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ABSTRACT

The method of matched asymptotic expansions is applied to some two- and
three-dimensional problems of a ship-to-wall interactions for the case of the

small lateral separations from the wall(s).

In the two-dimensional model (i.e., no underkeel clearance), the beam and
yaw angle of a ship are assumed comparable to the lateral separation from the
wall and much smaller than the ship length. The asymptotic solutions are con-
structed separately in the confined region between a ship and the wall (chan-
nel flow), in the vicinities of the bow and stern (edge flows), and outside of
the channel and edge flows (outer flow). These asymptotic solutions are then
matched in the overlap regions, and a uniformly valid solution is composed,
which is used to obtain formulas for the side~force and yaw-moment coefficients

for the ship moving close to the wall and in a canal.

In the three~dimensional case of ship motion in shallow restricted water,
the same technique is applied to solve the linearized far field problem on an
assumption that the lateral separation from the wall(s) is much smaller than
the ship length. Some analytical and numerical results are presented both for
steady and unsteady shallow-water motions of the ship close to a bank or in a
narrow canal. These results illustrate the influence of the yaw angle, rudder
deflection, blockage coefficient and Strouhal number on some hydrodynamic

coefficients.
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I. INTRODUCTION

Due to the increase in size of mammoth ships in recent decades, many
waterways that were formerly considered deep and unrestricted have now become
relatively shallow and narrow. As a consequence, even slight errors in traf-
fic control of superships may cause costly damage. Because of the complicated
character of ship-to-wall hydrodynamic interactions, intuitive decisions in
maneuvering are often either misleading or dangerous. Therefore the develop-
ment and operation of rudder control systems should be based on a thorough
examination of the hydrodynamics of the ship in restricted waters.

Due to the problems of scaling, which become very significant in re-
stricted water, experimental investigations are usually difficult and expen-
sive, so that development of the appropriate theoretical approaches becomes
rather important.

Many of the theoretical models of the ship-to-wall interactions proposed
in recent years have been developed on the basis of singular perturbation
techniques, in particular, using the method of matched asymptotic expansions.
This method has proven effective in quite a number of applied problems of ship
hydrodynamics (see Ogilvie (1977)). It often leads to success in those cases
when the convergence of numerical schemes drastically decreases. At the same
time, the asymptotic solutions are oftentimes relatively simple and give the
possibility to predict the hydrodynamic behavior of the ship for a wide range
of parameters and at low computation costs, which is essential for the develop-
ment of rudder control systems.

Some of the theoretical approaches are based on the idea that in shallow
water the flow is asymptotically two-dimensional, even if the clearance is not
negligible compared to water depth, provided that we do not look too close to
the ship. Tuck (1967) extended his sinkage and trim analysis to include the
case of a ship operating in a rectangular canal. Beck, Newman and Tuck (1975)
further extended the analysis to include the case of a ship travelling along
the centerline of a dredged channel surrounded on both sides by shallow water.
Beck (1976) studied the problem of a ship operating at zero yaw angle off the
centerline of a canal of rectangqular cross-—-section in which, due to the
asymmetry, there exists a cross flow under the bottom of the ship. In this
case, the side force and yaw moment are not equal to zero. The cross flow in
Beck (1976) is handled in a manner similar to that developed by Newman (1969)

for the lateral flow past a slender body between two parallel walls.
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A theoretical model for prediction of lateral forces, rudder effective-
ness, and course-keeping stability of ships in shallow canals was proposed by
Hess (1976). In his model, Hess introduces the effects of yaw angle and rud-
der defleétion, although no numerical results are presented.

The theoretical study of the hydrodynamic interactions of ships in shal-
low water, including unsteady effects associated with the vortex wake, was
carried out by Yung (1978) and Xing (1977).

31l of the previocusly mentioned investigations have shown the importance
of including circulation and the Kutta=-Joukowsky condition in the theoretical
model.

It should be noted that the theories developed in the studies cited above
are only valid if the lateral éeparation between the ship and the other object
(e.g., other ship or bank) is considerably greater than the ship's beam. How-
ever, the situations that are of most practical importance are those in which
the ship moves close to another ship or close to a bank. Some progress in
this direction has been achieved by Yeung and Hwang (1977), who applied the
slender-body theor? to the problem of ship-to-ship interactions in shallow
water. They were able to obtain the solution without solving the outer pro-
blem. Their theory is essentially a "near-field" solution. It requires a de-
tailed knowledge of the hull geometry and accounts for it appropriately. How-
ever, as pointed out by the authors, "the computation time for such a mathema-
tical model.of ship interactions is sufficiently large so that its applica-
tions to real time simulation appear to be impractical.” )

Tuck (1974) formulated the one-dimensional (hydraulic) approach for the
case of a ship operating in a very narrow canal, although so far this approach
does not seem to be effective in providing information about the forces and
moments acting on a ship. Tuck (1975) developed some asymptotic "small gap"
solutions of problems for vehicles moving close to a plane surface. His solu-
tions are valid in cases when the gap is very small compared to the lateral
dimensions of the vehicle.

Some other publications exist on the émall-gap probleﬁs. Strand, Royce
and Fujita (1962) noted the "hydraulic" or channel-flow character of the
tightly=-constrained flow between the body and the wall, and Widnall and
Barrows (1970) provided a complete asymptotic solution for the steady-flow
three-dimensional case, assuming in addition that the body's thickness and
camber are small compared to the clearance. Rozhdestvensky (1974, 1976, 1977)

extended this analysis to the unsteady three-dimensional case and also to a
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"non-linear" (camber énd thickness comparable to clearance) two-dimensional
case. Tuck (1979) considered the lowest order "non-linear" solutions of some
steady and unsteady two-dimensional problems for the body moving very close to
a plane wall.

In this work we shall consider some problems of ship-to-wall interaction
using the method of matched asymptotic expansions, with the aim to obtain
relatively simple and readily computable formulae for the side force and yaw
moment acting upon the ship.

The report is divided into two main sections.

The first section deals with some two-dimensional ship-to-wall interac-
tion problems, which correspond to the case when the ship is wall sided and
there is no bottom gap. In particular, we consider the problem of a ship
moving in close proximity to a bank or one of the walls of a canal. The
method of matched asymptotic expansions is applied in a way similar to that of
Widnall and Barrows (1970) and Rozhdestvensky (1974, 1976). It is assumed
that the beam and yaw angle of the ship are comparable to the midstern dis-
tance from the bank and at the same time are considerably smaller than the
length of a ship ("nonlinear" approach). For the problem of a ship in a
canal, we shall consider two possible asymptotic solutions, corresponding to
the cases of the canal width (i) comparable to or (ii) much larger than the
midstern distance from the walls.

‘ The asymptotic solutions are constructed separately in characteristic
regions of the flow and then matched in the overlap regions to account for
physical interactions of different parts of the flow and to provide mathema-
tical uniqueness.

The asymptotic formulae for the side force and yaw moment coefficients
for a given distribution of beam and prescribed yaw angle are derived with an
asymptotic error of 0(22) , where £ is the midstern distance from the wall,
normalized by ship length. Some results of the numerical computations are
presented for the theoretical parabolic-beam distribution.

In the second section, a similar, though linearized, approach is applied
to the two-dimensional far-field part of the three-dimensional shallow-water
flow past a ship in presence of the wall(s). To employ Beck's (1976) far-
field formulation, it is assumed that the beam, yaw, and lateral (unsteady)
displacements of a ship are comparable to the water depth and at the same time
are considerably smaller than the lateral separation from the wall(s). Having

thus formulated the far-field problem, and gathering the necessary information



from the near field (e.g., the blockage coefficient distribution, etc.), we
then solve the far-field problem by matched expansions on the assumption that
the separation from the wall(s) is much smaller than the ship's length.

Although the practical validity of the assumptions in the second section
must be examined more thoroughly in the future, the method allows us to obtain
relati%ely simple final results for both steady and unstéady cases of ship
motion in restricted shallow water.

Sdme formulae and numerical results are given illustrating the dependence
of the hydrodynamic coefficients on such parameters as yaw angle, rudder

deflection, blockage coefficient, lateral separation from the wall, and
Strouhal number.



II. TWO-DIMENSIONAL SHIP-TO-WALL INTERACTION PROBLEMS*

A. Two-Dimensional Steady Flow Past a Ship Close to a Bank

As shown in Figure 1, consider the steady two-dimensional flow of an
inviscid and incompressible fluid past a ship in close proximity to a plane
rigid wall. The coordinate system Oxy is moving together with the ship at

constant velocity; the x axis is sliding along the wall, and the y axis is

directed outward from the wall and passes through midstern.

¢

.’.'.’/*//,Ifl//l.//[//./T/[[/].//////

Figure 1. Two-Dimensional Problem for a Ship Moving Close to a Bank

In what follows, all values are nondimensional, the characteristic
quantities being the length L of a ship and its velocity U .

Define the distance of the midstern of the ship from the bank as £ ,
local beam as B(x) , yaw angle as B8 (in radians). Introduce vy = Yr(x)
and y = yg(x) , functions describing the contours of the right and left side

of the ship. As seen from Figure 1,

yr = L+ Bx + 3b(x) , (2.1)

vy = L+ Bx = 3b(x) . (2.2)

*The material of this section was discussed in a presentation to the Panel on
Analytical Ship/Wave Relations during the Annual Meeting of the Society of
Naval Architects and Marine Engineers in New York on November 15, 1979,
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The velocity potential &(x,y) for the perturbation velocities due to the .
ship has to satisfy the Laplace equation throughout the fluid domain and is sub-
ject to a kinematic condition on the wall and ship hull, an appropriate radia-
tion condition, and the Kutta-Joukowsky condition at the stern. Note that the
last condition allows us to take into account, though implicitly, some effects
of‘viscosity of the real fluid.

Thus, the problem for the velocity potential can be formulated in the

following way:

— f —— =) in the fluid domain, (2.3)

|
"
Q
o
o
B
L

at y = yp(x) and y = yg(x) , (2.4)

—_ =90 at y=0+0 , . K (2.5)
79 > 0 as x2 +y2 > , (2.6)

plus the Kutta-Joukowsky condition at x=0, y =2 .

Assume that the beam and the yaw angle of a ship are comparable in
magnitude to the midstern distance from a wall, all of these dimensions being
much smaller‘than the ship length. This allows us to define the orders of
magnitude of the parameters and functions characterizing the problem as

follows:

B, b(x) , yplx), yg(x) =0(L) << 1.

Introduce the stretched parameters and functions

B =8/ ; b(x)=b(x)/% ; Fr(x) = ype(x)/2 ¢ Fo(x) = yo(x)/L o«
Then
B, b(x) , Fplx) , TFglx) =0(1) .
In addition we assume that
] [} vy = .
b'(x) , yr(x) ' YQ(X) o) ,

where a prime denotes differentiation with respect to the argument. After the

orders of magnitudes have been defined, we can proceed to the solution of the



problem, formulated above, by the method of matched asymptotic expansions.
Our method is similar to that of Widnall and Barrows (1970), who treated a
problem of a wing travelling parallel to a rigid boundary, using 4 (<<1) as
a small parameter.

At first, the asymptotic solutions will he constructed separately in the
confined region between a ship and a bank (channel flow), in the vicinities of
the bow and the stern (edge flows), and outside of the channel and edge flows
(outer flow). These asymptotic solutions will then be matched in the overlap
regions to account for physical interactions of different parts of the flow
and to provide the uniqueness of solutions in the above-mentioned regions.
Characteristic regions of the flow are shown in Figure 2.

