on the appli-

cations. For example, the nodes might be humans or scientists in social networks;

molecules, genes, or neurons in biology; routers or transformers in infrastructural

networks; and web pages or research publications in information networks. Similarly,

the edges might be friendships, alliances, reactions, synapses, optical and copper ca-

bles, URLs, or citations. The totality of the nodes and the edges defines a network,

often represented in graphic form as a connectivity matrix, telling us which nodes are

directly connected to each other. Such data are common in diverse engineering and

scientific areas, such as biology, computer science, electrical engineering, economics,

sociology and so on (see [32] [35] [59] [66] [68] [72] for applications and reviews from

different fields). For example, in social networks, researchers are often interested in

finding communities, as well as why and how these communities are formed. In gene

regulatory networks, biologists wish to infer existence of regulation between genes or

detect small gene groups which form a unit with a specific biological function. With

1



Internet, one may want to recommend new friends for facebook users by predicting

potential links based to the observed network, or classify the type of a particular link

as “advisor-to-student” or “instructor-to-teaching assistant” in a college network.

Networks have been studied from a number of different aspects in literature. In em-

pirical analysis, researchers define practical measures to summarize local and global

topology features of real-world networks, such as centralities, geodesic paths, clus-

tering coefficients and degree distributions. One may see [46] for comprehensive

definitions and applications of these measures and many others. Besides empiri-

cal analysis, one important problem in network analysis is to model the underlying

generating mechanism of networks. Erdos-Renyi random graph [24] is probably the

simplest network model, where all the edges are generated independently with the

same probability. One limitation of the Erdos-Renyi random graph is that its degrees

approximately follow a Poisson distribution, while the degree distributions of many

real networks are heavy-tailed. To allow for any arbitrary given degree distribution,

the configuration model was proposed by [10] and further studied in [62]. Similarly,

[18] proposed the expected degree model which can generate networks with a given

expected degree sequence. Further, [6] proposed a dynamic model using a preferential

attachment mechanism, which indicates that nodes with higher degrees are more likely

to receive new links. Note that networks generated by preferential attachment have a

power-law (heavy-tailed) degree distribution, which resemble many of the real-world

networks. Notable network models in the statistics literature include the exponen-

tial random graph model (ERGM) [43] [77] and latent space models [41, 40, 55].

The ERGM incorporates network statistics such as triangles, k-stars, and degrees in

an exponential family, while latent space models use an unobserved “social space”

to model homophily, transitivity and other significant features of social networks.

Another large family of statistical network models consists of the stochastic block

model [42] and its variants, which are designed to model networks with community
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structures. We will discuss them in detail in later chapters.

The current thesis focuses on two practical problems in network analysis–community

detection and link prediction. We briefly review these two topics next.

1.1 Network community analysis

One of the fundamental problems in network analysis is community detection,

where communities are groups of nodes that are, in some sense, more similar to

each other than to other nodes. The precise definition of community, like that of a

cluster in multivariate analysis, is difficult to formalize, but many methods have been

developed to address this problem (see [35, 58, 29] for comprehensive recent reviews),

often relying on the intuitive notion of community as a group of nodes with many

links between themselves and fewer links to the rest of the network.

Three groups of methods for community detection can be loosely identified in

the literature. The first class contains various algorithm based approaches, includ-

ing hierarchical clustering (see [56] for a review), edge-removal method (see [60] for

example), and many others. The key step of hierarchical clustering is to define the

distance of any two nodes and assemble nodes with short distance into one commu-

nity. Newman and Girvan [60] propose a divisive approach called “edge-removal” to

find communities. They defined and calculated the betweenness for every edge and

remove the edge with maximal betweenness score iteratively.

The second class of methods involves optimization of some “reasonable” global

criteria over all possible network partitions. The simplest criterion is the min cut,

which minimizes the edges between communities. But without other constraints,

the min cut always gives a trivial solution, i.e., all the nodes are classified into one

community. Different approaches are proposed to avoid the trivial solution. The

ratio cut [79] uses sizes of communities as an adjustment. The normalized cut [69]

normalizes the number of edges between communities by the total degree within each
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community. Modularity [60, 58] minimizes the number of edges between communities

minus its expected value in a randomized network without community structure. The

details of these criteria will be provided in Chapter II and III.

Finally, model-based methods rely on fitting a probabilistic model for a network

with communities. Perhaps the best known such model is the stochastic block model

[42, 71, 63], under which the probability of an edge depends on community labels of

its endpoints. The degree-corrected block model [48] generalizes the standard block

model by associating each node with a degree parameter to allow for more degree

variations within communities. Multivariate latent space models [36] assumes that

the positions of nodes on latent space follow a mixture of multivariate Gaussian

distributions, where each component corresponds to a community. Other models

include mixture models for directed networks [61], latent feature models [40], and

mixed membership stochastic block models for modeling overlapping communities

[5]. From the algorithmic point of view, many model-based methods also lead to

criteria to be optimized over all partitions, such as the profile likelihood under the

assumed model.

In this dissertation, we consider two problems in community analysis. First, the

large number of available methods leads to a fundamental statistical question – evalu-

ating their consistency, i.e., whether a community detection method is able to recover

the true labels asymptotically as the number of nodes goes to infinity. In Chap-

ter II, we establish the theoretical framework to answer the consistency question for

the degree-corrected block model, which can allow for variable degrees within the

same community. Using the new consistency framework, we study consistency results

for several commonly used and new criteria, answering the question of what model

assumptions and parameter constraints guarantee consistency for these criteria.

Second, most existing community detection criteria are based on graph partition,

i.e., these methods partition the whole network into tight communities. However,
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many networks contains diffuse background, consisting of nodes without strong con-

nections to any communities. To allow networks with background, we propose a new

community extraction method in Chapter III, which can extract tight communities

sequentially until no more meaningful communities exists, and identify the rest nodes

as background. We also study the stopping rule of extraction and establish asymptotic

consistency for the case of the block model.

1.2 Link prediction for biological and social networks

Link prediction is another important problem in network science, which seeks to

predict whether there is a link between two nodes, based on observed links, as well

as the covariates of nodes if applicable (see [53][52][32] for recent reviews). Link

prediction has wide applications, for example, recommendation of new friends or

connections for members of online social networks. In biological networks, such as

protein-protein interaction [26] and gene regulatory networks [68], it is often time

consuming and expensive to test existence of links by comprehensive experiments. To

reduce the cost, prediction of link existence in these biological networks can provide

specific targets for future experiments.

There are three mainly three types of link prediction methods in the literature.

The first class of methods consists of unsupervised approaches based on various types

of node similarities. In this type of methods, each pair of nodes i and j are as-

signed a similarity score s(x, y), and pairs with higher similarity scores are assumed

to have higher possibilities of link existence. Similarities can be based either on node

attributes or solely on network structures, referred as structural similarities. The sim-

plest structural similarity is counting the number of common neighbours of two nodes.

Jaccard index [52] uses the ratio of common neighbours to the union of neighbours.

Adamic/Adar index [2] counts common neighbours with weights inversely propor-

tional to the log of neighbour degrees. Other choices include global indices based on
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the ensemble of all paths, such as the Katz index [50], and the Leicht-Holme-Newman

Index [51]. One may refer to [52][53] for comprehensive reviews of these similarities.

The second class consists of supervised learning methods using both network struc-

tures and node attributes. These methods treat link prediction as a binary classifica-

tion problem, where the responses are {1, 0} indicating whether there exists a link for

a pair, and the predictors are covariates for each pair, which are constructed by node

attributes. A number of popular supervised learning methods have been applied to

the link prediction problem. For example, [8] and [14] use the support vector ma-

chine with pairwise kernels, and [37] compares the performances of several supervised

learning methods.

The third class of methods relies on probabilistic models for incomplete networks.

In principle, any network model that allows missing links can be utilized for link

prediction. Typical models used for link prediction include the hierarchical structure

model [20], parametric and nonparametric latent space models [41][40][55], and the

stochastic relational model [80]. The hierarchical structure model uses a dendrogram

to represent the hierarchical structure of a network with leafs corresponding to nodes,

and the connecting probability is controlled by their lowest common ancestor. In

the stochastic relation model, the probability of a link is determined by a tensor

interaction of two independent node-specific Gaussian processes.

Note that existing supervised link prediction methods require both positive and

negative examples for training the classifiers. However, many real-world networks do

not contain certain true positives and/or true negatives (see [74][9]). Instead, it is

more realistic to assume that the observed network is generated from a true underlying

network with possible mis-observation for each pair at a certain rate, and the goal of

link prediction is to recover the underlying network. Instead of directly estimating the

likelihood of link existence for each pair, we propose a method in Chapter IV which

provides two ranked lists of observed positives and negatives, ordered by probabilities
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of link existence. These relative rankings are sufficient for many real applications in

biological and social networks.

1.3 Organization of the chapters

The dissertation is organized as follows. Chapter II and II investigate problems

in community analysis. Specifically, in Chapter II, we establish general theory for

checking the consistency of community detection under the degree-corrected block

model, and study the consistency of several community detection criteria under both

the standard and the degree-corrected block models. In Chapter III, we propose a

new community extraction method that allows both tight communities and sparse

background containing nodes weakly connected to any community. Chapter IV stud-

ies the link prediction problem. Based on pair similarities, we propose a new link

prediction method for both directed and undirected networks, which provides ranked

lists of pairs ordered by probability of link existence.
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CHAPTER II

Consistency of community detection in networks

under degree-corrected block models

2.1 Introduction

A fundamental problem in the study of networks is community detection. We

focus here on undirected networks N = (V,E), where V is the set of nodes and E is

the set of edges. The community detection problem is typically formulated as finding

a partition V = V1∪· · ·∪VK which gives “good” communities in some suitable sense.

The node sets V1, . . . , VK are usually taken to be disjoint, although there is some

recent work on detecting overlapping communities [64, 1, 78].

A number of community detection methods has been proposed in physics, com-

puter science and statistics literature. The large number of available community

detection methods leads to the question of how to compare them in a principled man-

ner, other than on individual examples. There has been little theoretical analysis of

community detection methods until very recently, when a consistency framework for

community detection was introduced by Bickel and Chen [11]. They developed gen-

eral theory for checking the consistency of detection criteria under the block model

(discussed in detail below) as the number of nodes grows and the number of com-

munities remains fixed, and their result has been generalized to allow the number
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of communities to grow in [17]; see also [67]. The block model, however, has serious

limitations in practice: it treats all nodes within a community as stochastically equiv-

alent, and thus does not allow for the existence of “hubs”, high-degree nodes at the

center of many communities observed in real data. To address this issue, Karrer and

Newman [48] proposed the degree-corrected block model, which can accommodate

hubs (a similar model for directed network was previously proposed in [75], but they

did not focus on community detection and assumed known community membership).

In [48], the authors gave several examples showing this model fits data with hubs

much better than the block model; however, there are no consistency results available

under this new model, and thus no way to compare methods in general.

In this chapter, we generalize the consistency framework of [11] to the degree-

corrected block model, and obtain a general theorem for community detection con-

sistency. Since the degree-corrected block model includes the regular block model as

a special case, consistency results under the block model follow automatically. We

then evaluate two types of modularity and the two criteria derived from the block

model and the degree-corrected block model using this general framework. One of

our goals is to emphasize the difference between assumed models (needed for the-

oretical analysis) and criteria for finding the optimal partition, which may or may

not be motivated by a particular model. What we ultimately show agrees with sta-

tistical common sense: criteria derived from a particular model are consistent when

this model is assumed, but not necessarily consistent if the model does not hold.

Further, if a criterion relies implicitly on an assumption about the model parameters

(e.g., modularity implicitly assumes that links within communities are stronger than

between), then it will be consistent only if the model parameters are constrained to

satisfy this assumption. We make all of the above statements precise later in the

chapter.

The rest of the chapter is organized as follows. We set up all notation and define
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the relevant models and criteria in Section 2.2. Consistency results under the block

model and the degree-corrected block model for all of the criteria in Section 2.2 are

stated in Section 2.3. The general consistency theorem which implies all of these

results is presented in Section 2.4. In Section 2.5, we compare the performance of

these criteria on simulated networks, and in Section 2.6, we illustrate the methods on

a network of political blogs. Section 2.7 concludes with summary and discussion. All

proofs are given in Appendix A.

2.2 Network models and community detection criteria

Before we proceed to discuss specific criteria and models, we introduce some basic

notation. A network N = (V,E), where V is the set of nodes (vertices), |V | = n, and

E is the set of edges, can be represented by its n × n adjacency matrix A = [Aij ],

where Aij = 1 if there is an edge from i to j, and Aij = 0 otherwise. We only consider

unweighted and undirected networks here, and thus A is a binary symmetric matrix.

The community detection problem can be formulated as finding a disjoint partition

V = V1∪ · · · ∪VK , or equivalently a set of node labels e = {e1, ..., en}, where ei is the

label of node i and takes values in {1, 2, ..., K}.

For any set of label assignments e, let O(e) be the K ×K matrix defined by

Okl(e) =
∑

ij

AijI{ei = k, ej = l} ,

where I is the indicator function. Further, let

Ok(e) =
∑

l

Okl(e) , L =
∑

ij

Aij .

Note that Okk is equal to twice the total number of edges within community k, Okl

is the total number of edges between communities k and l, Ok is the sum of node
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degrees in community k, and L is twice the number of edges in the network. Finally,

let nk(e) =
∑

i I{ei = k} be the number of nodes in the k-th community, and

f(e) =
(

n1

n
, n2

n
, ..., nK

n

)T
.

The stochastic block model, which is perhaps the most commonly used model for

networks with communities, postulates that, given node labels c = {c1, . . . , cn}, the

edge variables Aij ’s are independent Bernoulli random variables with

E[Aij ] = Pcicj , (2.1)

where P = [Pab] is a K ×K symmetric matrix. Thus all nodes with the same label

are stochastically equivalent to each other, which in practice limits the applications

of the block model, as pointed out in [48]. The alternative proposed in [48], the

degree-corrected block model, is to replace (2.1) with

E[Aij ] = θiθjPcicj , (2.2)

where θi is a “degree parameter” associated with node i, reflecting its individual

propensity to form ties. The degree parameters have to satisfy a constraint to be

identifiable, which in [48] was set to
∑

i θiI(ci = k) = 1, for each k (other constraints

are possible). Further, they replaced the Bernoulli likelihood by the Poisson, to

simplify technical derivations. With these assumptions, a profile likelihood can be

derived by maximizing over θ and P , giving the following criterion to be optimized

over all possible partitions:

QDCBM(e) =
∑

kl

Okl log
Okl

OkOl

. (2.3)

We have compared the performance of this criterion in practice to its slightly more

complicated version based on the (correct) Bernoulli likelihood instead of the Poisson,
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and found no difference in the solutions these two methods produce. The Bernoulli

distribution with a small mean is well approximated by the Poisson distribution, and

most real networks are sparse, so one can expect the approximation to work well; see

also a more detailed discussion of this in [65]. We will use (2.3) in all further analysis,

to be consistent with [48] and take advantage of the simpler form.