Further on, we shall use the subscripts "4" and "r" to denote quanti-
ties characterizing the flow respectively along the left and right sides of

the ship.

outer Flow

C1'.,9'=O(1) . /_\\

x y=0()

bouwr £low” .
=0 - : stetn flow /
x=0(1) ), ,9 Ofr£) \ : /

Y A A Ay Ay S AR A S 7 7 77 7 77 A 77 7 7 7 /

c/&ﬁz7ne(;%ﬁauf

Figure 2. Characteristic Regions of the Flow Past a Ship Near a Bank

The Flow Between the Ship and the Bank (Channel Flow)
In a narrow region between the ship and the bank,
x=0(1) , y=0(2) .

In order that this region not disappear in the limit £ + 0 , the vertical

coordinate y is stretched. Introduce "channel-flow" coordinates:



x=0(1) , ¥=y/% =0(1) as L+0 .

In the channel-flow region, we seek the corresponding potential &gy in the

form of the following asymptotic expansion:
*
dg = dg + 2209 + ees (2.7)

1
dg ¢+ 9g =0(1) ; dg = dqg + 6222 1n i Ld3g (2.8)

It will be shown further that the presumed asymptotic structure of ¢4 given
by (2.8) satisfies the condition of matching with the bow and stern flows.
Insert the channel-flow coordinates x and ¥ into the formulae of the
full problem, (2.3)=(2.6), and consider the problem for the velocity potential
® = &9 in the channel-flow region. We obtain
320y 1 320y

+ o — = in channel-flow region; (2.9)
ax2 22 332

20 2gr | 222 1 0 2.1
— = 7 — - v =7 > ; .
8?2 2 yl ™ 1l on ¥ yz(x) ’ X > ( 0)
by

- =0 at ¥=0+ 0, X < o, (2.11)
Yy

The condition at infinity and the Kutta=-Joukowsky condition are lost in the
channel-flow problem.
After the substitution of the assumed asymptotic expansion (2.7).into

(2.9), we obtain

L] %*
32 32 1 32 32
by 429702 ) 7

2 ) ZZ 555— + 5;3- =0, 2'+ 0, x,y fixed,
wherefrom
324y
——— == 0 ’ (2.12)
972
326y  32¢y

Y



Upon the substitution of (2.7) into (2.11l), we obtain

—==0, F=0+0; (2.14)
Y

Integrating (2.12) with respect to ¥ and taking into account (2.14), we

have

and so

¢Z = ¢£(x) ’

i.e., with asymptotic error of the order of 0(%£2) , the flow in the channel
is one~dimensional. Integrate (2.13) with respect to ¥ :

3y 324y  .x
—_— - + .
37 7wz ¢ e

where $;(x) is an unknown function of x . To determine 5; , use (2.15),

wherefrom
~®
$g9(x) =0 .
Therefore
%*
3 32
i‘?‘. = -7 __4’& . (2.16)
37 Ix2

Substitute the assumed expansion for &; into the boundary condition on

the part of the hull surface facing the bank, (2.10):

* *
3 3 3 3
ﬂq.g,&ﬂ =g2'i'[i&+g,2.i&-1],
37 7 2 Lox 3%

Then

3¢ 3¢ - |
2 ?E [-—£ - 1] on ¥ = ¥p(x) . (2.17)
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Combining (2.17) with (2.16) and requiring that ¥ = ¥g(x) in (2.16), we

obtain
_ 3%y _ [y
7 e ulialb 7] —ax-1 .

Hence, finally, the equation for ¢¢ takes the form

a a .
_[yzi& =37 . 0<x<1, (2.18)
ax | tax

where ¥y, is a given function which depends on the form of the hull, distance

from the wall, and the yaw angle:

§z=yg/2=1+§x-%g(x) '

where B8 = 8/% ; B(x) = b(x)/L . Equation (2.18) represents mass conserva-
tion in the narrow channel between the port side of the ship and the bank.:

The solution of the equation (2.18) is simple:

d R
—¢£=1+ 1
dx T (x)
R dx
= x + R4 - + Ry .
* ¥y (x)

The boundary conditions for ¢g at points x = 0;1 (which will provide the
determination of the unknowns R4 and Ry ) are to be obtained through match-

ing with the bow and stern flows.
The Outer Flow

In thée outer flow region, x,y = 0(1) as £ + 0 . The corresponding
potential must satisfy

* a given normal velocity condition on the right side (starboard) of the
ship,
* no-normal-velocity condition on the wall outside of the hull,

* condition at infinity.

We seek the outer-flow potential in the form of the following asymptotic

expansion:
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or = 26y + 0022) , (2.19)

where ¢, is a solution of the problem

924 924y
+ =0 in the upper half plane, vy >0 ; (2.20)

ax2 © 3y?

Iy -

—_—=-F'(x) , y=0+0, 1>x>0; (2.21)
dy r

by

g—- =0, y=0+0, (x<0, x>1); (2.22)
Yy

V6, > 0 as %2 + y2 > =,

The solution to the aboye formulated problem can be readily obtained by
the distribution along the segment 1 > x > 0 of sources (sinks) with density
equal to -2?;(x) « In principle, a point source (sink), dipole, or multipole
solution can be added at points x =1 and x = 0 without violating the

normal-velocity conditions (2.21), (2.22) (see Figure 3).

)y

RN - i .‘=-2Z§‘.I/‘
\k\\\giéif/’ /9/1) 7(X)

R A Y e e S L el

X 7. C

Figure 3. Schematized Outer Problem in Case of a Ship Moving Close to a Bank

By means of matching with the bow and stern potentials, it can be veri-
fied that with the same asymptotic aécuracy as in (2.19) it is sufficient to
keep only concentrated source (sink) solutions, namely, to place a concentra-
ted source (sink) at the point x = 1 . A source (sink) solution at x = 0
(stern) must be excluded because it does not match with the Kutta-Joukowsky

stern solution.

Thus, we obtain the following expression for the outer potential on the

right side of the hull:
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1 .
by = L0y = zl:g—w- 1n(1-x) - 11' f?r(s)lnlx-a|ds] . (2.23)
' 0

The outer-flow problem is shown schematically in Figure 3. The strength 20
of the concentrated source located at x = 1 isAto be determined by matching.
Note that the expression for ¢, is not uniformly valid in vicinities of the

edges, i.e., we have lost the details of the flow near the edges.

For matching, we shall need the "inner" asymptotic representations of ¢,
near the points x = 0,1 (edgés). The two-term iﬁner expansion near the bow
of the one~term outer potential (2.23) is obtained by expanding in terms of
Vo= (x=1)/L :

’ 20 - 22 _ - - 22 - L2
Pp = $pp ~ =1n(2V) + = F'(1)VIn(AV) + =AqV + ==, (2.24)
2w T r T m
where‘
v =v/L,
1
Aq=-9 (1) - ?'(E)-?'U)d—g
1 r r £ !
0
1
By = -f?;(i)lnH-E)dE . (2.24a)
0 .

The two=-term inner expansion near the stern is obtained similarly by expanding

(2.23) in terms of Vv = =x/% :

22 — - - 2231_ LBo
dp = $pg ~ ;— yr(O)vln(zv) +

\) + — ’ (2‘25)
T T ’
where
G =v/% ,
1
dag
By = %Q - L0 -/ [?;(E:) - ?;:(0)] o (2.25a)
0

1 .
By = ‘f?;(i)lnidﬁ . (2.25b)
0
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Bow and Stern Flows

Consider first the bow region, where y = O(2) and x - 1 =v = 0(2) .
After stretching of the bow coordinates (¥ = y/%, v =Vv/2) , the magnified

bow region looks as in Figure 4.

<y

0w
=V

-7

/S , /7 S/ / / /S

Figure 4. "Magnified" Bow-Flow Region

If, as assumed previously, the beam-distribution x~-derivative, b'(x) ,
is of the order of 0(2) , then the distance of a contour point from a hori-
zontal line ¥ = ¥,(1) in a magnified bow region (see Figure 4) is also of
the order of 0O(2) . Therefore in the edge-flow regions the linear formula-
tion is valid with an asymptotic error that is 0(22) . 1In other words, the
normal-velocity condition can be satisfied to such degree of accuracy if it is

imposed on the line ¥ = ¥,(1) in the vicinity of the bow and, similarly, on
the line ¥ = ¥,(0) near the stern.
The bow-flow potential ¢j is governed by the 2-D Laplace equation and

the following boundary conditions:

3@]3 -

— =0 for |vl <=, ¥=0+0, (2.26)
3y

3‘I’b - - _

;:r =Dy for Vv <0, y=yp(1)+0, (2.27)
Yy

Nb - _ _

= = =Dy for v<o, ¥=y(1) -0, (2.28)
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where D, and Dg are constants to be determined by matching. The solution

of this problem can be shown to have the form

8y = aqlép + 226n + a3l2V + agk (2.29)

where

aj; are constants to be determined by matching;

¢y, is the homogeneous solution, which satisfies a
zero-normal-velocity condition on the wall and on the hull,
representing the circulatory motion of the fluid in the
vicinity of the bow (and thus containing a square-root
singularity at the edge);

¢n 1is the nonhomogeneous solution, which satisfies the non-zero
normal-velocity conditions on the_hull, (2.27), (2.28), and
generates no normal velocity on the bank;

a3£25+a42 is a linear combination with respect to v, which automatically

satisfies the Laplace equation and creates no normal velocity
on the bank or the hull.

The procedure for constructing solutions for ¢y, and ¢, is shown in

Appendix A.

On the hull, ¢y 1is given by the expression

Yr(1)
™

op = fn " (2.30)

where

- _ fn
™ = T (1)(1 - e + fn) .

It is demonstrated in the Appendix A that the perturbation wvelocity corre-

sponding to the homogeneous solution ¢y, has a square root singularity at the

bow, as anticipated.

The nonhomogeneous solution can he obtained in the following form (on the
hull):

<

on = | uwpav (2.31)
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where

uy = %[(Dr-ol)ln|1+61 + DylnlEll ,

and £ is related to v by the formula
TV = Fp(1) (1+E+1nE) = (1+8) (1+E+ln&) .

The potential in ‘the stern region is constructed similarly to that of the
bow region, but the homogeneous solution is excluded, because it does not
satisfy the Kutta-Joukowsky condition. With this in mind, we have near the

stern:
og = 22¢, + 22bv + b3 (2.32)

where Vv = =-x/% and ¢y 1is given by

bn = unpdv

0

with
u, = %[(Er-Eg)1n|1+§| + Ezlnlgli .
The auxiliary variable & 1is related to v by the equation
™ = ?f(0)£1 +E+ 1n€]l =1+ &+ 1InE .

The constants E, and Eg are unknown and must be determined by matching.
Note that, in the general case of a flow with circulation, the parameter bg
in (2.32) takes different values on the right and left sides of the hull,

+ -
ioeo b3 # b3 .
Matching

The asymptotic solutions constructed so far in different parts of the

flow contain the unknown parameters:
channel flow: R4 and Rp ,

outer flow: Q ,
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bow and stern flows: 2j, Dys Dgs by, Ep, Eg ,

which have to be determined by matching.