The degree-corrected block model includes the regular block model as a special

case, with all θi’s equal. Enforcing this additional constraint on the profile likelihood

leads to the following criterion to be optimized over all partitions:

QBM(e) =
∑

kl

Okl log
Okl

nknl

. (2.4)

Like criterion (2.3), this is based on the Poisson assumption but gives identical results

to the Bernoulli version in practice. Here we use the form (2.4) for consistency with

(2.3) and with [48].

A different type of criterion used for community detection is modularity, intro-

duced in [60]; see also [58] and [57]. The basic idea of modularity is to compare the

number of observed edges within a community to the number of expected edges un-

der a null model, and maximize this difference over all possible community partitions.

Thus the general form of a modularity criterion is

Q(e) =
∑

ij

[Aij − Pij]I(ei = ej), (2.5)

where Pij is the (estimated) probability of an edge falling between i and j under the

null model. The convention in the physics literature is to divide Q by L, which we

omit here, since it does not change the solution.

The choice of the null model, that is, of a model with no communities (K = 1)

determines the exact form of modularity. The stochastic block model with K = 1 is

simply the Erdos-Renyi random graph, where Pij is a constant which can be estimated

12



by L/n2. Plugging Pij = L/n2 into (2.5) gives what we will call the Erdos-Renyi

modularity (ERM),

QERM(e) =
∑

k

(

Okk −
n2
k

n2
L

)

. (2.6)

If instead we take the degree-corrected block model with K = 1 as the null model,

it postulates that Pij ∝ θiθj , where θi is the degree parameter. This is essentially the

well-known expected degree random graph, also known as the configuration model.

In this case, Pij can be estimated by didj/L, where di =
∑

j Aij is the degree of node

i. Substituting this into (2.5) gives the popular Newman-Girvan modularity (NGM),

introduced in [60]:

QNGM(e) =
∑

k

(Okk −
O2

k

L2
L). (2.7)

Likelihood-based criteria (2.3) and (2.4) also have an information-theoretic interpre-

tation based on null-models [48]: They are Kullback-Leibler divergences between the

observed link frequencies and the link probabilities of the corresponding null models.

The four different criteria for community detection are summarized in Table 2.1.

Note that the two likelihood-based criteria, BM and DCBM, take into account all links

within and between communities, and which communities they connect; whereas the

modularities would not change if all the links connecting different communities were

randomly permuted (as long as they did not become links within communities). Fur-

ther, note that the degree correction amounts to substituting Ok for nk and L for n,

both for modularity and likelihood-based criteria. Thus, if all nodes within a com-

munity are treated as equivalent, their number suffices to weigh community strength

appropriately; and if the nodes are allowed to have different expected degrees, then

the number of edges becomes the correct weight. Both of these features make sense

intuitively, and, as we will see later, will fit in naturally with consistency conditions.
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Table 2.1: Summary of community detection criteria
Block model Degree corrected block model

Modularity
∑

k(Okk − n2

k

n2L) (ERM)
∑

k(Okk − O2

k

L2L) (NGM)
Likelihood

∑

kl Okl log
Okl

nknl
(BM)

∑

kl Okl log
Okl

OkOl
(DCBM)

Our analysis indicates that Newman-Girvan modularity and degree-corrected block

model criteria are consistent under the more general degree-corrected models but

Erdos-Renyi modularity and block model criteria are not, even though they are con-

sistent under the regular block model. Further, we show that likelihood-based meth-

ods are consistent under their assumed model with no restrictions on parameters,

whereas modularities are only consistent if the model parameters are constrained to

satisfy a “stronger links within than between” condition, which is the basis of modu-

larity derivations. In short, we show that a criterion is consistent when the underlying

model and assumptions are correct, and not necessarily otherwise.

2.3 Consistency of community detection criteria

Here we present all the consistency results for the four different criteria defined in

Section 2.2. All these results follow from the general consistency theorem in Section

2.4; the proofs are given in Appendix A. The notion of consistency of community

detection as the number of nodes grows was introduced in [11]. They defined a

community detection criterion Q to be consistent if the node labels obtained by

maximizing the criterion, ĉ = argmax
e
Q(e), satisfy

P [ĉ = c]→ 1 as n→∞ . (2.8)

Strictly speaking, this definition suffers from an identifiability problem, since most

reasonable criteria, including all the ones discussed above, are invariant under a per-

mutation of community labels {1, . . . , K}. Thus a better way to define consistency is

14



to replace the equality ĉ = c with the requirement that ĉ and c belong to the same

equivalence class of label permutations. For simplicity of notation, we still write ĉ = c

in all consistency results in the rest of the chapter, but take them to mean that ĉ and

c are equal up to a permutation of labels.

The notion of consistency in (2.8) is very strong, since it requires asymptotically

no errors. One can also define what we’ll call weak consistency,

∀ǫ > 0, P

[(

1

n

n
∑

i=1

1(ĉi 6= ci)

)

< ǫ

]

→ 1, as n→∞. (2.9)

where equality is also interpreted to mean membership in the same equivalence class

with respect to label permutations. In [12], conditions were established for a criterion

to be weakly consistent under the stochastic block model. All other assumptions

being equal, weak consistency only requires that the expected degree of the graph

λn → ∞, whereas strong consistency requires λn/ logn → ∞. Here, we will analyze

both strong and weak consistency under the degree-corrected block model.

For the asymptotic analysis, we use a slightly different formulation of the degree-

corrected block model than that given by [48]. The main difference is that we treat

true community labels c = (c1, . . . , cn) and degree parameters θ = (θ1, . . . , θn) as

latent random variables rather than fixed parameters. Note, however, that the criteria

we analyze were obtained as profile likelihoods with parameters treated as constants.

This is one of the standard approaches to random effects models, known as conditional

likelihood (see p.234 of [54]). The network model we use for consistency analysis can

be described as follows:

1. Each node is independently assigned a pair of latent variables (ci, θi), where ci is

the community label taking values in 1, . . . , K, and θi is a discrete “degree vari-

able” taking values in x1 ≤ · · · ≤ xM . We do not assume that ci is independent

of θi.
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2. The marginal distribution of c is multinomial with parameter π = (π1, . . . , πK)
T ,

and θ satisfies E[θi] = 1 for identifiability.

3. Given c and θ, the edges Aij are independent Bernoulli random variables with

E[Aij |c, θ] = θiθjPcicj .

where P = [Pab] is a K ×K symmetric matrix.

For simplicity, we allow self-loops in the network, i.e., E[Aii|c, θ] = θ2i Pcici. Other-

wise diagonal terms of A have to be treated separately, which ultimately makes no

difference for the analysis but makes notation more awkward.

To ensure that all probabilities are always less than 1, we require the model to

satisfy the constraint x2
M maxa,b Pab ≤ 1. We also need to consider how the model

changes with n. If Pab remains fixed as n grows, the expected degree λn will be

proportional to n, which makes the network unrealistically dense. Instead, we allow

the matrix P to scale with n and, in a slight abuse of notation, reparameterize it as

Pn = ρnP , where ρn = P (Aij = 1)→ 0 and P is fixed. We then specify the rate of c

the expected degree λn = nρn, which has to satisfy λn

logn
→∞ for strong consistency

and λn →∞ for weak consistency.

Let Π be the K × M matrix representing the joint distribution of (ci, θi) with

P(ci = a, θi = xu) = Πau. Further, define π̃a =
∑

u xuΠau. Note that
∑

a π̃a = 1 since

E(θi) = 1. Moreover, we have π̃a = πa if c and θ are independent, or if θi ≡ 1 (block

models). Thus we can view π̃ as an adjusted version of π.

Next, we state our consistency results for the two types of modularities under

both the degree-corrected and the standard block model.

Theorem II.1. Under the degree-corrected block model, if the parameters satisfy

Ẽaa > 0 , Ẽab < 0 for all a 6= b,
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where P̃0 =
∑

ab π̃aπ̃bPab, W̃ab =
π̃aπ̃bPab

P̃0

, Ẽ = W̃ − (W̃1)(W̃1)T , the Newman-Girvan

modularity is strongly consistent when λn/ logn → ∞, and weakly consistent when

λn →∞.

The parameter constraints in Theorem II.1 require, essentially, that the links

within communities are more likely than the links between. This is particularly easy

to see when K = 2, in which case the constraint simplifies to

P11P22 > P 2
12.

Taking θi ≡ 1, we immediately obtain

Corollary II.1. (established in [11]): Under the standard stochastic block model with

parameters satisfying Theorem II.1 constraints with π̃ replaced by π, Newman-Girvan

modularity is strongly consistent when λn/ logn → ∞, and weakly consistent when

λn →∞.

For Erdos-Renyi modularity, which has not been studied theoretically before, we

can also show consistency under the standard block model, albeit with a slightly

stronger condition on links within communities being more likely than the links be-

tween:

Theorem II.2. Under the standard stochastic block model, if the parameters satisfy

Paa > P0 , Pab < P0 for all a 6= b ,

where P0 =
∑

ab πaπbPab, the Erdos-Renyi modularity criterion (2.6) is strongly con-

sistent when λn/ logn→∞, and weakly consistent when λn →∞.

However, the Erdos-Renyi modularity is not consistent under the degree-corrected

model, at least not under the same parameter constraint. The Erdos-Renyi modular-

ity prefers to group nodes with similar degrees together, which may not agree with
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true communities when the variance in node degrees is large. Here is a counter-

example demonstrating this. Let K = 2,π = (1/2, 1/2)T , ρn = 1 (so that the graph

becomes dense as n→∞), and

P =







0.1 0.05

0.05 0.1






.

Further, θ is independent of c and takes only two values, 1.6 and 0.4, with probability

1/2 each. If we assign all nodes their true labels, the population version of the criterion

(where all random quantities are replaced by their expectations under the true model)

gives QERM = 0.0125. However, by grouping nodes with the same value of θis together,

we get the population version of QERM = 0.0135, higher than the value for the true

partition, and this solution will therefore be preferred in the limit.

Once again, the result makes sense intuitively, since the Erdos-Renyi modularity

uses the regular block model as its null hypothesis, and the parameter constraint

matches the “fewer links between than within” notion. From the algorithmic point

of view, the main difference between Erdos-Renyi modularity and Newman-Girvan

modularity is that the latter depends on the edge matrix O only and “weighs” com-

munities by the number of edges, whereas the former weighs communities by the

number of nodes nk (which, under the block model, is proportional to the number of

edges, but under the degree-corrected model is not).

Next we state the consistency results for the two criteria derived from profile

likelihoods, DCBM (2.3) and BM (2.4). These require no parameter constraints.

Theorem II.3. Under the degree-corrected block model (and therefore under the reg-

ular block model as well), the degree-corrected block model criterion (2.3) is strongly

consistent when λn/ logn→∞, and weakly consistent when λn →∞.

Theorem II.4. Under the stochastic block model, the block model criterion (2.4) is
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strongly consistent when λn/ logn→∞, and weakly consistent when λn →∞.

Theorem II.4 was proved in [11] for a slightly different form of the profile likeli-

hood (Bernoulli rather than the Poisson). Under the degree-corrected block model,

criterion (2.4) is not necessarily consistent – the same counter-example can be used to

demonstrate this. As was the case with modularities, the criterion consistent under

the degree-corrected block model depends on O only, whereas the criterion consistent

only under the regular block model also depends on nk.

The theoretical results suggest that the likelihood-based criteria are always prefer-

able over the modularity-based criteria, and that criteria based on the degree-corrected

model are always preferred to the criteria based on the regular block model, since they

are consistent under weaker conditions. In practice, however, this may not always

hold. Computationally, modularity type criteria can be approximately optimized by

solving an eigenvalue problem [57], whereas likelihood type criteria have no such ap-

proximations and thus have to be optimized by slower heuristic search algorithms, as

was done in [11] and [48]. Moreover, fitting the degree-corrected block model requires

estimating many more parameters than fitting a block model, and creates the usual

trade-off between model complexity and goodness of fit. If the node degrees within

communities do not vary widely, fitting a block model may provide a better solution;

see more on this in Section 2.5.

2.4 A general theorem on consistency under degree-corrected

block models

Here we prove a general theorem for checking consistency under degree-corrected

block models for any criterion defined by a reasonably nice function. All consistency

results for specific methods discussed in Section 2.3 are corollaries of this theorem.

Recall that O(e) is theK×K matrix defined by Okl(e) =
∑

ij AijI{ei = k, ej = l},
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where I is the indicator function. Ok(e) =
∑

l Okl(e), L =
∑

ij Aij. And nk(e) =
∑

i I{ei = k}, f(e) =
(

n1

n
, n2

n
, ..., nK

n

)T
. A large class of community detection criteria

can be written as

Q(e) = F

(

O(e)

µn

, f(e)

)

, (2.10)

where µn = n2ρn. For instance, many graph cut methods (mincut, ratio cut [79],

normalized cut [69]) have this form and use functions that are designed to minimize

the number of edges between communities. All criteria discussed in Section 2.3 can

also be written in this form. Our goal here is to establish conditions for consistency

of a criterion of this form under degree-corrected block models.

A natural condition for consistency is that the “population version” of Q(e) should

be maximized by the correct community assignment, as in M-estimation. To define

the population version of Q, we first define functions H(S) and h(S) corresponding to

population versions ofO(e) and f(e), respectively (the precise meaning of “population

version” is clarified in Proposition II.1 below). For any generic array S = [Skau] ∈

RK×K×M , define a K ×K matrix H(S) = [Hkl(S)] by

Hkl(S) =
∑

abuv

xuxvPabSkauSlbv ,

and a K-dimensional vector h(S) = [hk(S)] by

hk(S) =
∑

au

Skau.

Also define R(e) ∈ RK×K×M by

Rkau(e) =
1

n

n
∑

i=1

I(ei = k, ci = a, θi = xu) .
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Then we have

Proposition II.1.

1

µn

E[Okl|c, θ] = Hkl(R(e)) , (2.11)

fk(e) = hk(R(e)) . (2.12)

Proposition II.1 explains the precise meaning of “population version”: we take

the conditional expectations given c and θ, and write them as functions of a generic

variable S instead of R(e). The population version of Q is defined as F (H(S), h(S)).

Now we can specify the key sufficient condition as follows:

(∗) F (H(S), h(S)) is uniquely maximized over S = {S : S ≥ 0,
∑

k Skau = Πau} by

S = D, with Dkau = ΠauEka, for any a and u, where E is any row permutation

of a K ×K identity matrix.

The matrix E deals with the permutation equivalence class. Since R(c) → D as

n→∞, S = D implies each class k exactly matches a community in the population.

For simplicity, in what follows we assume that E is in fact the identity matrix itself.

We will elaborate on this condition below. In addition, we need some regularity

conditions, analogous to those in [11]:

(a) F is Lipschitz in its arguments;

(b) Let W = H(D). The directional derivatives ∂2F
∂ǫ2

(M0 + ǫ(M1 −M0), t0 + ǫ(t1 −

t0))|ǫ=0+ are continuous in (M1, t1) for all (M0, t0) in a neighborhood of (W,π);

(c) Let G(S) = F (H(S), h(S)). Then on S , ∂G((1−ǫ)D+ǫS)
∂ǫ

|ǫ=0+ < −C < 0 for all

π, P .