First, match the outer-flow potential with the bow=flow potential. Take
Op = aqléy + 2245 + a3tV + fag . (2.29)

Pass over to the outer coordinate v = iv , fix v and reQuire that 2 + 0
with y = yp(1) + 0 . Obtain the one-term outer expansion of the two=term bow
expansion (2.29). The details of this procedure are shown in Appendix A. We

write down the final overlap asymptotic expansion for ¢ :

aql_ ™ 4Dy ™V
op = Opy ~ =Yr(1)1ln |— + ==V |ln|— =1 + a3zlv + agt
T 27 1) T L7 (1) g

(2.33)
for v fixed, 2 >0, T =73.(1) +0,

Return to the bow variable, v = v/ , in (2.33):

22p : ™
+ r; [in

Fe(1)

™

a
Ppr ~ ——¥r(1)1in|=
m

T (1) T

-1] + a3£2; + agl ,

and compare the resulting expression with the previously obtained two-term bow

expansion of the one-term outer potential (2.24),

) 2. l2v] + Y 1)V1n(29 Prig M2
rb ™ P n|2v F-Yr( )vlin(2v) + Vo+—,

wherefrom

Q
aq = Dy = 7'(1) ’
27,(1) Tor

1
az = ;{Ar-y;_(‘l)l:ln

1
ag = - {Az-a1§r(1)ln
™

r l

where, as shown previously,

.
- - I
S A U AL
0
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i 1
A2 =-f‘17;_.(5>1nl1-sld£ .
0

Second, match the bow-flow potential with the channel-flow potential.
For this purpose write the two~term channel-flow expansion of the two-term bow

expansion (2.29) (see Appendix A):

aqyL(1)| mv D v
dp = dpg ~ AEe [ —Jl] + 2 [ ~£v] + azdv + ag? .« (2.34)

T TN T |25.(1)

This expression must match with the function

]
O = ¢g = dqg + ¢2¢2 Ing + 635 (2.35)

expanded for very small v = W o Comparing (2.34) and (2.35), one can easily

deduce the following formulae:
1 a12_ '
Be(1) = ¢g(1) = dqg + ¢208Ing + ¢3gL = = ——Fx(1) + Lag , (2.36)
m

or, taking account of the expression for a,,

bqp(1) =0 , (2.37)

aq
- ;_§5(1) , © (2.38)

$2g(1)

T

1
$32(1) {Az-a1§r(1)E+ln

In addition we obtain

doqg

aq = =—

dx

’ (2‘40)

x=1

d2¢1z
¥ (1)
Yr dx

Dy . (2.41)

x=1

The third step consists of the matching of the stern-flow potential with

the outer-flow potential. The one-term outer expansion of the two-term stern
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potential solution has, as shown in Appendix A, the form

4E
¢s=<bsr~7£v l:ln%-\-’-

-1] + bplv + Lby (2.42)

for v fixed, 2+ 0, ¥ =79,(0) +0=1+0 . This must match the two-term

stern expansion of the one-term outer potential, given by the formula (2.25):

22 - = ‘?'231- le
@r = (Drs ~ ;—?;(O)V 1In(2v) + T—v + T

for v fixed, & + 0 . Rewriting (2.25) in the outer-flow variable, Vv = W,

we obtain

Oy = dpg ~ T;YJ,_,(O)’\’lnl\)I + -“—v - . (2.

Requiring in the overlap region that &,g = &g, , i.e, comparing (2.42) with
(2.43), we obtain

Er = 7,00) (2.44)
by = 1 | B4+F1(0) (1-1n3) (2.45)
2 T 1 r 2 4

B
by = 1.;3 , _ " (2.46)

where, as shown previously,

1 .
1. _ = = 4
By = -3Q - 7.(0) - (F,.(8) - Yr(O)]g" '
0

1
By = -/?;(E)lnsd&' .
0

Fourth step: As mentioned before, because of the circulatory character
of the flow, the potential is discontinuous at the stern. Therefore the

matching of the stern flow to the channel flow is fulfilled using velocities
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rather than potentials. Take the two=-term channel expansion of the two-term

expansion of the stern velocity (see Appendix A):-

4 dd E
-8 L - - by (2.47)
dx dax T

This expression must match the function

as d d 1 d¢
__& ™~ _il& :iz&z n - + __E&g (2.48)
dx dx dax L dax

expanded for very small v = W . Comparing (2.47) and (2.48), we obtain

as a a 1 a LE
—£0) = -%i& + :j”z In- + J%i& g = =2 - gb, , (2.49)
™

or, recalling the expression for the parameter b3 ,

d

P12 0y = , (2.50)
dx
d E

-23&(0) - X ' (2.51)
dx T

dé3g 1 - -

——(0) = - =[Bq - 7!(0) + 7' (0)(1-1nm)] . (2.52)
dx ™ Z r

Besides, we find
aZ¢qy
L dx2
x=0

Now, after the matching has been completed, the uniqueness of the
asymptotic solutions obtained in different parts of the flow is provided. A
uniformly valid expression for the potential can be constructed with help of

the additive composition (see Van Dyke (1975)):
On the right side of the hull (starboard):
b = Oy = Op + Oy = Opy + &g - dgr (2.54)
On the left side of the hull (port):

o = dgg = 09 + Oy - Opg + &g - dgp . (2.55)
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o, is the composite expansion for the velocity potential.

The Coefficients of the Side Force and Yaw Moment

The side force and yaw moment (with respect to midship) coefficients are

defined as follows:

1
2t ( )dx (2.56)
Cy = = -p o
Y = S0%n Pcg cr ’ y
0
1
My = m = ) (Pcl - Pcr)(x - a)dx ’ ) (2. )

where U is velocity of the ship, L is ship length, h is the undisturbed
depth of water (note that ship is assumed wall sided, having zero bottom gap),
and pgg and pgy are composite pressure coefficients for the left and right
sides of the ship, respectively.

In the channel-flow region, where the perturbations are not necessarily
small (we did not linearize the channel-flow equations in the wvicinity of the

horizontal line ¥ = ¥,.(0) = 1 ), the pressure coefficient is defined as

as [as)\?
P = 2; - ;{ . (2058)

In the outer and edge regions, where linear formulations were used, we shall

employ the linear expression for the pressure coefficient:

4o
p = 2= . (2.59)
ax .

At first, we calculate the side force and yaw moment to the lowest order,

i.e., for very small distances from the bank. In this case

Pog = $1g = 0(1) ; Qqp = O(L) .

The function ¢q1y , as seen from (2.18), (2.37), and (2.50), is a solution of
the problem
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d-:{ ?l(x)‘—- ?}‘(X) ’ 1>x>0,

]
—~
o
-~
I
o
-

$19(1)

where

b(x) = b(x)/% .

~

Fa(x) = 1+ Bx = 26(x) i B=8/1

It is easy to obtain

4 ¥ (0)
‘Elz(x) = 1= 7L =1-= !

Tol(x) Fo(x)

Using this result and taking into account the formulae (2.,40), (2.41), and

(2.53), we can obtain the parameters aq , Dg and Ejg :

d
Cag = -215(1) =1- = !
dax ¥e(1)
D =3?(1>d2 1201 = Fo(hmie F1(1) = 2
PR 2 g2y TR Fo(1)

a2¢qy
de

Side=-force and yaw-moment coefficients to the lowest order can be

calculated with help of the following formulae:

]
ddrg  [do1g)?
°y=°v1=f[2‘; '(7; ax
0
1 1
dx dx
1-[_2()=1-f ’
X - -
0 Y2 0 b+ma;ux42
! 2
1 dé1g dé1
e =z, =f<x-s> [2‘;‘(75 a

1
o
-—
»
1
Y P
A
—
)
<
=N
~~ —
L)
N——
[}
1
-—
%
1
VY
|
N
J
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Solving similarly for ¢y and ¢35 , we obtain

ddag A d¢2z(o
S dx Fp(x) ax

)

dd3g - ddag
ax To(x) ax

(o)

d¢, dé3g
where 5—-(0) and -;;—(0) are given by the formulae (2.51) and (2.52).
x , .

Using the expressions (2.56) and (2.57), the following formulae for Cy
and M, can be obtained with the asymptotic error of the order of 0(2%2) :

Side~-force coefficient:

- 1, 2 :
where
1

e ] dx
Y1 = - —2

0 yz(x)
c 2 [ 1 1+ (0
Y2 = T Yr( ) - Yr( )(1-CY1) K

™

Y1)

0
|
[}

)

+[?;(0)(1nn-1) + ?i(O)-B1] (1-cy1)} ;

2 —_
¥3 " 1 {BZ'A2+[Yr(1)‘1](1‘ aq +ln

Yaw moment coefficient (calculated with respect to midships):

Mz =Mz, + M22£1n% * Mzl (2.61)

where
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=
N
|

2_ 1 _
, = - 1;[;@(0)14Z1 - §<yr(1)-1)] '

=
N
1]

2 )= - - 1 _ T
3 -5 [y;(O)(lnw-1) + yi(O)-B1] Mzy - E[Yr(1)-1] In |- , -1- a1]
Tr(1)

-
. f 710 [(Le)nlst 1] dg} .

0 .
In the above expressions for Cy and Mz , parameters B¢ , 33 , A can be

determined from the expressions (2.24a), (2.25a) and (2.25b).

Particular case: pafabolic beam distribution. Consider a theoretical

hull shape with a parabolic beam distribution. In this case,

b(x) = 9;—"1 = 4bgx(1 - x)

where by = LEO = beam at midships. The side force coefficient as obtained

from the general formula (2.60) is

1
Cy = Cy, + Cy,% lng + Cy.t

where
c 1 1 B8+2bg + 25 7+ 8bg . B+2bg . B-2b,
== = 0 - —— | arctan - arctan ,
Y1 Ed 1+8 a a q
q =Y 81;0"( 5‘250)2 ’
c 218 + (B+2Bg)(1-C
yz =7 B + (B+2bg)(1- y1) ’
2 A - - - -
Cy, *31? 2bg + B [1+1n 1%5} (1-Cy1) [(B+2bg) lnm~6bg]} .

The yaw moment coefficient is

1
My = Mz1 + M22£ln,-?: + m23 ’

where
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=
N
-
[
)
;ﬂdml'
fte]]

“he Ve g+2b g-2b
ELl_Bg;tE - 2 | arctan 5 0 . arctan 3 0
2(1+8)

2 [ = = 1=
Mzz =-7 [(B+2bo)M21 - 58] ’
Mzy = = 2 (@eamg)1an-650 | wg - B1a] Lo}
Results of some computations are presented in Figures 5 and 6.

1

A -3 ;

B=0/5

i
|

-4

L

1

Figure 5. Side Force Coefficient versus Yaw Angle For Different Values of
the Beam (Parabolic Ship)

For zero yaw angle, the side force is always negative, representing a
suction force toward the bank. Positive yaw angle adds a repulsive bank
force, which can be large enough to cancel the suction force. The moment is

always in the direction tending to increase yaw angle.
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Mz
0.05
0
5 g 4 3 2 | -1
/ﬁ“&/// -0.05
— | .00l — |
/ /
— | ’////;///‘ _ -0.1
| B=01 _—
-0.15

Figure 6. Yaw Moment Coefficient Versus Yaw Angle for Different Values of the

Beam (Parabolic Ship)
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B. Two-Dimensional Steady Flow Past a Ship in a Canal -

Consider the steady potential flow past a ship in a canal bounded by
plane, rigid walls. The flow has a constant velocity U far upstream and
downstream of the ship. The picture of a ship in a canal, together with the
Cartesian coordinate system Oxy is given in Figure 7, where the following
notations are introduced: £ 1is the distance of the midstern of the ship from
the left bank, b(x) the local ?eam, 8 +the yaw angle, € the width of the
canal. As in the previous analysis for the case of a ship close to the single
wall, all values are nondimensional, characteristic quantities being the
length L of the ship and the stream flow velocity U . The coordinate
system is attached to the ship and moves with it. The contours of the right
and left sides of the ship are described by functions y,(x) and v (x) ,

19

(. /7 /

S &

A
G(x)

X 4

T 7 7 7 7 7 7 y 7 7 i , va a v va 7 -
! 0

Figure 7. Coordinate System for a Ship in a Canal
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,
defined by the formulae (2.1) and (2.2).. The velocity potential ¢&(x,y) is
governed by the equations (2.3)=(2.5) of the previous part, with the addi- '
tional condition of no normal velocity on the right side wall of the canal,
that is, '

Q

A 0 on y=¢€ =0 . (2.62)

~

We assume that the beam, yaw angle (in radians), and midstern distance
from the left wall are all of the same order of magpitude and at the same time

are considerably smaller than the length of the ship, that is,
B, &, bx), Yr(x) ’ Y,Q(X) < 1 .

The asymptotic solution of the problem can take different form, depending on
the order relationship between the width of the canal, ¢ , and the distance
of the ship from the left wall, £ . We shall consider the two cases: 1)

€ =0(1) and 2) € = 0O(4) .

1. Ship in a Wide Canal

We consider first the case that € = 0(1) , i.e., ﬁhe canal width is com-
parable with the ship length; the ship is near the left bank but distant from
the right bank. From the methodological point of view, this problem, when
solved by matched expansions with £ as a small parameter, is quite similar
to that of a ship moving close to a single wall (see Part A of this section).
Examining characteristic regions of the .flow shown in Figure 8, one can see
that the channel-flow problem and the edge problems must be handled exactly as
before in Part A. The construction of the outer flow is somewhat different

and we shall focus attention on this part of the solution.

cuter Feolr

. \ | /m-w\ £=0(()

- ~ /

\ 7 ﬁ—_-d.~:::=-
.-\_\ f‘o&ﬁ\cﬂ’i}n el J‘ZO wr \ f{uw‘ / I

! / 7 7 / A U ’ 7

Figure 8. Characteristic Regions of the Flow Past a Ship in a Wide Canal
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In the outer region ( x,y fixed, & > 0 ), we come to the following problem

for the outer flow potential ¢, (cf. (2.19)-(2.22)):

dp = Loy + O(22) ;

32 32 .
b, o in 0<y<e ;
Ix dy
9
ng ==F(x) , y=0+0, 1>x>0 ;
Ay r
3¢r y=0+0(x<0, x>1) ,
- = () for
oy y=€ =0 (|x] <= ) ; (2.63)

V¢r->0 as x2+y2+on R

The solution of this problem can be constructed by distributing along the
segment 1 > x > 0 sources (sinks) with denéity equal to -2?; and in addi-
tion placing a concentrated source of strength 290 at point x = 1 . Both
the distribution and the concentrated source must satisfy the no-normal-velo-
city condition on the right side wall of the canal (2.63). The outer problem
is schematized in Figure 9. The potential of a unit source located on one
wall of a canal of width & is well known. On the wall y = 0 , it is given

by the function

oy = -;? 1n sinh [%E(x - xo)] , (2.64)

where xp is the abscissa of the location of the source. Introducing the no-
tation § = 7/2e and accounting for (2.64), we arrive at the following ex-

pression for the outer flow potential on y = 0 :

s

7/ . . R . ‘ K
x { @)

Figure 9. Schematized Outer Problem in a Case of a Ship Moving in a Wide Canal

\\ A N
\;j:‘
77T
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b

]
o = 26r = 2 {2 1n sinn(8(1-x)]~ f F1(E) 1n sinh[8(x=E)]dE} .  (2.65)
0

The two-term bow and stern expansions of the one=term outer potential
(2.65) are given by the formulae (2.24) and (2.25) with A4 , A3 , Bq, and

By determined from the following expressions:

1
- sinhé] — — ag
Ay = = T (1|1 + ln=—| = § (E)=F(1)] (2.66)
o Y. )[ n==% j;[yri ¥, tamnis(1-5)]
1
Ay = % 1n§ = [?;(E)ln sinh(8(1-E)]4E , (2.67)

0

1
- 98 _ = sinh8] _ =y aE
B1 = 3tanns y;_(O) 1+ ].n—(S 8 [yr(g) y;(o)]—'—tanh(sg) , (2.68)
0

1
By = % 1n sinhé - f FL(E)1n sinh(8E)QE . (2.69)
o ,

It can be shown that, in the limit € » » (§ + 0) , the expressions (2.65)-
(2.69) become identical to the corresponding formulae (2.24)=(2.25) of Section
A. The side~force and yaw-moment coefficients may be calculated using formu-
lae (2.60) and (2.61) of Section A, with Bq1 , By , and Ay given by equa-
tions (2.68), (2.69) and (2.67), respectively. '
Considering the asymptotic structure of the solution for the case ¢ =
0(1) , one can conclude that, when the width of a canal is comparable to the
ship length and the distance of the ship from one wall goes to zero, the
increment in forces acting on a ship caused by the presence of the second wall
is 0(2) . 1In other words, when € = 0(1) and & > 0 , the ship-to-wall
interaction forces are, with asymptotic error O(L) , the same as for the ship

near the single wall.
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2, Ship in a Narrow Canal.

Now let us pass over to the less trivial, more practical case 2), in
which the width of the canal is comparable to the distance of the ship from
the left side wall, i.e., € =0(2) as & > 0 . We shall solve this problgm
by matched asymptotics with € (width' of the canal) as a small parameter.

The division of the flow into characteristic subflows is schematized in Figure
10. In this particular case, we have to construct separate asymptotic solu-
tions in two confined regions between the ship sides and the walls of the
canal (channel flows) and near the edges with no-normal-velocity condition on
both walls of the canal (edge flows). Then we shall match the edge flows to

the channel‘flows and to the upstream and downstream uniform flows.

VA A A A A A R S S R R S B S R B A A / . ;
ay ‘ GAE ' !
bow flowr \\ w4 / \

: cAarnel / sten fCowr

efc . \
caanpel \

7 7 7 7 7 L 7

[l

|
i :

7 7 7 7 T

Figure 10. Characteristic Regions of the Flow Past a Ship in a Narrow Canal

The Flows Between the Sides of the Ship and the Canal Walls (Channel Flows)

To consider these flows with € > 0 and x = 0(1) , it is necessary to
stretch the vertical coordinate y so that the channels do not disappear in

the limit. Introduce:
§=y/e, T=2/e, Bx)=blx)/e, B=8/c, ¥p=yp/c, ¥p=yg/c .

In the channel flow regions we assume, as in Section A, the following

asymptotic expansions of the velocity potential:
In the right channel,

.2*
Sr = by + ESPy + o0s



In the left channel,

where
* *
by + br . by + 9g = o(1) .

Introducing the stretched coordinate ¥ = y/¢ and the assumed asymptotic
expansions into the full problem, we obtain in exactly the same way as in

Section A the following equations for ¢, and ¢g :

by = dp(x) , dg = do(x) ;

g;[(§r - 1)%%11 =yL, 12x3>0 ; (2.70)
q - -
SHPE =y . 1> x>0 . (2.71)

Equations (2.70) and (2.71) can alternatively be written as follows:

4 ,~ d ~
a(c dx ) = c;: ’ (2.72)
%x_(azg%q.) = ;i , (2.73)

where ¢, and ¢y are the right and left side clearances, respectively,

Cr(x) =€ = yp(x) , cg(x) = yo(x) , - (2.74)

and ¢y = cp/€ , &g = cg/e . The solution of the channel-flow equations is

simple:
@r = ¢r>= x + Ripy ~dx + Roy
Cp(x) .
by = g = x + R a_ 4R
L= 6g = x 12 | = 29 -
Cz(x)

The boundary conditions for ¢, and ¢g at points x = 0,1 (which determine

the unknown constants R4y , Ry , Rqg , and Ryg ) are to be determined

through matching with bow and stern flows.
@08 avp ITebv <wolo

Consider the bow region in stretched coordinates:

Yy =y/e , V=v/e , where VvV =x-=-1 .
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In the magnified region, the bow=flow potential should satisfy the 2-D Laplace

equation and the linearized boundary conditions*

9 ~ ~

2220 at V] <o, y=0,1, (2.75)
ay

3%y, - ~ ~

3y

3%y, ~ ~ ~

r = =- Dz at v <O ’ y = y2(1) -0 7 (2.77)
y

where Dy, and Dg are unknown parameters.
The solution of this problem has the form given by (2.29), i.e.,
bp = aq€dp + £2¢n + a3elV + age (2.78)

where

aj are constants to be determined by matching;

¢y is the homogeneous solution, which satisfies a zero-normal-velocity
condition on the hull and on the canal walls;

¢n is the nonhomogeneous solution, which satisfies a zero-normal-velo-
city condition on the canal walls and nonzero-normal-velocity

conditions, (2.76) and (2.77), on the hull.
The determination of the functions ¢y and ¢, is given in Appendix B.

For pointé on the hull, the homogeneous soiution ¢ is defined by the

formula (B.4) (see Appendix B) :
U =¢p - Anf1 - q+ qexp(%) ' (B.4)
where q = }r(1). The nonhomogeneogs solution is
v
bn = updV  on the huil, (2.79)

0

where

uy = %[(Dr - Dg)ln|1 + E| + Dglnl&l] , ¥V =v/e = (x - /e

*Linearization of the edge-flow boundary conditions is based upon the same
considerations as in Section A.
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and the relationship of £ with v is given by
™ = qlnlg| - gnl1 - g+ €l , E<O0, qg=731) .
The stern flow potential can‘be shown to be (cf. (2.32))
bg = €2¢p + €2byV  + eb3 , (2.80)
where V = v/e = -x/¢ , b3 # b3 and ¢, is given by the formula
v

bn = updv

where
1
un = =[(Ep = Eg)ln|1 + E| + Eglnl|El] ,

with unknown constants E, and Eg , and § related to Vv by (B.8) with g

replaced by qq = y(0) = % .

Matching

Looking through the results obtained so far, we see that they contain

several unknown parameters:
channel flows: R4y , Rpyr , Rqg , Rog
bow and stern flows: aj , Dy , Dg , by, Er, and E; .