Now we are ready to state the main theorem.
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Theorem II.5. For any Q(e) of the form (2.10), if π, P, F satisfy (∗), (a)–(c), then

Q is strongly consistent under degree-corrected block models if λn

logn
→ ∞ and weakly

consistent if λn →∞.

The proof is given in Appendix A. This theorem is a generalization of Theorem 1

in [11] from the standard stochastic block models to degree-corrected block models,

and it implies all of the consistency results in Section 2.3.

Finally, we return to the key condition (∗). If Q(e) is maximized by the true

community labels c, then as n → ∞, F (H(S), h(S)), the population version of

Q(e), should also be maximized by the true partition S = D, since R(c) → D and

Q(c) → F (H(D), h(D)), making (∗) a natural condition. Further, since for any e,
∑

k Rkau(e) → Πau, the limit S of R(e) must satisfy
∑

k Skau = Πau. Therefore, we

only need to consider maximizers of F (H(S), h(S)) satisfying this constraint.

2.5 Numerical evaluation

In this section, we compare the performance of the four community detection

criteria from Section 2.2 on simulated data, generated from the block model or the

degree-corrected block model. The criteria are maximized over partitions using a

greedy label-switching algorithm called tabu search [7, 34]. The key idea of tabu

search is that once a node label has been switched, it will be “tabu” and not available

for switching for a certain number of iterations, to prevent being trapped in a local

maximum. Even though tabu search cannot guarantee convergence to the global

maximum, it performs well in practice. Moreover, we run the search for a number of

initial values and different orderings of nodes, to help avoid local maxima.

To compare the solution to the true labels, we use the adjusted Rand index [44], a

measure of similarity between partitions commonly used in clustering. We have also

computed the normalized mutual information, a measure more commonly used by
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physicists in the networks literature, which gives very similar results (not reported to

save space). The adjusted Rand index is scaled so that 1 corresponds to the perfect

match and 0 to the expected difference between two random partitions, with higher

values indicating better agreement. The figures in this section all present the median

adjusted Rand index over 50 replications.

In all examples below, we generate networks with n = 1000 nodes and K = 2

communities. The node labels are generated independently with P (ci = 1) = π,

P (ci = 2) = 1 − π. By varying π, we can investigate robustness of the methods to

unbalanced community sizes. The probability matrix for the block model and the

degree-corrected block model is set to

P = ρ







4 1

1 4






.

where we vary ρ to obtain different expected degrees λ.

2.5.1 The degree-corrected block model

For this simulation, we generate data from the degree-corrected block model with

two possible values for the degree parameter θ. The degree parameters are generated

independently from the labels, with

P (θi = mx) = P (θi = x) = 1/2 ,

which implies x = 2
m+1

, since we need to have E(θi) = 1. We vary the ratio m

from 1 (the regular block model) to 10, which allows us to study the effect of model

misspecification on the regular block model. In this simulation, the community sizes

are balanced (π = 0.5).

Figure 2.1 shows the results for three different expected degrees λ. For the dens-
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Figure 2.1: Results for the degree-corrected block model with two values for the de-
gree parameters, π = 0.5, m varies.

est network with λ = 125 in Figure 2.1(a), the degree-corrected block model and

Newman-Girvan modularity perform the best overall, as they assume the correct

model and the methods are consistent. At m = 1, the regular block model is just

as good, but its performance deteriorates rapidly as m increases. The Erdos-Renyi

modularity also performs perfectly for m = 1, and it takes larger values of m for

its performance to deteriorate than for block model likelihood, so we can conclude

that the Erdos-Renyi modularity is more robust to variation in degrees. For both

of them, poor results are due to grouping nodes with similar degrees together. The

overall trend for sparser networks (Figure 2.1 (b) and (c)) is similar, but all meth-

ods perform worse, as with fewer links there is effectively less data to use for fitting

the model, and the effect is more pronounced for large m, when degrees have higher

variance.

2.5.2 The regular stochastic block model

Here we focus on the standard stochastic block model (m = 1) and vary π to

assess robustness to unbalanced community sizes. All the four criteria are consistent

in this case, but in practice the closer π is to 0.5, the better they perform (Figure

2.2), with the exception of the block model likelihood in the dense case (λ = 125),
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Figure 2.2: Results for the standard stochastic block model, m = 1, π varies.

where it performs perfectly for all π. Overall, the block model likelihood performs

best, which is natural because it is the maximum likelihood estimator of the correct

model. The Erdos-Renyi modularity also performs better than the other two criteria,

which overfit the data by assuming the degree-corrected block model and accounting

for variation in observed degrees, which in this case only adds noise.

2.5.3 A different degree distribution

In the last simulation, we test the sensitivity of the degree-corrected block model

to the assumption of a discrete degree distribution. Here we sample the degree pa-

rameters θi independently from the following distribution:

θi =























ηi w.p. α,

2/(m+ 1) w.p. (1− α)/2,

2m/(m+ 1) w.p. (1− α)/2 ,

where ηi is uniformly distributed on the interval [0, 2]. The variance of θi is given by

α/3 + (1− α)(m− 1)2/(m+ 1)2. In this simulation, we fix m = 10, which makes the

degree parameter variance a decreasing function of α. We also fix π = 0.5.

The results in Figure 2.3 show that the degree-corrected block model likelihood
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Figure 2.3: Results for θ following a mixture distribution.

and Newman-Girvan modularity still perform well, which suggests that the discrete-

ness of θ is not a crucial assumption. The regular block model fails in this case, but

the performance of the Erdos-Renyi modularity improves as α increases, which agrees

with our earlier observation on its relative robustness to variation in degrees.

2.6 Example: the political blogs network

In this section, we analyze a real network of political blogs compiled by [3]. The

nodes of this network are blogs about US politics and the edges are hyperlinks be-

tween these blogs. The data were collected right after the 2004 presidential election

and demonstrate strong divisions; each blog was manually labeled as liberal or con-

servative by [3], which we take as ground truth. Following the analysis in [48], we

ignore directions of the hyperlinks and focus on the largest connected component of

this network, which contains 1222 nodes, 16714 edges, and has the average degree of

approximately 27.

We compare the partitions into two communities found by the four different com-

munity detection criteria with the true labels using the adjusted Rand index. The

Newman-Girvan modularity and the degree corrected block model likelihood find very

similar partitions (they differ over only four nodes, and have the same Rand index
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Figure 2.4: Histogram of node degrees in the political blogs data

value of 0.819, the highest of all methods). The partition found by the Erdos-Renyi

modularity has a slightly worse agreement with the truth (adjusted Rand index of

0.793). The block model likelihood divides the nodes into two groups of low degree

and high degree, with the adjusted Rand index of nearly 0, which is equivalent to

random guessing. The results are shown in Figure 2.5 (drawn using the igraph pack-

age in R [22] with the Fruchterman and Reingold layout [31]). These are consistent

with what we observed in simulation studies: the Newman-Girvan modularity and

the degree-corrected block model likelihood perform better in a network with high

degree variation, and the Erdos-Renyi modularity is more robust to degree variation

than the block model likelihood.

All criteria were maximized by tabu search, but for the modularity criteria we also

computed the solutions based on the eigendecomposition of the modularity matrix.

Both solutions were worse that those found by tabu search, but while for Newman-

Girvan modularity the difference was slight (the adjusted Rand index of 0.781 instead

of 0.819), eigendecomposition of the Erdos-Renyi modularity yielded a poor result

27



similar to that of block model likelihood (with adjusted Rand index value of 0.092

instead of 0.819 by tabu search). This suggests that Erdos-Renyi modularity is nu-

merically less stable under high degree variation, in addition to being theoretically

not consistent. More analysis of the eigendecomposition-based solutions is needed for

both types of modularities to understand conditions under which these approxima-

tions work well.

2.7 Summary and discussion

In this chapter, we developed a general tool for checking consistency of commu-

nity detection criteria under the degree-corrected block model, a more general and

practical model than the standard stochastic block model for which such theory was

previously available [11]. This general tool allowed us to obtain consistency results

for four different community detection criteria, and, to the best of our knowledge

for the first time in the networks literature, to clearly separate the effects of the

model assumed for criteria derivation from the model assumed true for analysis of

the criteria. What we have shown is, essentially, statistical common sense: methods

are consistent when the model they assume holds for the data. The parameter con-

straints are needed when methods implicitly rely on them, although we found that

the two different modularity methods, while using the same constraint in spirit, re-

quire somewhat different conditions on parameters to be consistent. The theoretical

analysis agrees well with both simulation studies and the data analysis, which also in-

dicate that the methods with better theoretical consistency properties do not always

perform best in practice: there is a cost associated with fitting the extra complexity

of the degree-corrected block model, and if there is not enough data for that, or the

data does not have much variation in node degrees, simpler methods based on the

standard stochastic block model will in fact do better.

There are many questions that require further investigation here, even in the
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(a) BM (b) DCBM

(c) ERM (d) NGM

(e) True labels

Figure 2.5: Political blogs data. The size of a vertex is proportional to the logarithm
of its degree and vertex color represents community label.

context of model-based community detection when a model is assumed true. For

example, we assumed that K is known, which is not unreasonable in some cases (e.g.,

dividing political blogs into liberal and conservative), but is in general a difficult open

problem in community detection. Standard methods such as AIC and BIC do not
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seem to lend themselves easily to this case, because of parameters disappearing in

non-standard ways when going from K + 1 to K blocks. A permutation test was

proposed in [82], but clearly more work is needed. There is also the question of what

happens if K is allowed to grow with n, which is probably more realistic than fixed

K; for the stochastic block model, this case has been considered by [17] and [67],

but their analysis is specific to the particular methods they considered and does not

extend easily to the degree-corrected models. Convergence rates of community de-

tection under standard or degree-corrected block models are another area that, to

the best of our knowledge, has not been sufficiently studied in literature. The study

of convergence rates may provide finer results. For example, in the first simulation,

degree-corrected likelihood and Newman-Girvan modularity perform worse when the

variance of the degree parameter increases on sparse networks. The interpretation

goes beyond the consistency results in this chapter, since these two criteria are con-

sistent under the degree-corrected block model. A further study of convergence rates

may shed light on this. Another open question is the properties of approximate but

more easily computable solutions based on the eigendecomposition, as opposed to

the properties of global maximizers we studied here. For the stochastic block model,

part of this analysis was performed in [67]. Our practical experience suggests that

the behavior of eigenvectors can be quite complicated, and it is not understood at

this point when this approximation works well. Finally, the sparse case λn = O(1) is

an open problem in general, although results for some special cases of the stochastic

block model have been recently obtained [21, 23].
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CHAPTER III

Community extraction for social networks

3.1 Introduction

Most of existing community detection methods require every node to belong to

at least one tight community. There are many examples of networks where such a

requirement makes sense, for example, the college football games network [33], and

yet some commonly studied networks clearly do not fit this framework. One such

example is when there are nodes without strong connections to any communities,

such as in the high school friendship network of [45] discussed later in the chapter.

In such cases, the partitioning methods typically split up weakly connected nodes

and group them together with tighter communities. There is not much work in the

networks literature focusing on such a structure, even though in traditional multivari-

ate clustering there are methods that allow for a diffuse “background” cluster (e.g.,

DBSCAN [25], DenClue [39]).

In this chapter, we propose a framework for community extraction that looks for

one community at a time. Intuitively, our extraction criterion, like other partition

methods, looks for a “tight” group with more links within itself than to the rest of

the network; but, unlike partition methods, it allows for the rest of the network to

include an arbitrary mixture of tight and weak communities or sparsely connected

“background” nodes. Mathematically, our criterion matches the definition of commu-
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nity in a large class of probability models on networks, outlined below, which can be

thought of as a generalization of the block model with some parameter constraints.

Our goal is to extract the tightest community, which we do by focusing on the edges

within the candidate community and edges connecting it to the rest of the network,

and ignoring edges within the rest of the network. The key feature of the extraction

criterion is that it is not symmetric in the two sets into which we are splitting the

network. In practice, such extraction can be used on its own or in conjunction with

graph partitioning, for example, to identify community cores.

Figure 3.1: Toy example: shapes represent the truth and colors represent results using
our extraction method (left) and modularity (right).

As an illustration, consider this toy example: out of n = 60 nodes, 15 belong to

a community where links between members form independently with probability 0.5.

The links between members and the other 45 nodes and links between the other 45

nodes all form independently with probability 0.1. A partition into two communities

using modularity and our community extraction method are shown in Figure 3.1.

Modularity has to balance tightness of the two communities, and as a result includes

a number of “background” nodes in the community. Extraction, on the other hand,

separates out the true community perfectly.

Finally, we briefly mention other related work. The core-periphery partition meth-

ods [15, 27] use a different criterion to separate a tight “core” from a sparse “periph-

ery”, whereas our criterion is designed to extract the tightest community regardless
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of whether the rest of the network is sparse or contains other communities. Local

community detection [28, 19] looks for the tightest community around a given node,

but not the globally tightest community. Finally, the hierarchical network model

based on ensembles of trees proposed in [20] also has the feature that the strength of

a community does not depend on unrelated nodes.

3.2 The community extraction framework

For simplicity, we start with partitioning into two sets V1, V2, where V1 ∩ V2 = ∅

and V = V1 ∪ V2. A naive way to partition a network is to minimize the total weight

R of edges connecting V1 and V2 (the min-cut method), R =
∑

i∈V1,j∈V2
Aij . However,

minimizing R yields a trivial solution of V1 = V , so various adjustments have been

proposed. For example, the ratio cut [79] avoids the trivial solution by minimizing

R/(|V1| · |V2|), where |V1| and |V2| are the sizes of the two groups. The important

point for us here is that in all these criteria the sets V1 and V2 can be interchanged.

The criterion we propose extracts one community at a time by looking for a set

with a large number of links within itself and a small number of links to the rest of

the network. The links within the complement of this set do not affect the value of

the criterion. To emphasize the lack of symmetry, we denote the community to be

extracted by S and its complement by Sc (rather than V1 and V2). Then we maximize

the following extraction criterion over all possible S:

W (S) =
O(S)

|S|2 −
B(S)

|S||Sc| , (3.1)

where

O(S) =
∑

i,j∈S

Aij , B(S) =
∑

i∈S,j∈Sc

Aij .
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The term O(S) is twice the weight of the edges within S, and B(S) represents con-

nections between S and the rest of the network. Each term is normalized by the

total number of possible edges in each case, which gives these quantities a natural

interpretation as probability estimates, discussed further below. Note that we nor-

malize the first term by |S|2 rather than |S|(|S| − 1), thus not explicitly excluding

self-loops in order to be consistent with the probability models discussed below, but

in practice this makes little difference. Subject to this small difference, our criterion

can be described as the intra-cluster density minus the inter-cluster density; it is also

related to conductance [29].