" These parameters can be determined if we take into account the physical
interaction of different parts of the flow. Mathematically speaking, we have
to perform the matching of the corresponding solutions. We shall adopt the
same sequence of matching steps as in Section A and, in addition, match the
edge solutions with the upstream and downstream uniform flows. ,

First, match the right-channel-flow potential with the bow=flow poten=-
tial. Take the two-term right-channel expansion of the two=-term bow solution

(2.78) (see Appendix B):

aqq 1nq] D rTv2 evlng
by = dpp ~ - = v te— |+ = + + azev + age , (B.9)
1-q T T L2(g-1) (g=1)

where q = §r(1) « This expansion must match with the function
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9, = ¢y + O(e?) _ (2.81)

expanded for very small v = €V . Comparing (B.9) and (2.81), we find

€aqgqlng
Dy(1) = op(1) = ¢p10(1) + €hop(1) = - + cagq (2.82)
_ T(1=q)
or
bq1p(1) =0 , (2.83)
a1qlng
doyp(1) = + ag . (2.84)
q-1
q-1 déq1, q-1 ddqp
ag = — T — — ’
qa & a
x=1
a4y a%¢ 1y
Dp=(g=N—=F=(a=-1 P, .
x=1

. Second step: Matching the left-channel potential with the bow potential
in similar fashion yields:

. €a4
(1) = ¢g(1) = $14(1) + €¢29(1) = —1n|1 - q| + eaq , (2.85)
T
or
$qg(1) =0 , (2.86)
a4
$og(1) = ;— Inl1 -.ql + ag (2.87)
dd1g
\ a1=—— ’
ax
x=1
d2¢1g
x=1

Third step: Match the velocities in the right-channel and near the
stern. Take the two=term right-channel expansion of the two-term expansion of

the stern flow velocity (see Appendix B),
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do as E
- = 5L S—(mv + €lngq) = bge ; vV = -x
dx dx  m(1=qq)

and match it with

d®, déy ddqy N €d¢2r

— 2 s T2 es—

dx ax dax ax

expanded for very small v = €EV . We obtain

dao dé dé d¢ €Eylnqgy
—ZT(0) » —L(0) = —1Z(0) + e—2Z 0y = - €by
dax dx dx T{1=q4)
or
d¢
i(o) =0 ’
dax
d¢ Eyln
2r 0) = rindl by
dx T(1=q4)
244y
E,. = ( - 1) .
r q1 dxz
x=0

' © (2.88)

(2.89)

(2.90)

(2.91)

Fourth step: In analogous manner, match the velocities in the

left-channel and near the stern to obtain

as ad a¢ a¢ €Egln|1-qq] :
—2(0) ~ -—2(0) = —l&(o) + _e—il(o) = - ;"———l. - €b2 . (2.92)
ax ax ax ax Tqq
or
ddqg

—(0) =0 ,
dx

d¢- Egln|1-q4]
B2 gy o o Bdnltl
a4
o a2¢4g
bl—q1dx2 .
x=0

So far, we have the necessary information to compute a,

’

(2.93)

(2.94)

(2.95)

Dy + Dg .

_ ‘ + -
Er , Bg » Ry + Roy , Rqg , Ry . The parameters a4 , b3y , b3y , asz,
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and by remain undetermined. To go on with our solution at the moment, we
need only to define the parameters a3 and by . This can be done through
matching of the edge flows to the upstream and downstream uniform flows:

The asymptotic behavior of the edge solutions for upstream and far down-
Stream is analyzed in Appendix B. The one~term upstream expansion of the two-

term bow velocity_turns out to be (cf. (B.16) and (B.17))

ddy, ddpe 1
-_—= ~ =[Dgln(1=-q) = D,lngle + aze . (2.96)
dx dx ™ o 4 r:nd 3

The one-term downstream expansion of the two-term stern velocity has the form

4o dbsc

1
~ = =[Egln(1~qq) = E,lngqle = boe . (2.97)
dx ax T 2 1 r 1 2

The condition at infinity of the full problem requires that the flow be
uniform far upstream and far downstream from the ship, i.e., the perturbation
velocity at infinity should equal zero:

4

=0 . (2.98)
dx .

Comparing (2.98) with (2.96) and (2.97), we find the expressions for the

parameters:

az = %[Drlnq - Dgln(1=q)] , q = y(1) (2.99)

by = %[Erlnq1 = Egln(1-q1)] , q1 = y(0) = 1 ; (2.100)

The uniformly valid expression (additive composition of the velocity

potential) is defined as in (2.54), (2.55).

The Coefficients of the Side Force and Yaw Moment

The side-force and yaw-moment (amidships) coefficients are determined as
in Section A, the pressure coefficients in the channels being defined by
(2.58)s To the lowest order, i.e., for a very narrow canal, the composite

velocity potential can be approximated as

Ocr = d1x + O(€) , Qo = d1g + O(e) ,



the functions ¢4, and ¢4y satisfying the equations

with boundary conditions

d¢ 1p dd1g
(1 = (=0 , (0) = =—=(0) =0 ,
P1r $1g ™ P
where ) )
Gp =1 -2 -8x - $b(x) , O (2.101)
3 =g = & +8x - b(x) , (2.102)

L =2/, 8=8/c, blx)=Dhb(x)/c .

It is easy to see that

‘-iglxa:(x)=1--:°-r-‘°—) ; 9%_(::)=1-§L‘—°’_ , (2.103)

cr(x) Seg(x)

where
3p(0) = 1 =2, &p(0) =1 .

Therefore, from the formulae given earlier, it follows that

a; =321 1r (g, = 9211&1) - Sa(1-8(0) _ 8
q dax dx cg (1) 7+8

»QF‘:‘

a2 En(0) = 1-2 3, 1=
Dy = (q = NEU=(1) = - 200 7y gy = 122 15 4+ prgnyy
T q ax Cr(1 r 2

) 1-2-8
2 ~ ~ ~
Dy = e ye(1) = 11 - cr(1)1§§%%%c§<1)
%

= 20=2-8) 5 _ 1504y,
(2+8)2

’

32 ~ o ep(0) - - ~
= (q1 - NE8Ir0) = (2 - 1) =8 + cb'(0) = yi(0) ,
Er = (a1 o Z.00) 5 Ve
a2 ~gi(0) ~ 1~ ~ .
Eg = = = - =h!'(N) = ¢! .
[ q1—E;Q&40) 2 %2(0) B 2b (0) = y,(0)
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Side~force and yaw-moment coefficients are, to the lowest order (very narrow

canal),

1 1 (2o _ &)
M =M = (x - —) Tr - ~9 dx .
2" 2 |E2(x) & (x)
Solving similarly for ¢5, and ¢gp9 , we obtain

ddor = Cr(0) dbor(g)
dax Cp(x) dax

dbg = £9(0) 209y .
dx Cg (x)

ddor

d¢
where (0) and -;i&(O) can be computed from formulae (2.90) and (2.94).

Using the expressions (2.56), (2.57), we arrive at the following formulae

for CY and M, (with respect to midships) in the case of a narrow canal:

= C, + £Cy + 0(£2) 2.104)
Cy = Gy, y,* O ’ (
where
Cy1 =Kp = Kg
2 - ~ ~ ~ ~ ~
Co. = = ={[§2(0)21n2 + F4(0)(1-D)1nl1-2]1| B + Ko
1-2 2
+ (q—i) Z|in|1-g| , 1nq ,
q a 1=-q
1 , . 1
~ ~2
cyr(0) cg(0)
= _f—_. dx L e = = dx
b .’. Zeo Lt _/. 33 (%)
0 o ¢
q=ye(1)
My = Mz, + Mz, + O(2) (2.105)
where
Mz, =Sy - Sy ,

1
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=

N

[}
ﬂlw

3[:1 (0)21ng + Yg(O)(1-£)1n(1-R.)][§-L- + 52-]

1-3
- tg=£) 2[1inl1-g] , 1nq]|
2 q a 1-q

1 1
2
Sy = (x--)-_c-z(ﬂdx, sy = (x-l)if-%(o—)dx
. 2(x) o 2 &f(x)

For the case when the yaw angle is much smaller than the canal width, i.e.,
B << 1 and b(x) = 0 , we obtain the linearized formulas for a flat plate
between the two walls:

I S P 489108 + (1-2)1n(1-2)]+ + O(e2) , (2.106)
R TER S 3 T
8 6,5, 3 - - 2
My = —PB 11 -8%(01n0 + (1-)1n(1-2)1} + 0(e2) .  (2.107)
Z - sL(1-1) 3 L i ‘

Passing to € =€/ = 1/% , we derive from (2.106):

B8
c, =& _E
¥ 2t

l(')!

- ;1 + "—[(1-e)ln(t-: 1)+elne]$ . (2.108)

The expression (2.108) is identical to the formula for the lift coefficient of
a flat plate moving between two parallel walls (Minami et al. (1974)).

It should be noted that the only case to which the previous two-dimen-
sional analysis can be applied directly is that of a wall-sided ship moving in
water so shallow that the clearance between the ship bottom and the bottom of
the water can be neglected. 1In this case, provided free-surface effects are
negligible, i.e.,; for sufficiently small Froude numbers based on water depth,
the flow becomes truly two-dimensional everywhere;

At the same tiﬁe, the crossflow under the keel is reported to be of great
importance in shallow-water problems. Numerical calculations performed by
Beck (1976) and Yung (1978) indicate that even a slight gap can alter the flow
considerably. Crossflow effects are dealt with in the following chapter, both
for steady and unsteady linearized flows, where an attempt is made to combine
Beck's (1976) shallow-water formulation with the method outlined above, aiming
at simplifying the final results.



III. THREE-DIMENSIONAL LINEARIZED PROBLEMS OF SHIP-TO-WALL INTERACTIONS IN
SHALLOW WATER

Consider the motion, steady or unsteady, of a slender ship near a bank in
shallow water or in a canal of rectangular cross section. The Oxy plane is
coincident with the calm-water level. The corresponding coordinate systems
are shown in Figures 11 and 12. The velocity potential, &(x,y,z,t) , repre-
senting the perturbations due to the ship motion must satisfy Laplace's equa-
tion everywhere in the fluid domain (except possibly in a trailing=-vortex-wake
region). This velocity potential is also subject to a free-surface boundary
condition, kinematic conditions on the walls and on the ship hull, kinematic
and dynamic conditions in the wake, the Rutta-Joukowsky condition at the
stern, and an appropriate radiation condition.

Throughout this chapter, non-dimensional parameters and functions will be
used, characteristic quantities being L , the ship length, and U , the steady
forward velocity of the ship parallel to the wall(s). We shall introduce the

following notations:

B = yaw angle,
S(x) = cross—-sectional area of ship at x ,
£ = midstern distance at the waterline from the bank or, in case of
a canal, from the left wall,
h = water depth,
€ = canal width,

b(x) = local waterline beam of ship.

It is assumed that the beam and yaw angle of the ship are comparable to
the water depth and at the same time are considerably smaller than the mid-
stern distance from the wall, the latter being much smaller than the length of
a ship, that is

b(x), B = O(h) << & << 1 . (3.1)

In effect, we have two small parameters, (i) & , as defined previously, and
(ii) a parameter, say a , indicating the [small] order of magnitude of beam
and yaw angle with respect to the ship/bank clearance. We keep only terms
that are linear in a , which yields an airfoil-type problem with boundary
conditions imposed on the undisturbed location of the center plane. With
respect to 2 , we develop an asymptotic solution in a manner quite similar to

that of the previous section.

-39~
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The practical usefulness of this approach must be examined more
thorSGghly in the future. From a mathematical point of view, it allows us to
extend Beck's (1976) approach to the case that the distance of the ship from a
wall is small compared with ship length, i.e., £ << 1 . See Appendix D.

As a > 0 , we can consider a near-field problem and a far-field problem
in the sense of Newman (1969), Beck (1976), and Hess (1977), without regard to
whether or not £ 1is small. The near-field problem is formulated in the
region very close to the ship, where y = £ = O(beam) and x = 0(1) . It
involves solving for a two-dimensional flow past the ship in planes transverse
to the ship. In the far field, i.e., at lateral distances much greater than
b(x) , the flow is also two-dimensional but parallel to the (x,y)-plane, and
the wetted hull (plus its reflections with respect to the water surface and
the water floor) behaves as a "porous" airfoil (Newman (1969)). The term
"porosity” implies that there exists leakage through the airfoil, which
corresponds to the crossflow under the ship bottom.