Criterion (3.1), like the graph min-cut, does not explicitly guard against splitting

off small communities. The trivial solution does not maximize W , but in a large

sparse network a very small community can give a high value of W , since the second

term will be made negligible by the large |Sc|. To avoid this situation, we make an

adjustment in the spirit of the ratio cut, and maximize the following criterion instead:

W̃ (S) = |S||Sc|
[

O(S)

|S|2 −
B(S)

|S||Sc|

]

. (3.2)

Since |S||Sc| is maximized at |S| = n/2, this factor penalizes very small and very

large communities and produces more balanced solutions. Empirically, we found the

adjustment helps in sparse networks, but plays no role in dense networks. Later we

show that asymptotically both criteria are consistent under an appropriate probability

model.

3.2.1 Probabilistic interpretation

The criterion (3.1) is motivated by the intuitive definition of community as a

tightly-knit group rather than by fitting a probability model to the network. How-

ever, it has a clear interpretation in the context of probability models on graphs.
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Consider a probability distribution P on symmetric adjacency matrices A that satis-

fies the following assumptions:

(1) Each node i is associated with latent variables ci and θi, where ci is the

community label and θi can contain any other node information. The labels ci are

independent and have a multinomial distribution with parameter π = (π1, . . . , πK)
T .

(2) For any pair (i, j) and (i′, j′) that have no nodes in common, Aij and Ai′j′ are

independent given the labels c.

(3) E(Aij |c) = Pcicj for all i, j.

Assumption (1) is similar to the block model, except it allows for additional latent

variables θi. An assumption related to (2) was proposed in [30], stipulating indepen-

dence conditional on other edges. In assumption (3), the expectation integrates out

θ, so the left hand side is always a function of c; the assumption stipulates that it

can only depend on the two labels ci and cj, like in the block model.

Let s be an arbitrary label assignment, let Oab(s) =
∑

ij AijI(si = a, sj = b) and

Rab(s, c) = n−1
∑n

i=1 I(si = a, ci = b). Suppose R(s, c)
P→ R as n → ∞. Note that

R satisfies 1TR = π. Then the following holds:

Theorem III.1. (a) Under assumptions (1)–(3), as n→∞,

Oab(s)

n2

P→ (RPRT )ab

(b) Assume that K = 2, and, without loss of generality, P11 ≥ P22. Then W (S)
P→

f(R,P ), n−2W̃ (S)
P→ f̃(R,P ). Further, if P11 + P22 > 2P12, then both f and f̃ are

maximized by R = diag(π), under the constraint 1TR = π.

The proof and the expressions for functions f and f̃ can be found in Appendix B.

The theorem establishes that our extraction criterion is a natural data-based approx-

imation to a population criterion that is maximized by the correct label assignment.

Note that even though in part (b) we have K = 2 since it applies to a single extraction
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step, this does not mean that extraction fails if K > 2 (see more on this in Example

4). Next, we give several examples of models that satisfy our conditions.

Example 1: The stochastic block model corresponds to θi = const and indepen-

dent edges. Under the block model, each node is first assigned to one of K blocks

independently of other nodes. Then, conditional on c, edges are generated indepen-

dently with probabilities P [Aij = 1|ci = a, cj = b] = Pab, which evidently satisfies

(2) and (3). The block model is fully specified by its parameters π and the K ×K

symmetric matrix P . Thus part (a) of the theorem applies. Part (b) applies if we

additionally assume K = 2 and P11 + P22 > 2P12.

Example 2: The degree-corrected block model. This generalization of the block

model has been recently introduced to allow for different expected node degrees within

blocks [48]. There the labels c are treated as fixed and fixed node-specific parameters θ

are introduced to reflect the nodes’ individual tendencies to form ties. We use exactly

the same model but treat c and θ as random, with c satisfying our assumption (1).

Conditional on c and θ, Aij are independent Poisson random variables with mean

θiθjPcicj . The relaxation of the Bernoulli distribution to the Poisson is primarily for

ease of technical derivations in [48] and has few practical consequences. In either

distributional form, the model satisfies (1)-(3) and part (a) holds. The model can be

further constrained to satisfy conditions for (b).

Example 3: General exchangeable distributions. It is well known that any prob-

ability distribution invariant to node permutations on the matrix A can be written

in the form Aij = h(µ, ξi, ξj, λij), where µ, ξi’s, and λij are i.i.d., and h is symmetric

in its second and third arguments (for details, see, e.g., [11]). The equivalent of i.i.d.

sequences in this class has the form Aij = h(ξi, ξj, λij). Let ξi = (ci, θi), where ci

is the class label, and θi is other node information which can be correlated with ci.

If the distribution of i.i.d. pairs (ci, θi) is such that the marginal distribution of c is

multinomial, this model satisfies conditions (1)-(3). One concrete example of such a
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model is the latent position cluster model of [36]. Again, the general model can be

further constrained to satisfy (b).

Example 4: Consider a block model with true K = 3 where two blocks have been

merged under one label. Let ci (merged labels) take values 1 and 2 with probabilities

πc and 1 − πc, and let θi (true labels) have the distribution P (θi = 1|ci = 1) = 1,

P (θi = 2|ci = 2) = πθ, and P (θi = 3|ci = 2) = 1 − πθ. If Q is the 3 × 3 matrix

corresponding to the true block model, and Π is the 2 × 3 matrix giving the joint

probability distribution of the pair (c, θ), let P = ΠQΠT . Then the population version

of our criterion is maximized by extracting the first community as long as P11 > P12,

P11 > P22, P11 + P22 > 2P12, which ensures condition of part (b) holds. This is true,

for example, if Q11 > Qij for all (i, j) 6= (1, 1) and Qij ≥ Q1k for all 1 < i, j, k ≤ 3.

In other words, if the ties within the first community are stronger than its ties to

the mixture of second and third, the criterion will extract it correctly. Note that this

is exactly the situation in the counter-example to consistency of modularity given

by [11]. In that example, both profile likelihood and extraction (in two stages) are

consistent, but modularity is not.

3.2.2 Maximizing the extraction criterion

To maximize the extraction criteria, we use a local optimization technique based

on label switching known as tabu search [7, 34]. The key idea of tabu search is that

once a node label has been switched, it cannot be switched again for the next T

iterations (the node has “tabu” status) This guards against being trapped in a local

maximum. The algorithm starts from an initial value and examines all current non-

tabu nodes in order. If the current value of the global maximum can be improved, the

node label is switched, its status changed to tabu, and the algorithm returns to node

1. If no node can be switched to improve the global maximum, the node that gives

the largest increase in the current criterion value is switched, and if no increase is
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possible, the node that gives the smallest decrease is switched. The algorithm is run

for a prescribed number of iterations, and the best solution seen in the course of these

iterations is taken to be the final solution. Note that the value of W̃ can be updated

efficiently in O(n) operations for a single label switch. To help guard against local

maxima, we run the algorithm for a number of random starting values and random

orderings of nodes. Each run will converge to a local maximum, and although the

algorithm is not guaranteed to find the global maximum, we have not encountered

any problems with local maxima in either simulations or real data examples.

3.3 The stochastic block model case

If we focus on the special case of the stochastic block model, we can obtain ad-

ditional results on the properties of the extraction criterion. First, we show that the

estimated node labels are asymptotically consistent, using the recent results of [11].

Second, we describe a hypothesis test that can be performed at every sequential split

to determine whether the remainder after extraction contains any more communities.

3.3.1 Asymptotic Consistency

We consider asymptotic consistency of label assignments by the extraction method

as the number of nodes n→∞.

We again adopt the a general framework proposed in [11] for checking consistency

under the assumptions of the block model and λn/ logn → ∞. The latter may not

be universally applicable, but in many examples the degree does grow with n, and

faster than logarithmic growth is a very mild requirement. Further details are given in

Appendix B; briefly, the main condition is that the proposed criterion is maximized by

the true label assignment when all the sample quantities in the criterion are replaced

by their population equivalents. This can be viewed as a special case of the theory of

minimum contrast estimation [13].
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We focus on checking one-step consistency for the case K = 2 (one extracted

community plus the rest of the network). The matrix P is 2 × 2 with three unique

parameters P11, P22, P12, and the vector of class probabilities {π, 1−π} is determined

by the single parameter π. Let ĉ
(n) be the maximizer of criterion (3.1), and c̃

(n) of

criterion (3.2). It turns out that the adjustment factor of |S||Sc| has no effect in

the limit, and both criteria are asymptotically consistent, as shown in the following

theorem.

Theorem III.2. Suppose λn/ logn→∞, P11 > P12, P11 > P22 and P11+P22 > 2P12,

and c are the true labels. Then

P [ĉ(n) = c]→ 1 and P [c̃(n) = c]→ 1 .

Note that the simplest case of our toy example (one community with other weakly

connected nodes, P12 = P22 = p) is covered by the theorem as long as P11 > p. The

proof is given in Appendix B.

3.3.2 Determining the number of communities

The full extraction procedure consists of sequentially applying criterion (3.2): we

extract a community and apply the extraction again to its complement. Ideally, the

user would have information on the true or desired number of communities K to

be extracted. In the absence of such prior information, determining the number of

communities in a network is an open problem, and a rigorous solution would require

fully specifying a statistical model. Here we propose a hypothesis test that can be

used under the assumption of the block model. In this case, we need to test the null

hypothesis H0 : K = 1 against the alternative Ha : K ≥ 2 for the subgraph induced

by the nodes in the remainder. H0 means that the remainder is an Erdos-Renyi

(ER) graph, where all edges form independently with the same probability. This
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approach has an analogue in clustering [73]. Deriving the null distribution of our

criterion analytically is difficult (currently work in progress); however, the test can

always be conducted by simulation, in the manner of a permutation test. Specifically,

we simulate N ER graphs with the probability of an edge matching that of the

graph being tested, and maximize the criterion W̃ for each graph. The empirical

distribution of these N values of W̃ approximates the distribution of W̃ under the

null hypothesis. If the value of W̃ for the proposed split on the real graph is larger

than 100(1 − α)-th percentile of these N values for some standard choice of α, we

reject the null hypothesis and apply extraction to the remainder; if not, we stop.

Note that this procedure is an analogue of backward elimination in classical linear

regression. As with backward elimination, it is more important to look for a gap

in p-values than at the exact levels of significance; however, if those are of interest,

the overall family error rate can be controlled with a multiple testing correction. For

example, the Bonferroni correction, which is conservative, guarantees the overall error

rate of no more than α0 if each test is conducted at the level α0/Tmax, where Tmax

is the maximum number of tests allowed. Note that this approach generalizes easily

to the degree-corrected block model from Example 2, and specific applications may

suggest other appropriate null models. Appendix B gives further details.

3.4 Numerical evaluation

We compare our extraction criterion W̃ to modularity, fitting the block model via

Markov Chain Monte Carlo (MCMC) using the BLOCKS program of [63], and the

latent position cluster model of [36] using the R package latentnet. In this section,

we compare performance of extraction, modularity, and MCMC for several simulated

scenarios. The latentnet package cannot handle networks of the size used in simu-

lations, but we do include it in comparisons on real data in the next section. The

modularity partition into two communities is computed from the approximate eigen-
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vector solution described in [57]. For partitioning into more than two communities,

we follow the sequential splitting approach in [58]. Following the code kindly shared

with us by Mark Newman, we only use the eigendecomposition-based approximation

for subsequent splits as an initial value for a search, which substantially improves

performance. For MCMC, we run 105 iterations for burn-in and another 105 until

convergence; for real data, which has fewer nodes, the number of iterations is reduced

by half. BLOCKS does not assign a class to a node if its label varies too much across

MCMC runs; those nodes were excluded from analysis. We compare the methods

using the adjusted Rand index [44], a widely used measure for comparing partitions.

The adjustment is done so that the expected value of the index is 0 for comparing two

random partitions, and higher values indicate better agreement. The results in this

section are presented via boxplots of the adjusted Rand index from 50 replications of

each simulated scenario. All simulations are performed with n = 1000 nodes.

First, we check the standard case of a network consisting of two tight communities.

Briefly, all methods do well here, except when community sizes are very unbalanced,

in which case block model fitted by MCMC does best, closely followed by modularity

and extraction (see Appendix B).

Next, we consider a network consisting of one community and weakly connected

background, generated from the block model with P12 = P22 = 0.05. We consider

community sizes n1 = 100 and 200, and P11 = 0.15 and 0.2. Figure 3.2 shows that in

this scenario extraction does best in all cases, but as P11 and n1 increase, modularity

and the MCMC fit to the block model improve.

A more interesting situation is two tight communities with similar densities and

a weakly connected background. We generate this from a block model with K = 3,

and P31 = P32 = P33 = 0.05. We consider balanced (n1 = n2 = 200) and unbalanced

(n1 = 100, n2 = 200) communities, and two levels of community strength (P11 = 0.15,

P22 = 0.12, and P11 = 0.20, P22 = 0.16). For a fair comparison, we extract two
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Figure 3.2: Adjusted Rand index for one community with background. M: Modular-
ity; B: Block model fitted via MCMC; E: Extraction.

communities by our method, but partition into three parts by modularity to allow

for background, and fit the block model with K = 3. The results are presented in

the top panel of Figure 3.3. Extraction performs the best, with MCMC catching up

as the signal gets stronger. Modularity improves slightly for denser communities, but

even though it usually separates the two communities correctly, it tends to add the

background nodes to them, resulting in poor overall Rand index.

Our final simulation is designed to test the methods in the presence of “hubs”, a

phenomenon present in many datasets, for example, in the karate club dataset de-

scribed in the next section. For ease of comparison, we use the same set-up as in

the previous simulation, except in each community we double the degrees of the 10

highest-degree nodes by adding edges to randomly selected nodes within the commu-

nity, and delete the same number of edges at random from all other edges within the

community, thus keeping the total number of edges within the community constant.

Comparing the results for this case (bottom panel of Figure 3.3) with those for the

block model (top panel), we see that results for modularity are virtually unchanged

and for extraction just slightly worse, whereas the MCMC-fitted block model deterio-

rates substantially. This is because in many cases (though not all, which explains high

variance) it groups all high-degree nodes together into a single block. This agrees with

other empirical observations on the block model in the presence of hubs [11, 48]. We
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conjecture that the additional constraint P11 > P12 that extraction enforces explains

its relative robustness in this case.
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Figure 3.3: Boxplots of adjusted Rand index for two communities with background.
M: Modularity; B: Block model fitted via MCMC; E: Extraction. Top
panel: data generated from the block model; Bottom panel: doubling the
degree for the highest degree nodes.

3.5 Examples

3.5.1 The karate club network

Our first example is a well-known network representing friendships between 34

members of a karate club [81]. This club later split into two parts following a dis-

agreement between an instructor (node 0) and an administrator (node 33), and these

two groups are used as the “ground truth” communities in benchmark studies. Mod-

ularity partitions this network into exactly the true factions [58]. The extraction

approach can be used to supplement this division with more information by identify-

ing the “cores” of each faction. Figure 3.4 shows the first three extracted communities
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– the cores of two factions, and a small tight sub-community. Note that the members

of the two factions are never grouped together. The hypothesis test under the block

model suggests that the first extraction split is strongly significant, and the second

is marginal (see Appendix B). The block model fitted with MCMC with K = 2 puts

four nodes with the highest degrees into one block, and everything else into another

block, a result independently obtained in [11] using profile likelihood. The latent

position cluster model splits one of the communities into what might be described as

“core” and “periphery”, and groups the “core” together with the other community.
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Figure 3.4: Results for the karate club network: From left to right: extraction, mod-
ularity, the block model fitted via MCMC, the latent position cluster
model

3.5.2 The political books network

The nodes in this network [57] are 105 recent political books with links representing

pairs of books reported by Amazon as “frequently bought together”. Following [57],

we show the modularity solution with node colors representing the components of

the leading principal vector of the modularity matrix in Figure 3.5(a). These values

result from relaxing the labels from ±1 to real-valued, and the modularity partition is

computed from their signs. The node colors can be interpreted to represent a book’s

position on the political spectrum, with blue being the most liberal and red the most

conservative [57]. Figure 3.5 shows that in addition to a few clear “red” and “blue”

books, many nodes are in fact “purple”, and may not clearly belong to either the left

or the right. From the colors alone (i.e., component magnitudes), it is not clear how
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to separate out the “blue” and the “red” from the more centrist “purple”. Figure

3.5 shows the first two extracted communities, which clearly correspond to the cores

of the left and the right. The block model and the latent position cluster model

were fitted with K = 3 (to allow for “purple”), and do reasonably well in this case,

although the partitions are not nearly as clean as the one obtained by extraction;

also, the block model left some nodes unclassified (shown in light blue) due to lack

of agreement between MCMC runs.

Figure 3.5: Results for the political books network: From left to right: extraction,
modularity, the block model fitted via MCMC, the latent position cluster
model. For modularity, node colors represent the components of the prin-
cipal eigenvector of the modularity matrix, and node shapes represent the
partition.

3.5.3 The school friendship network

This dataset is a school friendship network compiled from the National Longitudi-

nal Study of Adolescent Health (see [45] for more information). The directed links in

this dataset connect students to their self-reported friends, with weights representing

friendship strength. Here we analyze the network of school 1 from this dataset, con-

verting the data to an undirected network by averaging the weights on the two edges

connecting each pair of nodes. The resulting network with 71 nodes is shown in Fig-

ure 3.6, with colors representing grades, along with results of extraction, modularity,

the block model, and the latent position cluster model, all with six groups to match

the number of grades. Modularity and extraction agree fairly well with each other

and with the grades, but extraction has the ability to leave out sparsely connected
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nodes, including the two isolated nodes. The block model and the latent position clus-

ter model partly agree with the grades, but also produce some communities which

consist of disjoint parts.

Figure 3.6: The school friendship network. From left to right: grades, extraction,
modularity, the block model fitted via MCMC, the latent position cluster
model.

3.6 Summary and Discussion

We have proposed a new framework for analysis of social networks, which extracts

tight communities out of the network one at a time, allowing for complex structures in

the remainder of the network. In the examples we considered, it offers an additional

insight into the network structure, and can be used as either an alternative or a

complement to network partitioning. The probabilistic interpretation of extraction

shows that it is applicable to a wide range of models. While we have obtained good

results with the tabu search, we would like to be able to formulate the extraction

criterion as an eigenvalue problem, which is work in progress. More analytical work

is needed on the stopping criterion outside of the block model case, although this

is a general question common to all community detection methods. A related issue

is assessing the quality of a proposed extraction/partition; one solution based on

robustness to perturbations was proposed in [47], which can be applied to extraction

as well. Extensions to networks with more complex community structures, such as

overlapping communities or disassortative networks are also a topic for future work.
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CHAPTER IV

Link prediction for biological and social networks

4.1 Introduction

There are two different settings under which the link prediction problem is often

studied. In the first setting, a snapshot (at time t), or a sequence of snapshots (at

times 1, ..., t) of a social network is given, the question is how to predict new links that

are likely to appear in the near future (at time t+ 1). The other setting is to treat a

given network as static, but with missing links. The task is to fill in the missing links

in such a partially observed network. These two settings are related to each other in

practice, i.e., a missing link in the current stage is more likely to emerge in the future.

Rigorously speaking, however, these two settings are not identical. Our research in

this chapter focuses on the latter.

We adopt the supervised learning approach in this chapter. A common difficulty

of existing supervised link prediction methods is the lack of certainty about nega-

tive or positive examples, i.e., from the observed network, there is often no certain

information about whether there exists a link between a pair. In particular, the

lack of negative examples is very common in biological networks [9]. For instance,

given a protein-protein interaction network, we may not know for sure that there is

no interaction between two proteins even they are not linked in the current network

– the experiment may not have tested it or did not have the sensitivity to detect
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the interaction. Positive examples could sometimes also be spurious. For example,

according to [74], high-throughput experiments may yield a large number of false

positive protein-protein interactions. To address these issues, we propose a new su-

pervised method that allows false positive and negative examples. We assume that

the observed network is a copy of a true underlying network with errors, i.e., positive

examples are mis-observed as negatives with a certain rate and negative examples

are mis-observed with a possibly different rate. These rates cannot be estimated in

our setup. However, our method can provide two rankings of potential links for pairs

with observed links and non-links, respectively. These relative rankings rather than

absolute probabilities are often sufficient in many applications. For example, pairs of

proteins without observed interactions but highly ranked could be tested in laborato-

rial experiments with high priority. To obtain these rankings, we utilize either node

covariates if available, or network topology based on observed links.

The rest of the chapter is organized as follows. In Section 4.2, we specify our

model assumption for the link prediction problem. We propose link prediction criteria

for both directed and undirected networks in Section 4.3. The algorithms used to

optimize these criteria are studied in Section 4.4. In Sections 4.5 and 4.6, we compare

the performances of proposed criteria on simulated and real networks. In Section 4.7,

we summarize the chapter and discuss future generalizations of our method.

4.2 Model

We will consider the link prediction problem for both undirected and directed

networks in this chapter. Therefore the adjacency matrix can be either symmetric

(for undirected networks) or asymmetric (for directed networks).

In this chapter, the task of link prediction is to recover the true underlying network

from an observed version. For the rest of the chapter, we denote the true network by

ATrue and the observed network by A. We assume that each ATrue
ij follows a Bernoulli
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distribution with P(ATrue
ij = 1) = Pij. The network can only be observed with partial

accuracy. Specifically, we assume that given the true one, the observed network is

generated by

P(Aij = 1|ATrue
ij = 1) = α, P(Aij = 0|ATrue

ij = 0) = β,

where α and β are the rates of correct observation, given ATrue
ij is 1 or 0, respectively.

Thus,

P̃ij
Def
= P(Aij = 1) = (α + β − 1)Pij + (1− β). (4.1)

Suppose parameters α, β and Pij are known. Then the optimal prediction based on

observed A and the known parameters is

P(ATrue
ij = 1|Aij = 1) =

αPij

P̃ij

, (4.2)

P(ATrue
ij = 1|Aij = 0) =

(1− α)Pij

1− P̃ij

. (4.3)

It is easy to check that both (4.2) and (4.3) are monotone increasing functions with

respect to Pij, and hence also increasing functions with respect to P̃ij if α + β > 1.

This fact plays a crucial role in our work: if our goal is to obtain relative rankings

of potential links, it is sufficient to estimate P̃ij , rather than α, β and Pij separately.

The performance of link prediction can be evaluated using the ROC curve, which

only requires a relative ranking of link probabilities instead of the numerical values.

Details about the construction of ROC curves using rankings will be given in Section

4.5.

Two interesting special cases are β = 1 and α = 1. In the former case we only need

to provide a ranking for those pairs without observed links, because all the observed

links are true positives when β = 1. In applications, this setup corresponds to “link
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recommendation”, for example, recommendation of new possible friends in a social

network. In the latter case, all the pairs without any observed links are true negatives.

The problem in this case is to investigate the reliability of observed links, e.g. to test

the validation of links in a gene regulatory network inferred from high-throughput

gene expression data. As discussed before, an accurate estimate of [P̃ij ] provides a

solution to both the special case and the general problem. Thus estimation of P̃ij will

be the main focus in the rest of the chapter.

4.3 Link prediction criteria

In this section, we propose link prediction criteria for both directed and undirected

networks. The criteria rely on a symmetric matrix W = [Wii′ ] with 0 ≤ Wii′ ≤ 1,

which describes the similarity between nodes i and i′. The similarity matrix W can

be obtained from different sources. We will discuss choices of W later in this section.

4.3.1 Link prediction for directed networks

First we consider directed networks. The key assumption of the criterion is that if

Figure 4.1: Pair similarity for directed networks

two pairs of nodes are similar to each other, the probability of links on these two pairs

are also similar to each other. Specifically, in Figure 4.1, Pij and Pi′j′ are close if node i

is similar to node i′ and node j is similar to node j′. In the directed case, the similarity

of (i, i′) and (j, j′) can be defined as Wii′Wjj′ (see Figure 4.1), which implies two pairs

are similar only if both endpoints are similar. Note that this assumption should not to
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be confused with a different assumption made by many unsupervised link prediction

methods, which assumes that a link is more likely to exist if its two endpoints are

similar. That assumption can be only applied to networks with assortative mixing.

A typical example of assortative networks is the social network. People commonly

tend to make friends with similar race, age, income level, etc. However, there also

exist networks with disassortative mixing, in which the assumption that similar pairs

are more likely to be connected is no longer valid. For example, predators do not

feed on each other in a food web under normal circumstances. Our assumption, in

contrast, is suited for both assortative and disassortative networks, as well as more

general settings, as it does not explicitly specify the relationship between Pij and Wij .

Motivated by the key assumption, we propose the following criterion

argmin
f

1

n2

n
∑

ij

(Aij − fij)
2 +

λ

n4

n
∑

ii′jj′

Wii′Wjj′(fij − fi′j′)
2, (4.4)

where f is a real-valued n × n matrix, and λ is a tuning parameter. The first term

uses squared-error loss to connect the parameters with the observed network. The

minimizer of its population version, i.e. E(Aij − fij)
2 is P̃ij . Denote the solution

of (4.4) by f̂ , thus f̂ij is an estimator of P̃ij . Based on (4.2) and (4.3), f̂ can be

used to rank potential links for pairs with or without observed links, respectively.

One may also replace the squared-error loss by other commonly used loss functions,

e.g., the hinge loss or the negative log-likelihood. The main reason that we use the

squared-error loss is computational consideration. Squared-error loss makes (4.4) a

quadratic problem, which can be solved more efficiently. We will discuss the details

about the algorithms in Section 4.4. The second term connects the parameters with

the similarities between pairs based on the key assumption: we penalize the difference

between fij and fi′j′, if two pairs (i, i′) and (j, j′) are similar. The choice of 1/n2 and

1/n4 in (4.4) may not be optimal. In practice, λ can be selected by cross validation,
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which makes the choice of scales not very crucial. In theory, however, the optimal

scales rely on the asymptotic properties of the criterion, which is a topic for future

work.

In some applications, there are both reliable positive and negative examples avail-

able, i.e., some Aij’s are known to be true 1’s and some are known to be true 0’s.

In that case, we can modify the criterion above to incorporate only known Aij ’s as

follows.

argmin
f

1
∑n

ij Eij

n
∑

ij

Eij(Aij − fij)
2 +

λ

n4

n
∑

ii′jj′

Wii′Wjj′(fij − fi′j′)
2, (4.5)

where Eij = 1 if Aij is known, otherwise Eij = 0. This is similar to a semi-supervised

criterion proposed in [49]. However, [49] did not consider the uncertainty in positive

and negative examples, neither the undirected case which will be discussed in the next

subsection. Since (4.5) only involves a partial sum of the loss function (Aij − fij)
2,

we will refer to (4.5) as the partial-sum criterion and (4.4) as the full-sum criterion

for the rest of the chapter.

4.3.2 Link prediction for undirected networks

Figure 4.2: Pair similarity for undirected networks

Analogous link prediction criteria for undirected networks could be derived based

on the same assumption above: Pij and Pi′j′ are close if two pairs (i, i′) and (j, j′)

are similar. The main difference between the criteria for directed and undirected
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networks is in the definition of pair similarities. As shown in Figure 4.2, there are

two possibilities to match the endpoints of two pairs in the undirected case: one is to

compare i with i′ and j with j′, while the other is to compare i with j′ and j with

i′. There are multiple ways to define the pairs similarity by combining Wii′Wjj′ and

Wij′Wji′. For example, two natural combinations are

S1 = Wii′Wjj′ +Wij′Wji′ and S2 = max(Wii′Wjj′,Wij′Wji′).

It turns out that S2 is preferred to S1, and it can be illustrated with the stochas-

tic block model. Specifically, given community labels c = {c1, . . . , cn}, ATrue
ij ’s are

independent Bernoulli random variables with

Pij = Qcicj , (4.6)

where Q = [Qab] is a K × K symmetric matrix, and K is the number of commu-

nities in the network. If we define the similarity W based on community labels by

Wij = I(ci = cj), where I is the indicator function, then (4.6) implies Pij = Pi′j′ if

max(Wii′Wjj′,Wij′Wji′) = 1. In practice, we also find that S2 performs well on other

simulated and real networks.

Finally, we propose the following link prediction criterion for undirected networks

by using S2,

argmin
f

1

n2

n
∑

i<j

(Aij − fij)
2 +

λ

n4

n
∑

i<j,i′<j′

max(Wii′Wjj′,Wij′Wji′)(fij − fi′j′)
2. (4.7)

Similar to the directed case, if we have information about true positive and negative
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examples in an undirected network, we may also use the criterion

argmin
f

1
∑n

i<j Eij

n
∑

i<j

Eij(Aij − fij)
2 +

λ

n4

n
∑

i<j,i′<j′

max(Wii′Wjj′,Wij′Wji′)(fij − fi′j′)
2,

(4.8)

where Eij = 1 if Aij is known, otherwise Eij = 0.

4.3.3 Similarity matrix W

Now we discuss the details of the similarity matrix W . We introduce two typical

choices below.

1. If it is believed that the external node covariates are related to the structure

of the network, one may use that information to construct Wii′. Though more

complicated formats do exist, node covariates are typically represented by an

n × p matrix X where Xik is the value of variable k on node i. Two nodes

are considered as being similar if their covariates are similar. Thus, W can be

calculated from X . For example, suppose X contains only numerical variables

and has been standardized appropriately. Then Wii′ can be defined as,

Wii′ = exp

{

−‖Xi −Xi′‖2
σ2

}

,

where ‖ · ‖ is the Euclidean norm.