The matching of the far-field with the near-field shows that the leakage

velocity, say vg , of the crossflow is proportional to the jump of potential,
Ad , across the airfoil:

Ad
2C(x)

V0=

where C(x) is the so-called "blockage" coefficient (c.f. Tuck and Taylor
(1968)). The jump in potential is just the circulation around the part of the

ship forward of the station'at x , i.e.,

1
M'(x) = f y(g)dag

X

where Y(x) 1is the vorticity in the far-field representation of the flow.
Then the leakage velocity is given by

T(x)
2C(x)

The jump in potential comes from the solution of the two-dimensional Neumann
problem of a unit-stream flow past a body in a channel. If C(x) = 0 , there
is no blockage and hence no body present. The case C(x) = < corresponds to

complete blockage (the body touches the bottom). The magnitude of C(x) can
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be uniquely determined from the form of the ship cross-section and draft and
the depth of the water. It should be noted that the blockage coefficient
C(x) is related to the section lateral added mass )X (Newman, (1969)):

A = =2pSL2 + 4phLC .

In the case of rectangular sections, the formulae for added mass were obtained
by Gurevich (1940) and Sedov (1965). Numerical wvalues for A were computed
and published by Flagg and Newman (1971Y. The asymptotic matching technique
for obtaining blockage coefficients was developed by Taylor (1973).

Matching with the near-field also shows that "the push-aside flow," as
Yung (1978) calls it, due to thickness effects in the near-field produces in
the far-field a jump, Av4 , of the transverse velocity component across the
ship. The jump is proportional to the slope of the sectional area curve

S'(x) , namely,
1
Avq = 7 S'(x) = O(beam)* .

Now, having gathered all necessary information supplied by matching with the
near-field, we shall focus our attention on the far-field two-dimensional pro-
blem for the "porous" airfoil moving near one wall or between the two walls,
either steadily and unsteadily. In what follows the far-field problem will
itself be treated as a singular perturbation problem and its solution will be
constructed by matched asymptotics with £ (midstern distance from tpe wall)
or € (the width of canal) as a small parameter. This problem {(and its meth-
od of solution) is similar to that of Section II. There are only two signifi-
cant differences: (i) The boundary conditions on the ship are linearized
with respect to a , and (ii) there is a transverse flow, the leakage flow,
through the body. Because of the first of these, we find some apparent dif-

ferences in orders of magnitude of the solution that follows.

A. Solution of the Far=-Field Problem for the Case of Steady Motion of a Ship

Close to a Bank
Considering the steady motion of a ship close to a bank, we can formulate

the far-field two-dimensional problem in terms of a velocity potential as

*For the general unsteady case this formula should be modified and takes the

form given by (3.54a).
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follows:
®(x,y,2) = ¥(x,y) in the far-field ; {3.3)
320 . 3% . .
= 4 == = (0 in the far-field flow region ; (3.4)
Ix2  a3y?
3% 1
5 - " g - EO(X) +r(x)T(x) , 12x>0, y=2+0 ; (3.3)
ad 1
5; = -8 + Ec(x) +k(x)T(x) , 132 x>0, y=42=-0 ; (3.6)
V9 + 0 as x2 + y2 +» ; . ' (3.8)
Kutta=~Joukowsky condition at the stern (x =0, vy = 2) .

Here,

o(x) = s'(x)/h, k(x) = 1/2C(x) . (3.8a)

The formulated problem will be solved by matched expansions with £ as a
small parameter. As in Section II, we subdivide the flow region into outer,
channel, and edge regions, solve for the velocity potential in each of the
regions, and then match the asymptotic solutions in the overlap zones.

In the channel-flow region, we stretch the vertical coordinate, ¥ = y/&,

and assume the following aymptotic expansions for the potential:
1 *
with

1
bg = d1g + d222 lni + 33 2 . (3.10)

Substitution of the stretched coordinate ¥ and the assumed expansion (3.9)
into the far-field equations (3.3)-=(3.8) yields the following relationships

for ¢g :
¢9, = ¢2(x) ’
a2
-—2& =8 = 1G(X) -xk(x)T(x) , 13>x3>0 . (3.11)
dx?2 2
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Recalling that the circulation T (x) outside of the points x = 0,1 can be

written as
1 1
T(x) = 0y = &g = Oy = gb1g = $2¢ Ing = ¢3¢

where &, is the outer flow potential, we arrive at the following sequence of

equations for ¢44 , ¢o9 and ¢3g :

d2¢4y 1 —

2 =8 - EG(X) + K(x)pqg(x) (3.12)
2429 _

2 =®(x)dag (3.13)
d2¢3p

dxz = K(x)(¢32'¢r) ’ . (3.14)

where
K = k/% = 1/28C(x) = 0(1) .

We need two conditions for each of these equations, one at x = 0 and one at
x = 1 . These must be determined by matching with the outer-flow potential at
the extremities of the body.

The problem for the outer-flow potential ¢, has the form

320, 329,
+ =0 ,
3x2 3y2

Ny 1
—— = =B - =g(x) + k(x)T(x)
Ay 2
= =B 2 -a(x) = R(x)bqg(x) + O(L)
==-f,,1>x>0, y=0+0, (3.15)
30,
— =0, y=0+0, x<0, x>1 ,
dy

Vo, > 0 as 2 + y2 > =

The solution is constructed as in Section II-A. On y =0+ 0 , it is as

follows:
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£.(E)1nlx-E|dE = o(1) . - (3.16)

E PN

by = %;lnl1—xl -

0

Near the bow ( x+ 1 =-0; v=x=1+0=-20), the expression (3.16)

takes the following asymptotic form:

.9 1 Ay Az
bp = dypp = 5;1n|v| + = fr(1)vin|v| + V=t =

where
1

Ay = = £.(1) -f £.08) - g1

1-§
0

1

Az = - f fr(g)ln|1-€ld£ ’
0

and, as in (3.15),

1
fr(x) = B + EG(X) + K(x)pqg(x) o

Near the stern ( x==-v >0+ 0 ) ,

Oy = Oyrg = ;fr(O)vlnlvl + v;— ¥ ;_ ,

where

1
By = -;-Q - £.(0) = f [£p(8) = fr(on?—’é '
0

1

By = = f £.(E)1nEEE .
0

Edge flows. 1In the bow region, we have a problem governed by the Laplace
equation and the following boundary conditions:
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36

—9—0, ?=0+0 2

9y
3%y 1 1 —
— == [B + za(1) = k(DT(1)] == 2[B = =a(1)] = = 2£.(1) , T=1+0
37 2 2
3%y, 1 1 —
—_ == 2[B --2-0(1) -x(NT (1] =-2[B+§G(1)] == 2f(1) , ¥=1-0
Y

The fact has been used that the circulation (potential jump) at the bow is

zero. The solution has the general form
¥y = aqép + Lo + a3£; +ag

where Vv = (x=1)/% , ¢n and ¢, are the homogeneous and nonhomogeneous
solutions obtained as in Appendix A (although we have to put V,.(1) = y,.(0)
=1),

- kig
™V =1-=-ce *n + Ton
v
- 1
bp = Jn undv , up = =(=0(1)1ln|1+E|+£p(1)1nE] ,
0
m™w=1+E&+1nf , £<0 on the hull ,

and aj are constants to be determined by matchinge.

Similarly, near the stern, omitting the homogeneous term, we have

2¢n + bakv + b3 ,

S
/]
I

where Vv = -x/% ,

on up = %[-0(0)1n11+gl + £4(0)1nE] ,

i
'\‘

f <

2

[]

£4(0) =B + %0(0) + K(0)414(0) .

Matching of the flows as in Section II yields the following information:

aql ™ 2
g (1) = = -;—(1 + lnz) + ;Az ’
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ox

$1g () =0

aq
¢2p (1) ===, (3.17)
9 (1) = - 31(1 + lnm) + lA (3.18)
3 n 22
1 4
with aq = ~Q = -2l£(1) ; (3.18a)
2 dax

2 T
5;-(0) = ;[fz(O) - Bq + fr(O)(lnI -1 ,

orx

dé1g
& (=0

4a £.(0)
23,0,

dx = p ’ (3019)
dé3 1
3;-(0) = - ;[31 = £9(0) + £.(0)(1 = 1nm)] . (3.20)

The uniformly valid expressions for the velocity potentials on the right,
ey + and left, &, , sides of the hull are given by (2.54) and (2.55).

The side~force and yaw~-moment (with respect to midships) coeffiéients are
defined as in (2.56) and (2.57). Because of the linearization of the problem
they take the form*

%
I

1 .
dd .y, L. P
= 2 - ——| dx = 2[0 0) - ¢ 0) '
f [dx ax [ cr( ) cg,( ]
0

1
1 [ae a0
My = 2 (x = =) | —=% - 5% 4
2" | ax dx

*Recall that ¢,y and ¢, represent the composite solutions on left- and
right-hand sides of the body.
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]
= =bop(0) + og(0) = {/. [Bog(x) = dep(x)]1dx .
0

To the lowest order, we have

2
Cy = Cyq = = po2(®)
1
1 2
My = My, = 791200) - 7 p1g(x)ax
0
where ¢4g9(x) satisfies the equation
Bo1g - 1
=2 - kK({x)pqg =8 - Ec(x) = r(x) , (3.21)

d1g() =0 ,
—_—(0) =0 .
dax

For a given yaw angle B , cross—-sectional area curve S(x) , and distribution
of the blockage coefficient C(x) along the hull, the equation (3.21) can be
readily integrated numerically, for example, by the method of Runge-Kutta.

It is worthwhile to mention Beck's (1976) indication that the difference
in the side force and yaw moment between the case of constant blockage
coefficient and the actual blockage coefficient (which varies along the ship
length) is small. Now, assuming that the blockage coefficient C(x) is con-
stant (for example, equal to the value of the blockage coefficient at midship),
we can obtain an analytic solution of Equation (3.21) for any right-hand-side

function r(x) , using the method of variation of parameters, in the form

o1g =

[N Y

x
J. r(g)sinh a(x - §) 4t
1
1
f r(£) cosh a§ d¢ , (3.22)
0

sinh a(x=-1)
+

acosh a
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where
a=v/f .
Side force and yaw moment coefficients to the lowest order are

1
J. r(g)sinh a(1 - ) 4 ; (3.23)
0

1 x
1 2 .
2% zq =" §CY1 - E,f f r(£)sinh a(x - §) d&dx
0 1

2

= C =
Y Y1 facosh a

tanh a tanh %
- I r(§)cosh a§ 4&¢ . (3.24)
0

As the formulation of the problem is linear, the effects of yaw angle,
rudder deflection, and beam can be considered separately.

To determine the coefficients Cy and z due to the yaw angle, put
r(x) = B . In this case the formulae (3.22)-(3.24) yield

B8 h =
¢1£=_|:cos ax_{l ) a=/s<_ )

a2 | cosh a
4
aq = % Q = %(1) = S tanh a ’ ’ (3025)

_ 28 tanh a tanh %

Cy = CY1 — 27 ’ ' (3.26)
1 28 tanh a ;
z ® z4 = - ECY1 + EE 1 - = . (3.27)

To compute the coefficients CY and z 1in case of no yaw angle and

1
zero rudder deflection, we require that r(x) = = EG(X) = - 8'(x)/2h . For
example, if the ship has constant draft 4 , rectangular cross sections and

parabolic beam distribution, we have

S(x) = 4dbgx(1 = x) ,
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2dbg
- —(1 - 2%x) ,
h

r(x)

4dbg
2haZcosh a

gsinh a=-1-coshal, (3.28)

Cy = Cyq

1 8bgpd cosh a - 1 - a sinh %
. = = =C + .
z Z4 27Y " ghaZ cosh a

R
\

(3.29)

When a =/% + 0 (purely two—-dimensional case)

Zbod
CY P> - c—
1 32h

, zy > 0 -
Note that in the three-dimensional case the yaw moment is not equal to zero
even if the ship is symmetrical fore and aft.