2. Without external node information, Wii′ can also be obtained solely from the

topology of the observed network A. Here W is based on the similarities of

stochastic behaviors of nodes, i.e., Wii′ is large if i and i′ have a similar pattern

of connections with other nodes. To give the detailed formulae of W , first we
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consider the case of undirected networks. A simple choice of Wii′ could be

Wii′ =
#{Aik = Ai′k}

n
. (4.9)

Most real networks are sparse, in which there are many common 0’s in rows of A

and thus most of Wii′ ’s would be large. A more informative W is the Jaccard’s

index [52] defined by

Wii′ =
#{N(i) ∩N(i′)}
#{N(i) ∪N(i′)} , (4.10)

where N(i) is the neighbors of node i. (4.10) is particularly useful if all the

observed links are true positives since it only includes the correct link informa-

tion.

Formulae for directed networks are similar to the undirected case. The difference

is that we need to consider both inward and outward links. Hence (4.9) and

(4.10) become

Wii′ =
1

2

#{Aik = Ai′k}
n

+
1

2

#{Aki = Aki′}
n

,

Wii′ =
1

2

#{N1(i) ∩N1(i
′)}

#{N1(i) ∪N1(i′)}
+

1

2

#{N2(i) ∩N2(i
′)}

#{N2(i) ∪N2(i′)}
,

where N1(i) = {Aik = 1, i = 1, ..., n} and N2(i) = {Aki = 1, i = 1, ..., n}.

4.4 Algorithms

The proposed link prediction criteria can be optimized by either solving the cor-

responding linear system or using a block coordinate descent method. We discuss the

detailed algorithms in this section.
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4.4.1 Solving the linear system

As mentioned in Section 4.3, all the criteria above are convex and quadratic, which

can in principle be optimized by solving systems of linear equations. Specifically, if

we treat the matrix f as a long vector with n2 elements (in the undirected case,

there are n(n − 1)/2 elements), a linear system can be obtained by taking the first

derivative of any criterion above with respect to this vector. As mentioned in [16],

solving a system of linear equations could be challenging for large-scale problems. This

commonly happens in link prediction, as a network with thousands of nodes yields

millions of parameters to be estimated. Specifically, without any special structure

in W , a network with n nodes requests O(n4) memory space when solving linear

equations, which is infeasible on a desktop computer for networks with medium sizes.

The method, however, can be suited for sparse W , or W truncated by a certain

threshold.

4.4.2 Block coordinate descent

To reduce the requested memory to O(n2), we propose an iterative algorithm

following the idea of block coordinate descent previously studied in [38][76]. We

partition the coordinates into blocks and iteratively optimize the criterion with respect

to each block while hold the other blocks at their current values.

First, we introduce the algorithm for directed networks. (4.4) and (4.5) can be

written in a general form

argmin
f

Q =
1

n2

n
∑

ij

Vij(Aij − fij)
2 +

λ

n4

n
∑

ii′jj′

Wii′Wjj′(fij − fi′j′)
2, (4.11)

where Vij ≡ 1 for (4.4) and Vij = Eij for (4.5). For any matrix M , let Mi· be the ith

row of M . We treat fi· as a block, and update fi· iteratively. Define Vi = diag(Vi·).
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Then

∑

ij

Vij(fij − Aij)
2 =

∑

i

(fi· − Ai·)
TVi(fi· −Ai·). (4.12)

Let D be an n× n diagonal matrix with Dii =
∑

j Wij . Then

∑

jj′

Wjj′(fij − fi′j′)
2 = fT

i· Dfi· − 2fT
i· Wfi′· + fT

i′·Dfi′· (4.13)

Plugging (4.12) (4.13) into (4.11), we take the first derivative of Q with respect to fi·,

∂Q

∂fi·
=

2

n2
(fi· − Ai·)Vi + λ

4

n4

[

Wii(Dfi· −Wfi·) +
∑

i′ 6=i

Wii′(Dfi· −Wfi′·)

]

. (4.14)

By solving ∂Q

∂fi·
= 0 with respect to fi·, we obtain the updating formula for block

coordinate descent:

f
(t+1)
i· ←

(

n2Vi + 2λ
∑

i′

Wii′D − 2λWiiW

)−1(

n2Ai·Vi + 2λ
∑

i′ 6=i

Wii′Wf
(t)
i′·

)

,

(4.15)

where f
(t)
i· is the value of fi· at iteration t.

The derivation above heavily relies on the product form of Wii′ and Wjj′, and thus

is not applicable in the undirected case where S2 is used as the similarity measure.

To address the computational challenge in the undirected case, we approximate

the max() function with a product form. Specifically, note that for x ≥ 0, y ≥ 0,

limq→∞
q
√
xq + yq = max(x, y). Thus, for sufficiently large q, we have

[max(Wii′Wjj′,Wij′Wji′)]
q ≈ (Wii′Wjj′)

q + (Wij′Wji′)
q. (4.16)
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Based on (4.16), we propose an approximate criterion for undirected networks

argmin
f

Q =
1

n2

n
∑

i<j

Vij(Aij − fij)
2 +

λ

n4

n
∑

i<j,i′<j′

((Wii′Wjj′)
q + (Wij′Wji′)

q)(fij − fi′j′)
2,

(4.17)

where Vij ≡ 1 for the full-sum criterion and Vij = Eij for the partial-sum criterion.

By symmetry,

n
∑

i<j,i′<j′

((Wii′Wjj′)
q + (Wij′Wji′)

q)(fij − fi′j′)
2

=
1

2

n
∑

i 6=j,i′ 6=j′

W q
ii′W

q
jj′(fij − fi′j′)

2.

Note that this has a product form similar to (4.11), therefore (4.17) can be solved by

the block coordinate descent method similar as the directed case.

In practice, we found that when W is sparse or truncated to be sparse, solving the

linear system can be much faster than the block coordinate descent method, however,

when W is dense and the number of nodes is reasonably large, the block coordinate

descent method dominates directly solving linear equations.

4.5 Simulation studies

In this section, we study the performances of the four link prediction criteria

proposed in Section 4.3 in simulated networks. Each network contains 1000 nodes,

and node i’s covariates Xi are independently generated from a multivariate normal

distribution MVN(0, Ip) with p = 5.

We design eight different simulations including four directed cases and four undi-

rected cases. In all the cases, each ATrue
ij is generated independently with logitPij =
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f(Xi, Xj). Specifically, we consider the following f(Xi, Xj).

(a) logitPij =
∑

k

(Xik −Xjk), (a′) logitPij =
∑

k

(Xik −Xjk)− 8,

(b) logitPij = 2XT
i Xj/|Xj|, (b′) logitPij = 2XT

i Xj/|Xj| − 6,

(c) logitPij =
∑

k

(Xik +Xjk), (c′) logitPij =
∑

k

(Xik +Xjk)− 8,

(d) logitPij = XT
i Xj, (d′) logitPij = XT

i Xj − 6.

Note that the first four functions are asymmetric with respect to Xi and Xj , cor-

responding to directed networks. On the other hand, the last four are symmetric

functions for generating undirected networks. Further, (a) and (c) are linear func-

tions; (b) is the projection model proposed in [41], under which the link probability is

determined by the projection ofXi onto the direction ofXj , and (d) is the correspond-

ing undirected version. Since Xi ∼ MV N(0, Ip), the adjacency matrix generated by

(a)(b)(c)(d) contains approximately half 1’s and half 0’s, which makes the network

relatively dense. To generate sparse networks, we adjust the functions by subtracting

constants in (a′)(b′)(c′)(d′). The average degrees of these networks are reported in

Figures 4.3 and 4.4.

We now specify the generation of Eij ’s and Aij ’s in the simulations. Eij’s are

independent Bernoulli variables taking value 1 and 0 with equal probability. Aij =

ATrue
ij if Eij = 1, and Aij = 0 otherwise. This setup implies that the partial-sum

criteria (4.5) and (4.8) use about half of the elements in ATrue. As for the full-sum

criteria (4.4) and (4.7), all the observed links are true, while the true links are missing

in the observed network with probability 0.5.

Regarding the similarity matrix W , we define it based on node covariates by

Wii′ = exp

{

−‖Xi −Xi′‖2
σ2

}

,
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where we choose σ = 1
4
median{‖Xi−Xi′‖, i = 1, ..., n, i′ = 1, ..., n}. After truncating

W at 0.1, we are able to optimize all the criteria by solving linear equations, with λ

chosen by 5-fold cross validation.

Link prediction criteria are evaluated on the test set {(i, j) : Eij = 0} by ROC

curves, which only depend on the rankings of the estimates f̂ij rather than their

numerical values. Detailed construction of the ROC curve is as follows. Let Rij be

the ranking of f̂ij on the test set in descending order. For any integer k, we can define

false positives by pairs ranked within top k but without links in the true network,

and true positives by pairs ranked within top k and with true links. Then the true

positive rate (TPR) and the false positive rate (FPR) are defined by

TPR(k) =
#{(i, j) : Eij = 0, Rij ≤ k, ATrue

ij = 1}
#{(i, j) : Eij = 0, ATrue

ij = 1} ,

FPR(k) =
#{(i, j) : Eij = 0, Rij > k,ATrue

ij = 0}
#{(i, j) : Eij = 0, ATrue

ij = 0} .

Then the ROC curve can be created by plotting the false positive rate vs. the true

positive rate corresponding to various k values. We also construct the ROC curve

using true Pij ’s as a benchmark. Each curve is the average of 20 replicates.

Overall, both the full-sum and partial-sum criteria perform well in all cases. There

is no significant difference between the corresponding directed and undirected cases.

As expected, the partial-sum criterion always gives better results since it includes only

the correct positive and negative examples. But their performances are comparable,

except in (c) (dense undirected networks generate by the linear model), the difference

is larger than other cases. Gaps between the full-sum and partial-sum criteria become

smaller for sparse networks, as the false negatives used by the full-sum criteria are

only a small proportion compared with the true negatives in sparse networks, i.e.,

P(ATrue
ij = 1|Aij = 0) is small. The performance of link prediction using true models

in sparse networks is better than in the corresponding dense network. But gaps
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(a) d = 500 (a′) d = 13
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(b) d = 500 (b′) d = 15
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Figure 4.3: ROC curves for directed networks. d: average degree over 20 replicates.

between the performance of the partial-sum criteria and the true models is larger in

the sparse networks than in the dense ones. This agrees with the observation that

the unbalance of positives and negatives in sparse networks is a common difficulty in

supervised link prediction methods.

4.6 Data examples

4.6.1 The protein-protein interaction network

Our first data example is an undirected network containing yeast protein-protein

interactions provided in [74]. This network is edited by [14], which only kept high

reliable interactions supported by multiple experiments, resulted in 984 proteins and

2438 edges (the average degree = 5). [14] also constructed a matrix measuring simi-
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(c) d = 500 (c′) d = 13
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Figure 4.4: ROC curves for undirected networks. d: average degree over 20 replicates.

larities between proteins based on gene expression, protein localization, phylogenetic

profiles and yeast two-hybrid data. We use this matrix as W for link prediction.

(a) α = 0.8 (b) α = 0.5 (c) α = 0.2
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Figure 4.5: ROC curves for the protein-protein interaction network.

We compare the performances of the full-sum criterion (4.7), the partial-sum cri-

terion (4.8), and the latent variable model proposed in [40]. Eij ’s are Bernoulli vari-
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ables taking value 1 with probability α. We consider three different values of α,

α = 0.2, 0.5, 0.8. As in simulation studies, Aij = ATrue
ij if Eij = 1, and Aij = 0

otherwise.

We utilize the block coordinate descent method proposed in Section 4.4 to ap-

proximately optimize (4.7) and (4.8), with q = 10 and λ chosen by cross validation.

The latent variable model contains a parameter K which is the dimension of the

latent space. We fix K = 5 in this study as larger values of K do not significantly

change the performance of this method. We again use ROC curves to evaluate the

link prediction performance on the set {(i, j) : Eij = 0}. Each ROC curve in Figure

4.5 is the average of 10 samples.

As in simulation studies, the partial-sum criterion always performs better than

the full-sum criterion since both certain positive and negative examples are avail-

able. Overall, the latent variable model has the best performance for very small false

positive rates. However, as the false positive rate increases, the other two criteria

becomes better than the latent variable model. The latent variable model is also less

robust to the sampling rate α than the other two methods. The reason is that this

model heavily relies on the structure of the network, and a small sampling rate may

destroy the overall network topology. On the other hand, W used in the full-sum and

partial-sum criteria depends only on the features of the proteins, and thus these two

criteria are less sensitive to the sampling rate.

4.6.2 The school friendship network

The second dataset is a school friendship network from the National Longitudinal

Study of Adolescent Health (see [45] for detailed information). This network contains

1011 high school students and 5459 directed links connecting students to their nomi-

nated friends (the average degree = 5.4). We study the performance of the full-sum

(4.4) and partial-sum (4.5) criteria for directed networks, again under three different
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(a) α = 0.8 (b) α = 0.5 (c) α = 0.2
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Figure 4.6: ROC curves for the school friendship network.

sampling rates of Eij . Due to a lack of similarity matrix based on node covariates,

we construct a topology based similarity W by using the Jaccard’s index defined in

(4.10). We again apply block coordinate descent to minimize the criteria with λ cho-

sen by cross-validation, and sample 10 observed networks for each α and report the

average ROC curves. As shown in Figure 4.6, both criteria perform fairly well for

α = 0.8 and α = 0.5, but fail for α = 0.2, as the sampling rate is too small for W

to capture the overall network topology. This is different from the protein-protein

interactions example above, in which W is constructed by the covariates on proteins

and independent of the network topology.

4.7 Summary and future work

In this chapter, we have proposed a new framework for link prediction that allows

uncertainty in observed links and non-links of a given network. Our method can

provide relative rankings of potential links for pairs with or without observed link,

respectively. The proposed link prediction criteria are fully non-parametric, based

on the assumption that two pairs with high similarity have similar link probabilities.

This assumption is valid for a wide range of network models, and thus the criteria

perform well on simulated and real networks. A future direction we would like to

explore is to design a method which balances a specific parametric setup and this
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fully non-parametric assumption, and thus can have both robustness and efficiency.

Theoretical analysis of the proposed criteria is also in progress. Since the main focus

is the relative ranking rather than the numerical values of link probability, a novel

theoretical framework related to “ranking consistency” is required.
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APPENDIX A

Proof of theorems in Chapter II

A.1 Proof of Theorems in Section 2.4

We start from summarizing notation. Let R(e), V (e) ∈ RK×K×M , Π̂ ∈ RK×M ,

f(e), f 0(e) ∈ RK , where

Rkau(e) =
1

n

n
∑

i=1

I(ei = k, ci = a, θi = xu) ,

Vkau(e) =

∑n
i=1 I(ei = k, ci = a, θi = xu)
∑n

i=1 I(ci = a, θi = xu)
,

Π̂au =
1

n

n
∑

i=1

I(ci = a, θi = xu) ,

fk(e) =
1

n

n
∑

i=1

I(ei = k) =
∑

au

Vkau(e)Π̂au ,

f 0
k (e) =

∑

au

Vkau(e)Πau .