For the analysis of rudder effectiveness in maneuvering control one may
need to know the side~force and yaw-moment coefficients due to the rudder
deflection (e.g., see Hess (1979)). To obtain these coefficients to the

lowest order, we require that

0 when 12x»>»s8 ,
r(x) =

§ s>x3>0 ,

where § is rudder deflection angle (positive for rudder to port), s is

rudder length. Using the formulae (3.19) and (3.20), we obtain

26 cosh a(1=-s)
c - = c— 1 - (3-30)
y = %y 2a2 cosh a ’ :
1 26 [ sinh as .
z = z4 = - -2-CY1 - E;é- cosh. A + sinh a(1 - s) - a ’ (3.31)

with a=/% .

Some computational results are presented in Figure 13 to show the effect
of underkeel clearance on the side-force coefficient. For «k = 0 , there is
no clearance and thus no transverse flow (no "porosity" or "leakage"). As «
increases from zero, the side force resulting from either a ship yaw angle or

a rudder deflection decreases rapidly.
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1
Solving for the next term, which is of the order O(lnz) in (3.10), we

arrive at the following expression for ¢3g :

cosh ax  ddgyy sinh a(x-1)
+ (9)

$2g(x) = ¢o9(1) ’ (3.32)

cosh a ax a cosh a

d¢
d22(0) are given by formulae (3.17) and (3.19). The
X

corresponding increments in CY and

where ¢959(1) and

z Aare equal to

1
21ln !
increment C, = EBEHZé [-%%&(0) Eigh—i - ¢2£(1)] ’

1 1 sinh a
increment , = - E[incr. Cyl - 2lnE $2g(1) -
' acosh a

(0)

. ddog (1=cosh a)
ax a2cosh a ’
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For example, to this order, the side-force and moment coefficients for the vaw

problem are

. 1
tanh a tanh 3 21n
_ 28 Vi T sinh a + tanh a
Cy = Z‘I Py * 3 [ Cosh a ]} ’ (3.33a)
1 28 tanh a , * ln'} a
My = - ZCY + EZZ 1 - ——— _F_-(tanh 5= tanh a)tanh a *(3.33b)

In order to determine the next term, which is of the order O(1) , in’

expansion (3.10), we have to solve for ¢33 , which was found in the form
$39(x) = [Cq + Uq(x)]edX + [Cy + Usz(x)]e™@x ,
 where

1

v = = 31 Lree, ) - 2 f £ (EDR(X,ENAE |
0
R
aj)Q 1
Up(x) = 3 2—“R(x,-1) -3 f £fr(E1)R(x,=E1)dE
0
—aa
e 1
R(x,§q) = N {Ei[a(h - x)] - Eifa(&q - 1)]
a(gq4=1) a( - x)
+ e 1 Inlgq - 1] - e &1 * 1nl&q - x| .

The parameters C4q4 and Cjy are determined from the system of equations

1 ¢
Cq -Cy = ; -;i&(O) - U4(0) + Upx(0) ,

C1ea + Cze-a = ¢3£(1) ,

dd 3

where ¢39(1) and (0) are given by {(3.18) and (3.20) and the function
£fr(x) and the parameter Q are defined by the formulae (3.15) and (3.18a),

respectively.



=54~

B. Steady Motion of a Ship in a Shallow Canal

It was mentioned earlier (see Section II-A) that the asymptotic solution
of the problem for a ship in a canal depends on the order relationship between
the width of a canal, € , and the ship distance from the left side wall, £ .
Returning to our two-dimensional far-field description of the three-dimension-
al flow past a ship in a canal, we can consider two cases: (i) € = 0(1) (wide
canal); (ii) € = 0(2) (narrow canal). As shown in Section II in case of a
wide canal, for which €& = 0(1) , the additional forces due to the presence of
the right side wall are of the order of O0(&) , i.e., they are rather small.
Therefore we shall confine ourselves to the case of a narrow canal, which is
more interesting from the practical point of view. It appears that for this
very case the solution of the problem for the "porous" airfoil can be carried
out easily to the order of O(e) .

As the procedure of the solution is very similar to what was demonstrated
previously, we shall simply give the outline and some final results.

The far-field potential ¢ = &(x,y) is described by the same set of
relationships as for the ship close to a bank (see (3.3)=(3.8)), although the
no-normal-velocity condition must be satisfied on both walls of the canal,
i.e., (3.7) applies on y =€ -0 as well ason y=0+0 . For
€ = 0(2) << 1 we shall seek the asymptotic solution of this problem by
matched asymptotic expansions with € as a'small parameter. The characteris-
tic zones of the flow in the far field are the same. as shown in Figure 10. We
have two edge flows (bow and stern) and two confined channel flows.

In the channel flows, using the same technique as hefore, we obtain the
following relationships for the potentials of the flow in the right channel
®r and the left channel &g : '

or = Jp + 0le) 1 0y =

QN B

bg + O(g) ; (3.34)

a4, 1 1 ~
== = m[- B - EU(X) + k(dy = 6g)1 , 132 x30 ; (3.35)

24y 1g - dox) - R(bp - 6921 , 13 x>0 , (3.36)
= ~i® 3 z - 401

where the tilda (") 1is used to denote quantities divided by ¢ , e.g.,

L =2/ , x =x/e , etc. One can readily see that we can conveniently write
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the equation for the difference ¢, - &y =T , which represents the circula-

tion. Substracting (3.36) form (3.35), we obtain

2
e(r'" = agl') = rgo(x) , (3.37)
where
a§ = X _ (3.37a)
2(1-2) ,
ro(x) = ——I[B + 4o(x)(28 - 1] . (3.37b)
(-1 2

Passing over to the edge solutions and using techniques similar to those of
Appendix B, we obtain the following expressions for the bow and stern

potentials:

The bow-flow potential is

®p = aq¢p + €6 + azev + ag
where
V =v/eE , v=x-1 .

The homogeneous solution is determined from the equation
~ R ™
vV = 6¢p ~ %ln 1 -2 +4 exp(—%g> ’ .

The nonhomogeneous term is given by the expression

up = = So(NInl1 + &l + S08 + 0(DIInlEl (3.38)
v .

.¢n=f updv (3.39)
o .

where, as in the previous analysis for the ship in a canal,
w5 = d{i1nlgl - nlEE+ T - 11 .
The stern-flow potential is defined as follows:

g = €pp + boeV + by ,
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where
V = =x I}
+ -
by # by ,

¢n 1is given by the formulae (3.38) and (3.39).

Matching

To solve the equation (3.37) for I we have to obtain the boundary
conditions on T at x =0 and x =1 . This can be done through matching.
Expanding the bow=flow potential in the channel-flow variable v far from the
bow in the right and left channel, we find the following asymptotic expansion
for the ciiculation ' in the bow overlap region:

r - - ¢ ‘yz a ~\) - ln“-il - iln% ’ (3.40)
b7 Tbr T TRt .1[e(£-1) ™ T (1=1)

wherefrom we determine the asymptotic structure of T far from the edges:

r' = %P1 + Ty + 0(e) . - (3.41)

Comparing (3.40) with (3.41) expanded for small v = Ve , we obtain

ren =Jdryen +rpn = - 24 [ln|1 -2+ %%%1_] . (3.42)

or
Tqy(1) =0 , (3.43)
Ta(1) = - ;—1[11:]1 -2+ %%}i.] . (3.44)

At the same time the parameter a4 is found to be

aq = (L - T . . (3.45)

Matching in the stern overlap region is performed similarly and gives the

following results:

3 £,(0 -
r'(o) =%I‘§(0) + T5(0) =%[fr(°)ln£ , 2 Yinl1 E'] , (3.46)

1-% i

or
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]
ri0) =0 , ; (3.47)
[1-21
r3(0) = 1-[fr(0)lnz + fz(o)fn ] ' (3.48)
m 1-% Z
where
£.(0) =8 + %0(0) - k(0)T1(0) , (3.49)
£4(0) =8 - %0(0) - K(0)T1(0) . (3.50)

Now it is not difficult to solve the equations for T4 and Ty using the
boundary conditions determined by the matching. The solution for T4 is
given by the expression (3.22) with ¢45 replaced by r1 + x(x) by ro(x)
(see (3.37b)), a by ag (see (3.37a)). The side-force and yaw-moment

coefficients to the lowest order can be computed émploying the formulae (3.23)

and (3.24) where again r(x) should be replaced by rg(x) and a should be
replaced by ag .
For the particular case when only the yaw angle effects are considered,

we obtain

. ag
28 tanh ap tanh »—

Cy = = — - (3.51)
Y % T Goh a3 ’
_ 1 28 tanh ag
M ~x M = - + 1 & —_—— . 3052
2T 271 e3(1-D)ag [ ag (3.52)

It follows from the inspection of the formulae (3.26), (3.27) and (3.51), .
(3.52), that to determine the yaw angle coefficients for the case of the ship

in a narrow canal to the lowest order we may simply take the coefficients

obtained for the case of a ship close to a bank for a = ag and multiply them
by the factor

= £

a2
1-1 -2

®

Turning to the next order of approximation, the following expression for

Ta(x) can be obtained:

cosh apgx ' sinh ap(x-1)
Fo(x) = Ta(1)=— + I'5(0)
cosh ag agcosh hag




=58=

1 .
where T3(1) and T3(0) are given by the formulae (3.44), (3.48). The

increment in Cy of the order 0(1) is found to be

Fa(1) = T3(0)
cosh ag ag

2 ' sinh an]

The increment in M, of the order O0(1) is equal to

an
tanh T

2 1
+ Estanh ag | Ta(1) = Ty(0) T

For the yaw-angle problem we arrive at the following formulae for C, and

a
0 .
tanh agtanh 2e+anh a ~ o~ ~ ~
28 0 z 0
Cy = — o - [21ng + (1 = 2)1nl|1 = &]]
Y ci(1-1) é% Tagcosh ap - !
28tanh a i a, -~ - ~ ~

My = - Aoy - 2 0 1+ 220200 gank + (1 - Dnlt - £ .

2 n%(1-£)agcosh ag a0

It can be verified that these formulae, valid with the asymptotic error of thé
order of 0(e2) , coincide in the limit ag * 0 (no "porosity", purely two-
dimensional case) with the expressions (2.106) and (2.107) of Section I.

Some resgits of the computations of the function 1cy/s , with the help

of formulae derived above, are presented in Figure 14.

C. Unsteady Motion of a Ship in a Shallow Canal

It is known that unsteady problems are much more difficult to analyze in
the case of zero or small bottom gap, where the circulation becomes particu-
larly important and, as in the corresponding aerodynamic problem, vorticity is
shed continually from the trailing edge of the moving body. Progress in solv-
ing such problems for ship-ship interactions has heen made recently by King
(1977), Yung (1978) and Kijima (1979). Within the limitations of the assump-
tions adopted throughout this chapter, it becomes possible to obtain relative-
ly simple analytic results (at least to the lowest order) for some cases of
unsteady motions of a ship in a canal or close to a bank in shallow water. In
the following paragraphs we shall outline the solutions of the unsteady prob-
lems, omitting the parts of the solution techniques that are identical to
those displayed in detail in preceding sections. At the same time, the pecu-
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liarities of the solution due to the unsteady character of the problem will be
discussed in more detail.

Suppose the ship is moving with a constant velocity parallel to the canal
walls and at the same time performs oscillatory motions of small amplitude.
In practice, these oscillatory motions may be the result of'the superposition
of sway and yaw oscillations and also of heaving and pitching oscillations of
the ship.