Even though the arbitrary labeling e is not random, intuitively one can think of R as

the empirical joint distribution of e, c, and θ, V as the conditional distribution of e

given c and θ. Further, Π̂ is the empirical joint distribution of c and θ, and thus an

estimate of their true joint distribution Π, f is the empirical marginal “distribution”
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of e, and f 0 is the same marginal but with the empirical joint distribution Π̂ replaced

by its population version Π. Then
∑

k Vkau(e) = 1, and Vkau(c) = I(k = a) for all u.

Further, define T̂ (e) ∈ RK×K to be a rescaled expectation of the matrix O conditional

on c and θ,

T̂kl(e) =
1

µn

E[Okl|c, θ] .

From Proposition III.1,

T̂kl(e) =
∑

abuv

xuxvPabRkau(e)Rlbv(e)

=
∑

abuv

xuxvPstVkau(e)Π̂auVlbv(e)Π̂bv .

Replacing Π̂ by its expectation Π̂, we define T (e) ∈ RK×K by

Tkl(e) =
∑

abuv

xuxvPstVkau(e)ΠauVlbv(e)Πbv .

Also define X(e) ∈ RK×K to be the rescaled difference between O and its conditional

expectation,

Xkl(e) =
Okl(e)

µn

− T̂kl(e) .

These quantities will be used in the proof of the general theorem II.5, where we first

approximate 1
µn
Okl by T̂kl(e) and then approximate T̂kl(e) by Tkl(e).
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Proof of Proposition III.1. We only proof (2.11) since (2.12) is trivial.

1

µn

E[Okl|c, θ] =

=
1

µn

∑

ij

∑

abuv

E[AijI(ei = k, ci = a, θi = xu)I(ej = l, cj = b, θj = xv)|c, θ]

=
∑

abuv

xuxvPabRkau(e)Rlbv(e) = Hkl(R(e)) .

Before we proceed to the general theorem, we state a lemma based on Bernstein’s

inequality.

Lemma A.1. Let ‖X‖∞ = maxkl |Xkl| and |e− c| =∑n

i=1 I(ei 6= ci). Then

P(max
e

‖X(e)‖∞ ≥ ǫ) ≤ 2Kn+2 exp

(

− 1

8C
ǫ2µn

)

, (A.1)

for ǫ < 3C, where C = max{xuxvPab}.

P( max
|e−c|≤m

‖X(e)−X(c)‖∞ ≥ ǫ) ≤ 2

(

n

m

)

Km+2 exp

(

−3
8
ǫµn

)

, (A.2)

for ǫ ≥ 6Cm/n.

P( max
|e−c|≤m

‖X(e)−X(c)‖∞ ≥ ǫ) ≤ 2

(

n

m

)

Km+2 exp
(

− n

16mC
ǫ2µn

)

, (A.3)

for ǫ < 6Cm/n.

Proof. This lemma is similar to Lemma 1.1 of [11], but since the proof of that lemma

has some relatively minor errors, we give a full proof here for completeness. First

note that in order to prove (A.1), it is sufficient to show

P(|Xkl(e)| ≥ ǫ|c, θ) ≤ 2 exp

(

− 1

8C
ǫ2µn

)

, (A.4)
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where

Xkl(e) =
1

µn

[Okl(e)− E(Okl(e)|c, θ)] ,

Okl(e) =

n
∑

i=1

AiiI(ei = k, ej = l) + 2

n
∑

i<j

AijI(ei = k, ej = l) .

The proof relies on Bernstein’s inequality (see e.g., [70]): If Yi are independent, |Yi| ≤

M,EYi = 0, SI =
∑I

i=1 Yi, then

P(|SI | ≥ w) ≤ 2 exp

(

− w2/2

Var(SI) +Bw/3

)

. (A.5)

Note that conditioning on c, θ, Aij are independent and |Aij| ≤ 1. Let B = 2,

and then (A.5) becomes

P(|µnXkl(e)| ≥ w|c, θ) ≤ 2 exp

(

− w2/2

Var(Okl|c, θ) + 2w/3

)

. (A.6)

In order to compare two terms in the denominator, we need to evaluate Var(Okl|c, θ):

Var(Aij|c, θ) = ρnθiθjPcicj − (ρnθiθjPcicj )
2 ≤ ρnC ,

Var(Okl|c, θ) ≤ (n+ 4(n− 1)n/2)ρnC ≤ 2n2ρnC .

Let w = ǫµn = ǫn2ρn, for ǫ < 3C,

P(|Xkl(e)| ≥ ǫ|c, θ) ≤ 2 exp

(

− w2/2

Var(Okl|c, θ) + 2w/3

)

≤ 2 exp

(

− ǫ2n4ρ2n
8n2ρnC

)

= 2 exp

(

− 1

8C
ǫ2µn

)

.
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We now prove (A.2) and (A.3). If em+1 = cm+1, ..., en = cn,

Okl(e)− Okl(c) =

m
∑

i=1

(AiiI(ei = k, ei = l)− AiiI(ci = k, ci = l))

+ 2
m
∑

i<j

(AijI(ei = k, ej = l)−AijI(ci = k, cj = l))

+ 2

m
∑

i=1

n
∑

j=m+1

(AijI(ei = k, ej = l)− AijI(ci = k, cj = l)) .

var(Okl(e)−Okl(c)|c, θ) ≤[m+ 4(m(m− 1)/2 +m(n−m))]ρnC ≤ 4mnρnC .

We again apply (A.5). For |e− c| ≤ m, ǫ ≥ 6Cm/n,

P(|Xkl(e)−Xkl(c)| ≥ ǫ|c, θ) ≤ 2 exp

(

− (ǫn2ρn)
2/2

4mnρnC + 2ǫn2ρn/3

)

≤ 2 exp

(

−3
8
ǫµn

)

.

For ǫ < 6Cm/n,

P(|Xkl(e)−Xkl(c)| ≥ ǫ|c, θ) ≤ 2 exp

(

− (ǫn2ρn)
2/2

4mnρnC + 2ǫn2ρn/3

)

≤ 2 exp
(

− n

16mC
ǫ2µn

)

.

Proof of Theorem II.5. The proof is divided into three steps.

Step 1: show that F
(

O(e)
µn

, f(e)
)

is uniformly close to its population version.

More precisely, we need to prove that there exists ǫn → 0, such that

P

(

max
e

∣

∣

∣

∣

F

(

O(e)

µn

, f(e)

)

− F (T (e), f 0(e))

∣

∣

∣

∣

< ǫn

)

→ 1 , if λn →∞ (A.7)
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Since

∣

∣

∣

∣

F

(

O(e)

µn

, f(e)

)

− F (T (e), f 0(e))

∣

∣

∣

∣

≤
∣

∣

∣

∣

F

(

O(e)

µn

, f(e)

)

− F (T̂ (e), f(e))

∣

∣

∣

∣

+|F (T̂ (e), f(e))− F (T (e), f 0(e))| ,

it is sufficient to bound these two terms uniformly. By Lipschitz continuity,

∣

∣

∣

∣

F

(

O(e)

µn

, f(e)

)

− F (T̂ (e), f(e))

∣

∣

∣

∣

≤M1‖X(e)‖∞ . (A.8)

Taking ǫn = 1/ 3
√
λn, by (A.1),

P

(∣

∣

∣

∣

F

(

O(e)

µn

, f(e)

)

− F (T̂ (e), f(e))

∣

∣

∣

∣

≥ ǫn

)

→ 0, if λn →∞.

By Lipschitz continuity again,

|F (T̂ (e), f(e))−F (T (e), f 0(e))| ≤M1‖T̂ (e)− T (e)‖∞ +M2‖f(e)− f 0(e)‖ , (A.9)

where ‖ · ‖ is Euclidean norm for vectors. Further,

|T̂kl(e)− Tkl(e)| =|
∑

abuv

xuxvPabVkau(e)Vlbv(e)(Π̂auΠ̂bv − ΠauΠbv)|

≤
∑

abuv

xuxvPab|Π̂auΠ̂bv − ΠauΠbv| , (A.10)

and

|fk(e)− f 0
k (e)| =

∣

∣

∣

∣

∣

∑

au

Vkau(e)(Π̂au − Πau)

∣

∣

∣

∣

∣

≤
∑

au

|Π̂au − Πau| . (A.11)

Since Π̂
P→ Π, (A.9) converges to 0 uniformly. Thus, (A.7) holds.
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Step 2: Prove that there exists δn → 0, such that

P

(

max
{e:‖V (e)−I‖1≥δn}

F

(

O(e)

µn

, f(e)

)

< F

(

O(c)

µn

, f(c)

))

→ 1 , if λn →∞ , (A.12)

where ‖W‖1 =
∑

kau |Wkau| for W ∈ RK×K×M .

By continuity and (∗), there exists δn → 0, such that

F (T (c), f 0(c))− F (T (e), f 0(e)) > 2ǫn

if ‖V (e)− I‖1 ≥ δn, where I = V (c). Thus from (A.7),

P

(

max
{e:‖V (e)−I‖1≥δn}

F

(

O(e)

µn

, f(e)

)

< F

(

O(c)

µn

, f(c)

))

≥

P

(∣

∣

∣

∣

max
{e:‖V (e)−I‖1≥δn}

F

(

O(e)

µn

, f(e)

)

− max
{e:‖V (e)−I‖1≥δn}

F (T (e), f 0(e))

∣

∣

∣

∣

< ǫn,

∣

∣

∣

∣

F

(

O(c)

µn

, f(c)

)

− F (T (c), f 0(c))

∣

∣

∣

∣

< ǫn

)

→ 1.

(A.12) implies

P(||V (ĉ)− I|| < δn)→ 1, if λn →∞ .

Since

1

n
|e− c| = 1

n

n
∑

i=1

I(ci 6= ei) =
∑

au

Πau(1− Vaau(e)) ≤
∑

au

(1− Vaau(e))

=
1

2

(

∑

au

(1− Vaau(e)) +
∑

au

∑

k 6=a

Vkau(e)

)

=
1

2
‖V (e)− I‖1 ,

weak consistency follows.
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Step 3: In order to prove strong consistency, we need to show that

P

(

max
{e:0<‖V (e)−I‖1<δn}

F

(

O(e)

µn

, f(e)

)

< F

(

O(c)

µn

, f(c)

))

→ 1, (A.13)

if λn/ logn→∞.

Note that combining (A.12) and (A.13), we have

P

(

max
{e:e 6=c}

F

(

O(e)

µn

, f(e)

)

< F

(

O(c)

µn

, f(c)

))

→ 1,

which implies the strong consistency.

Here we closely follow the derivation given in [4]. To prove (A.13), note that by

Lipschitz continuity and the continuity of derivatives of F with respect to V (e) in

the neighborhood of I, we have

F

(

O(e)

µn

, f(e)

)

− F

(

O(c)

µn

, f(c)

)

= F (T̂ (e), f(e))− F (T̂ (c), f(c)) + ∆(e, c)

(A.14)

where |∆(e, c)| ≤M ′(‖X(e)−X(c)‖∞), and

F (T (e), f 0(e))− F (T (c), f 0(c)) ≤ −C ′‖V (e)− I‖1 + o(‖V (e)− I‖1). (A.15)

Since the derivative of F is continuous with respect to V (e) in the neighborhood of

I, there exists a δ′ such that

F (T̂ (e), f(e))− F (T̂ (c), f(c)) ≤ −(C ′/2)‖V (e)− I‖1 + o(‖V (e)− I‖1) (A.16)

holds when ‖Π̂−Π‖∞ ≤ δ′. Since Π̂→ Π, (A.16) holds with probability approaching
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1. Combining (A.14) and (A.16), it is easy to see that (A.13) follows if we can show

P(max
{e 6=c}

|∆(e, c)| ≤ C ′‖V (e)− I‖1/4)→ 1. (A.17)

Again note that 1
n
|e− c| ≤ 1

2
‖V (e)− I‖1. So for each m ≥ 1,

P( max
|e−c|=m

|∆(e, c)| > C ′‖V (e)− I‖1/4) ≤ P( max
|e−c|≤m

‖X(e)−X(c)‖∞ >
C ′m

2M ′n
) = I1

(A.18)

Let α = C ′/2M ′, if α ≥ 6C, by (A.2),

I1 ≤ 2Km+2nm exp

(

−α3m
8n

µn

)

= 2K2[K exp(logn− αµn/(8/3n))]
m

If α < 6C, by (A.3),

I1 ≤ 2Km+2nm exp
(

−α2 m

16Cn
µn

)

= 2K2[K exp(logn− α2µn/(16Cn))]m

In both cases, since λn/ logn→∞,

P(max
{e 6=c}

|∆(e, c)| > C ′‖V (e)− I‖1/4) =
∞
∑

m=1

P( max
|e−c|=m

|∆(e, c)| > C ′‖V (e)− I‖1/4)→ 0,

as n→∞, which completes the proof.

A.2 Proof of Theorems in Section 2.3

Proof of Theorem II.2. The regularity conditions are easy to verify. To check the key

condition (∗), note that under the block model assumption, (∗) becomes
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(∗∗) F (H(S), h(S)) is uniquely maximized over S = {S : S ≥ 0,
∑

k Ska = πa} by

S = D, with D = diag(π).

where S is a generic K by K matrix.

Up to a constant, the population version of QERM is

F (H(S), h(S)) =
∑

k

(Hkk − h2
kP0).

Using the identity,

∑

k

(Hkk − h2
kP0) +

∑

k 6=l

(Hkl − hkhlP0) =
∑

kl

Hkl − (
∑

k

hk)
2P0 = 0,

and define

∆kl =











1 if k = l

-1 if k 6= l.

Then we have

F (H(S), h(S)) =
1

2

∑

kl

∆kl(Hkl − hkhlP0) =
1

2

∑

kl

∆kl(
∑

ab

SkaSlbPab −
∑

ab

SkaSlbP0)

=
1

2

∑

kl

∑

ab

SkaSlb∆kl(Pab − P0) ≤
1

2

∑

kl

∑

ab

SkaSlb∆ab(Pab − P0)

=
1

2

∑

ab

∆abπaπb(Pab − P0) = F (H(D), h(D)).

Now it remains to show the diagonal matrix D (up to a permutation) is the unique

maximizer of F . This follows from Lemma 3.2 in [11], since equality holds only if

∆kl = ∆ab when SkaSlb > 0 and ∆ does not have two identical columns.

Proof of Theorem II.1. The consistency of Newman-Girvan modularity under the
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block model has already been shown in [11]. To extend this result to the degree-

corrected block model, define S̃ka =
∑

u xuSkau. Then

π̃a =
∑

k

S̃ka

Hkl =
∑

abuv

xuxvPabSkauSlbv =
∑

ab

S̃kaS̃lbPab

Hk =
∑

l

Hkl =
∑

as

S̃kaπ̃sPas

The population version of QNGM is

F (H(S)) =
∑

k

(

Hkk

P̃0

−
(

Hk

P̃0

)2
)

Using the identity

∑

k

(

Hkk

P̃0

−
(

Hk

P̃0

)2
)

+
∑

k 6=l

(

Hkl

P̃0

− HkHl

P̃ 2
0

)

=
∑

kl

Hkl

P̃0

−
(

∑

k

Hk

P̃0

)2

= 0,

we obtain

F (H(S)) =
1

2

∑

kl

∆kl

(

∑

ab S̃kaS̃lbPab

P̃0

− (
∑

as S̃kaπ̃sPas)(
∑

bt S̃lbπ̃tPbt)

P̃ 2
0

)

=
1

2

∑

kl

∑

ab

S̃kaS̃lb∆kl

(

Pab

P̃0

− (
∑

s π̃sPas)(
∑

t π̃tPbt)

P̃ 2
0

)

≤ 1

2

∑

kl

∑

ab

S̃kaS̃lb∆ab

(

Pab

P̃0

− (
∑

s π̃sPas)(
∑

t π̃tPbt)

P̃ 2
0

)

=
1

2

∑

ab

∆abπ̃aπ̃b

(

Pab

P̃0

− (
∑

s π̃sPas)(
∑

t π̃tPbt)

P̃ 2
0

)

= F (H(D)).

Similar to Theorem II.2, D is the unique maximizer of F (H(S̃)), so it is enough to

show S = D whenever S̃ = D to prove uniqueness. S̃ = D implies S̃ka = 0, if k 6= a.

Since xu > 0, we obtain Skau = 0 if k 6= a, which gives the result.

We note that this argument cannot be applied to prove the consistency of Erdos-
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Renyi modularity under degree-corrected block models, because in that case hk =
∑

au Skau 6=
∑

a(
∑

u xuSkau) =
∑

a S̃ka, when we use the transformation S̃ka =
∑

u xuSkau.

Proof of Theorem II.4. Up to a constant, the population version of QBL is

F (H(S), h(S)) =
∑

kl

(

Hkl log
Hkl

hkhl

−Hkl

)

Let gkl = Hkl/(hkhl),

F (H(S), h(S)) =
∑

kl

(Hkl log gkl − hkhlgkl) =
∑

abkl

SkaSlb(Pab log gkl − gkl)

≤
∑

ab

∑

kl

SkaSlb(Pab logPab − Pab)

=
∑

ab

(πaπbPab logPab − πaπbPab) = F (H(D), h(D)).

Since the inequality holds if and only if gkl = Pab when SkaSlb > 0, the uniqueness

proof follows the next lemma which is a generalization of Lemma 3.2 in [11].

Lemma A.2. Let g,P ,S be K ×K matrices with nonnegative entries. Assume that

a) P and g are symmetric;

b) P does not have two identical columns;

c) there exists at least one nonzero entry in each column of S;

d) for 1 ≤ k, l, a, b ≤ K, gkl = Pab whenever SkaSlb > 0.

Then S is a diagonal matrix or a permutation of a diagonal matrix.

Proof. The proof is similar to Lemma 3.2 [11].

1) If there exists a permutation of the rows and columns of S such that its diagonals

are all positive after permutation, i.e., Sbb > 0 for b = 1, ..., K. If S is not diagnonal,
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there exists k 6= a such that Ska > 0. For b = 1, ..., K,

SkaSbb > 0⇒ gkb = Pab,

SkkSbb > 0⇒ gkb = Pkb,

⇒ Pab = Pkb.

This contradicts with b).

2) If there does not exist such a permutation, then we can always permute row

and columns of S, such that for some m ≥ 1, Sij = 0 for 1 ≤ i, j ≤ m, and

Sbb > 0 for b = m + 1, ..., K. By c), there exists Skii > 0 for i = 1, ..., m and some

ki ∈ {m+ 1, ..., K}. Then

SkiiSk11 > 0⇒ gkik1 = Pi1 = P1i, for i = 1, ..., m.

SkiiSk1k1 > 0⇒ gkik1 = Pik1 = Pk1i, for i = 1, ..., m.

⇒ P1i = Pk1i, for i = 1, ..., m. (A.19)

Sk11Sbb > 0⇒ gk1b = P1b, for b = m+ 1, ..., K.

Sk1k1Sbb > 0⇒ gk1b = Pk1b, for b = m+ 1, ..., K.

⇒ P1b = Pk1b, for b = m+ 1, ..., K. (A.20)

(A.19) and (A.20) contradict with b).

Proof of Theorem II.3. Up to a constant, the population version of QDCBM is

F (H(S)) =
∑

kl

(

Hkl log
Hkl

HkHl

−Hkl

)

, (A.21)

where we only check (∗∗) (the form (∗) takes under the block model). The general-

ization to the degree-corrected block model is similar to the proof of Theorem II.1

and is omitted.
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Let gkl = Hkl/(HkHl), and

F (H(S)) =
∑

kl

(Hkl log gkl −HkHlgkl)

=
∑

kl

[

∑

ab

SkaSlbPab log gkl − (
∑

as

SkaπsPas)(
∑

bt

πtSlbPtb)gkl

]

=
∑

kl

∑

ab

SkaSlb

[

Pab log gkl − (
∑

s

πsPas)(
∑

t

πtPtb)gkl

]

= I2 .

Since argmaxx(c1 log x− c2x) = c1/c2, replacing gkl by

Pab

(
∑

s πsPas)(
∑

t πtPtb)
,

we obtain

I2 ≤
∑

kl

∑

ab

SkaSlb

[

Pab log
Pab

(
∑

s πsPas)(
∑

t πtPtb)
− Pab

]

=
∑

ab

[

πaπbPab log
Pab

(
∑

s πsPas)(
∑

t πtPtb)
− πaπbPab

]

= F (H(D)).
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APPENDIX B

Supplemental Material to Chapter III

B.1 Additional Simulation Results

Here we show results for the simulation of two pure communities with no back-

ground, comparing extraction, partition by modularity, and the block model. Specif-

ically, we generate a network from the block model with K = 2, p11 = 0.5, p22 = 0.4,

and p12 = 0.05, and vary the block sizes (n1 = 100, 200, 300, n2 = 1000 − n. Fig-

ure B.1 shows the boxplots of the adjusted Rand index for the three methods. For

n1 = 100, the block model does best (which is expected since the data is in fact

generated by the block model), closely followed by modularity and extraction, which

does a little bit worse because of “losing” some of the lower degree nodes in the

tighter community and extracting a slightly smaller “core”. For the more balanced

communities (n1 = 200 and 300), all three methods do perfectly.
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Figure B.1: Results for two communities with no background.

B.2 A hypothesis test for determining the number of com-

munities

Here we give more details on the proposed hypothesis test for determining whether

to perform a community extraction. The null hypothesis is that the subgraph under

consideration is a random realization from a given random graph distribution. We

consider two options here (the principle is the same regardless of the distribution): the

Erdos-Renyi and the configuration models. To test these hypotheses, we need to be

able to simulate graphs from these distribution that “match” the observed subgraph

in a suitable way.

For the Erdos-Renyi hypothesis, if the graph is unweighted, the simulation is

trivial: we can simply generate N independent random Erdos-Renyi graphs with the

same number of nodes n as the subgraph to be tested, and the same number of edges

placed independently at random. If the graph is weighted, we first generate the same

number edges between randomly chosen pairs without weights, and then assign the

weights from the original graph at random. To simulate the configuration model, we

use the algorithm of [62], which preserves the observed degrees. If the edges have

integer-valued weights, like in the school friendship network, we first convert them to
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Figure B.2: Critical values for testing the hypothesis of an Erdos-Renyi graph.

an unweighted edges by allowing multiple edges between the same nodes (e.g., an edge

with weight 5 becomes five edges), which can then be naturally incorporated in the

algorithm described in [62]. Once the N random graphs are generated, we maximize

the value of W̃ for each one of them. Then, if the value of W̃ for the proposed split

on the real graph is higher than 100(1− α)-th percentile of the N simulated values,

we can reject the null hypothesis at level α and proceed with the split.

Ideally, this simulation should be implemented for the specific graph. For the

configuration model, since we want to preserve the degrees, there is no other way; for

the Erdos-Renyi model, however, since the simulation only depends on the values of

n and p, we provide an estimate of the 5% critical values for several values of p as a

function of n in Figure B.2.

In addition, we also computed these critical values for the karate club (Table B.1)

and the school network data (Table B.2). In general, the results from the Erdos-Renyi

null and the configuration model null are fairly similar. The karate club has a clear

first split and very weak subsequent splits. For the school data, all splits are signifi-

cant, with the first 4 being particularly strong. The 7th split (not shown in Chapter
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Table B.1: Critical values for the karate club. The first non-significant test at each
level is shown in boldface.

Split 1 2 3 4
Test statistic 108.7 60.7 40.8 26.0
1% (ER) 94.7 66.7 38.8 28.0
5% (ER) 88.0 62.4 37.0 23.0
10% (ER) 84.0 59.4 35.0 19.5
1% (conf) 111.9 70.0 44.0 28.0
5% (conf) 103.5 65.7 42.7 28.0
10% (conf) 100.1 63.7 38.8 26.0

Table B.2: Critical values for the school friendship network.
Split 1 2 3 4 5 6 7

Test statistic 651.9 423.8 318.4 196.3 136.8 93.9 48.0
1% (ER) 368.7 305.0 236.6 170.8 137.0 98.6 66.0
5% (ER) 352.8 290.5 220.0 157.8 127.5 92.0 56.7

10% (ER) 343.9 280.3 216.2 151.8 122.0 89.0 54.0

1% (conf) 350.6 277.8 227.8 144.4 124.5 97.0 51.0
5% (conf) 332.8 258.1 212.0 134.0 115.7 89.5 42.3
10% (conf) 325.3 250.3 206.0 128.0 110.0 84.8 42.3

III to facilitate comparison to the grouping into six grades) is just borderline signifi-

cant, at 10% only and only under the configuration model, so we would recommend

omitting it.

B.3 Proof of Theorems in Chapter III

Proof of Proposition III.1 From assumption (3) and R(s, c)
P→ R,

E[Oab|c]
n2

=

∑

ij PcicjI(si = a, sj = b)

n2

=
∑

st

Ras(s, c)PstRbt(s, c)

→ (RPRT )ab.
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And from assumption (2),

V ar[Oab|c]
n4

≤
V ar[

∑

ij Aij |c]
n4

=

∑

ij V ar[Aij |c] + 2
∑

i=1

∑

j 6=i,k 6=ij<kCov[Aij, Aik|c]
n4

≤ Cn
(

n

2

)

n4
→ 0

So,

P

(∣

∣

∣

∣

Oab(s, A)

n2
− (RPRT )ab

∣

∣

∣

∣

> ǫ

∣

∣

∣

∣

c

)

→ 0, for any ǫ.

(a) holds following by dominated convergence theorem.

From (a), it is straightforward to prove

W (S)
P→ f(R,P ) =

1

(r11 + r12)2
(r211p11 + 2r11r12p12 + r212p22)

− 1

(r11 + r12)(r21 + r22)
(r11r21p11 + r11r22p12 + r12r21p12 + r12r22p22),

n−2W̃ (S)
P→ f̃(R,P ) = (r11 + r12)(r21 + r22)f(R,P )

To find the maximizer of f under the constraint RT1 = (π, 1 − π)T , we take the

transformation t1 = r11/(r11 + r12), t2 = r22/(r21 + r22) and obtain

f =P22 − P12 + (P11 − 2P12 + P22)

[

t1(t1 + t2 − 1)− 1

2
(t1 + t2)

]

+
1

2
(P11 − P22)(t1 + t2).

It is easy to verify that the function g(t1, t2) = t1(t1 + t2 − 1) − (t1 + t2)/2 has two

maximizers, t1 = 1, t2 = 1 and t1 = 0, t2 = 0. Thus under the condition P11 − 2P12 +

P22 > 0, P11 > P22, the unique maximizer of f is t1 = 1, t2 = 1, or equivalently,

R = diag(π, 1− π).
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For f̃ , applying the same transformation, we obtain

f̃ =
(t1 − π)(t2 − (1− π))

(t1 + t2 − 1)2

{

P22 − P12 + (P11 − 2P12 + P22)

[

t1(t1 + t2 − 1)− 1

2
(t1 + t2)

]

+
1

2
(P11 − P22)(t1 + t2)

}

,

where (t1, t2) ∈ [0, π]× [0, 1−π] ∪ [π, 1]× [1−π, 1]. The only interior point t∗ which

potentially satisfies ∇f(t∗) = 0 is

t∗1 =
P22 − P12

P11 + P22 − 2P12
t∗2 =

P11 − P12

P11 + P22 − 2P12
.

However, since t∗1 + t∗2 = 1, the only intersection with the feasible region is at t∗1 = π,

t∗2 = 1 − π, and thus f̃ can only be maximized on the boundary of the feasible

region. Since all functions involved are monotone and convex, it is easy to check the

boundary values; comparing all possible solutions shows that the unique maximizer

of f̃ is t1 = 1, t2 = 1, or equivalently, r11 = π, r22 = 1 − π. This completes the proof

of (b). �

To prove Theorem III.2, we first state a simpler version of the main theorem

of Bickel and Chen from [19]. The theorem holds for a general K but to simplify

notation we only state it for K = 2. This theorem allows ρn = P [Aij = 1] → 0.

Letting µn = n2ρn, we can write W and W̃ (up to a multiplicative factor) in the form

Q(s, A) = F

(

O(s, A)

µn

, g(s)

)

.

Further, similarly to the proof of Proposition III.1, it is easy to verify that

E(O(s, A)|c)
µn

= R(s, c)PRT (s, c),

where P = Pn/ρn. Thus the population version of Q is F (RPRT , R1). Then Propo-
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sition III.1 (b) is a natural necessary condition for the consistency result, which gives

us condition (C1) in the following Theorem by Bickel and Chen:

Theorem B.1. Suppose F , P and π satisfy the following conditions:

(C1) F (RPRT , R1) is uniquely maximized over R = {R : R ≥ 0, RT1 = (π, 1− π)′}

by R = D(π) ≡ diag(π, 1− π), for all (π, P ) in an open set Θ.

(C2) P has no identical columns.

(C3) (a) F is Lipschitz in its arguments; (b) Let W = D(π)PD(π). The directional

derivatives ∂2F
∂ǫ2

(M0+ ǫ(M1−M0), t0+ ǫ(t1−t0))|ǫ=0+ are continuous in (M1, t1)

for all (M0, t0) in a neighborhood of (W,C(π)), where C(π) = (π, 1− π)T ; (c)

Let G(R,P ) = F (RPRT , R1). Then on R, ∂G((1−ǫ)D(π)+ǫR,P )
∂ǫ

|ǫ=0+ < −C < 0

for all (π, P ) ∈ Θ.

If ĉ(n) is the maximizer of Q(s, A) and λn

logn
→∞, then, for all (π, P ) ∈ Θ,

lim sup
n→∞

P (ĉ(n) 6= c)

λn

≤ −sQ(π, P ) < 0.

Proof of Theorem III.2 Condition (C1) has already been checked in the proof

of Proposition III.1 (b). That completes the proof of Theorem III.2 since Condition

(C2) holds trivially and it is also straightforward to check condition (C3).
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