The far-field two-dimensional problem for the corresponding "porous;
airfoil in unsteady motion between two rigid walls in terms of velocity

potential has the form

329 329 o
— e em——
ax2 ay2 !
3% dy, 3y, 1 ’
—= - =2+ == - —g(x,t) *k(A)T(x,£) , 1>x>0, y=2+0 ,
Ay ax ot 2
3o ' 3y, Ay 1
- ===+ S+ —g(x,t) +k(x)T(x,£) , 1>x>0, y=4=-0 ,
oy ax ot 2
9d
—_— =0 , Ix| <= , v=0+0 , yv= €=0 .
y
In the wake we should take account of the Thompson theorem:
¢+(0,2,t*) -9 _(0,2,t*) = _¢+(x,£,t) - % _(x,2,t) , . (3.53)

Y=2,x<0,t"’=‘t+x.

Condition (3.53) is equivalent to the condition of the continuity of pressure

across the wake.

The Kutta=-Joukowsky condition at the stern is formulated as

=p at x=0, y=2 . “(3.54)

P, = P_

Also, we require that

8

V¢ > 0 as x2 + y2 »

In the above formulation we have used the following notations: y<(x,t) is
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the function describing the instantaneous position of the ship centerline
(note that rudder-deflections‘caﬁ be included by considering the rudder
surface as a continuation of the.centerline), k(x) = 1/2C(x), C(x) 1is the
blockage coefficient, p = 2 32 - ig the pressure coefficient, and T(x,t)
the circulation. ox o

It can be shown by matching with the near field, wheré y -2 =
O(amplitude of the oscillations), that the function o(x,t) 1is related to
the change of the cross sectional area S(x,t) both along the ship and in

time and is equal to

1/98 3s
h\dx 23t

The solution to the problem is obtained as in the case of a steady motion of
the ship in a canal by matched expansidns with €- as a small parameter. The
asymptotic velocity potentials in the bow and channel régions are’ determined
as in the steady case, although the parameters in unsteady case depend on time
(e.g., the parameters aq , a3 and a4 of the bow-flow potential are func-~
tions of time). The analysis of the channel flows allows us to write the

‘'equation for the circulation in the far field in the form

<32r 2r>
3x2 0 0% %
where
el =T4 + el + 0(e2) ,
2 K
a i -
T To-n)
ro(x,t) = ——lag(x,t) + do(x,£) (28 - 1] ,
1(2-1 2
(x,t) We | e
agl{x,t) = = = — .
s d3x 9t

Matching with the bow=flow potential gives, as in the steady case, the
boundary condition for T at x = 1 and the value of the parameter a4 in

the bow solution:
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i caq(t ~ 11nf
er(1,£) = Tq(1,£) + elp(1,£) = ---;-(-—) [ln.H -2 + ﬂlji] ,

-4
. " aT4
ar(e) = (& - n=to,e .
X

Near the stern, the unsteady-flow velocity potential must satisfy not only the
normal velocity conditions on the hull and canal walls but also the condition
in the wake (3.53). .

Passing over to the variable V¥ = v/e in the equation (3.53), we obtain

the following asymptotic condition in the wake in the vicinity of the stern:
- ~ L = - 33 - 2
(¢g, QS-)v,t (g, °S-)0,t + e at(¢s+ QS-)O,t + 0(e4) .« (3.56)

It can be seen from (3.55) that to the order of O(e) the values of the
stern-flow potential on the right and left sides of the wake differ by a

linear function of V . The expression for the stern-flow potential can be

written as follows:

g = e¢ppy + boeV + by ,

where ¢, is defined by formula (3.39), b; # by , b; # b; . Satisfying
the Kutta-Joukowsky condition at the stern ( V = -x/e =0, ¢p=0) , we
arrive at the following relationship between by and b3 on the right and
left sides:

- +
dbs + b3
b2+§E- =b2+§.‘E- .

Matching of the pressure jumps in the stern overlap region gives the necessary

boundary conditién for the equation (3.55) at =x-= 0 :

: £r(0,t)1nf 0,t)1n|1-%
e(ﬂ'.-e_r>=£<r(')n+f"(’inl I) , (3.56)

9x t w 1-£ 2
where

£.00,£) = ag(0,t) + %o(o,t) - £(0)T9(0,8) , (3.57)

£,(0,£) = ag(0,t) - -;-G(O,t) - %(0)T4(0,t) . (3.58)
Accounting for the asymptotic structure of T , we obtain from (3.56)

aTq 3r'4
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. © (3.60)

£(0,£)Ind £4(0,t)1n( 1-%)
1-2 : 2

—2_22_1}
m™

It is not difficult to obtain the analytic solution of the equation
(3.55) with boundary condition, assuming that the blockage coefficient is

constant and that the unsteady motions are harmonic, i.e.,
K = const. ,

. R s
ro(x,t) = ro(x)elkt
where

i=vV=-1 ,
wL .
k = g = Strouhal number ( w is the circular frequency) .

Here we shall present some final results for one particular case of sway
oscillations of the hull (i.e., we assume that the ship translates at a con-
stant speed U parallel to the canal walls and at the same time performs very
small lateral harmonic oscillations with an amplitude 25 ). For this case,

the instantaneous position of the centerline can be written as
Yo(x,t) = £ + fgsinkt = & - iggelkt |

Then

The sway-force coefficient to the lowest order is

‘ 1
e&Y1eikt = 2eikt J[ (T} - iklq)dx

eCy, =
0
2eiktyy . . -
= - —— {‘;gk - Aqlag + ik(e20-1)] - Bqlag + ik(1-e~30)] )
L(1-2)ag (3.61)
where
a ag+ik(1-e=ag)
Aq =

2a6(a0cosh ag+iksinh ag)
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R ag=-ik(1=e~ag)
By =

2a6(aocosh ag+iksinh agp)

Turning to the approximation of the order O0(1) , we finally find the

following expression for the sway force coefficient
ECy = €Cy, + €Cy, + o(e?)
= alkt(et & 2 '
e (ecy1 + ecyz) + 0(e®) , (3.62)
where

zeikt -~ A -
Cy, = = 55 {slag + ik(e0-1)] + Bylag - ik(e™20-1)]}

and

= T5(1) (ag+ik)+P5(0)e=2g
2 2(agcosh ag+iksinh ag)

a. - §2(1)(a0-ik)-$2(0)ea0

B

=2 2(agcosh ap+iksinh ag)
Fa(1) = Ta(1,t)e"ikt
- aT
P2(0) = I:—z- (0) - —-(0)] e~ikt |

For purposes of ship traffic control, it might be convenient to'rgpresenf

the unsteady sway-force coefficient in the form

= 9ccyyc + yccch ’ (3.63)
where
e = 2bkcoskt '
Yo = -fgk%sinkt ,
CYYC ’ cyyC are derivatives of the sway force coefficients with respect to

the velocity ¥. and acceleration §c of the sway oscillation.

It can be shown that

ccyle = plre(ecy) (3.64)
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ecy¥e = l—;—,;z'l'mwey) . (3.65)

Some results of the computations of the coefficients CY?C and CY§C versus
the parameter Kk = 1/2eC for different values of Strouhal number are
presented in Figures 15 and 16 (only the lowest-order solution being taken
into account).

The effects of yaw oscillations or of rudder oscillatory deflection can
be considered similarly. It is interesting to mention that, at least to the
considered order of the solution, the ﬁnsteady vortex wake located at
distances of the order O0O(1) behind the stern does not influence the values
of force coefficients. This is due to the fact that the perturbations induced
by wake vortices located in a narrow canal decay exponentially at distances of
the order of O0O(1) . Therefore, the unsteady effects in case of ship motion
in a narrow canal arise because of the free unsteédy vortices within the ship

hull.

D. Unsteady Motion of a Ship Close to a Bank

Some intermediate results for this problem are presented in Appendix C.
The asymptotic solution is constructed with respect to the small parameter £ .
As shown in Rozhdestvensky (1977, 1979), the influence of the unsteady wake
manifests itself only at the approximation level of the order O0(1) , that is,
it is very small compared to the lowest order, 0(%) . Physically it means
that as £ + 0 the velocities induced on the hull by the unsteady vortices in
the wake at distances of the order O0(1) behind the stern are neutralized by
the induced velocities of the image vortices. Therefore when the ship moves
very close to a bank ( £ + 0 ) , to the lowest order, the unsteady effects are
caused only by the free unsteady vortices generated on the hull within the
length of the ship.

Below we shall present some results for one particular case of the sway
oscillations of the amplitude 27 ( yo = & + 2gsinkt = 2 - i2gexp(ikt) ). The
sway-force coefficient to the lowest order, as in steady case, can be computed
using the corresponding result_for the ship in narrow canal (3.61) and
replacing ag by a = /E-( K =x/% ) and 29/(1 -1) by g .

For the case when & *> 0 , the problem becomes identical to the two-dimen-
sional problem of the thin airfoil oscillating near a rigid wall while moving

at constant speed parallel to the wall, for which, in Rozhdestvensky (1976,
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1979), the following formulae for the sway force coefficient was obtained
Cy = ¥cCy7C + ¥oCy¥c

1 5
2+k2  _ *AF 5(14%2)2+2-k2

e de = -
< 2(1+k%) T (1+k%) <
e ’3k2(1+k2)+2(1+1nﬂ)[k2+(2+k2)(1+k2)] - k3 [(1-k2)T49+2kT24]
-7 VAV ’
2(1+k%) (3.66)
¥ 2-k2 Llng (1-k2) (2+k2)
chYc = +
6(1+k<) T (1+k%)%
¢ | 2(1+1nm)=2k21nm (2+k2)=k2[2kT 1 1+(k2=1)T94]
+ = (3.67)
m 2(1+k%) %
where
Jq1 = si(k)cosk + (2 lnk = ci(k))sink ,
J9q = si(k)sink = (2 1lnk = ci(k))cosk ,
wb
k = T as previously (Strouhal number),

si and ci are sine and cosine integrals.

Results of some computations are represented in Figures 17 and 18 by contin-
uous lines. Por comparison, in the same figures we plot some results  obtained
by I.I. Efremoff (1975) by a straightforward numerical solution of the inte-
gral equation of the airfoil near the rigid boundary for £ = 0,1 (dotted.

line).
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APPENDIX A. DETERMINATION OF THE BOW AND STERN POTENTIALS FOR THE PROBLEM OF
A SHIP MOVING CLOSE TO A BANK

To find the homogeneous solution ¢y in the vicinity of the bow, map the

bow=flow region onto an auxiliary upper halfplane Im{zZ} =n > 0 using the
Schwarz-Christoffel transformation. The correspondence of points in the
bow-flow plane Z=v + i¥ and auxiliary complex plane ¢ = £ + in is shown

in Figure A1. The mapping function is

Fel(1)

z = (1 +7 + 1nz) . (A.1)

For the case of a purely circulatory motion of the fluid (see Figure A2) around
the bow, the flow with the unit velocity at the left infinity is represented by

a band of a width ¥,(1) in the plane of the complex potential,

Fho= ¢n + i¥n -

The mapping of this band onto the half plane Im{Z} > 0 is fulfilled with the
help of the function

Yr(1)

Fh = ¢p + iV = iInz . (A.2)

Thus, the solution of the homogeneous problem is given by the formulae (A.1) and
(A.2). On the hull we have

zZ =V + iF.(1) , Fy = oép + iFg(1) ,
and so

- £
o=y ({1 - e ) (A.3)
™
Fo01)

It can be demonstrated that the velocity corresponding to the homogeneous

where : fy = ) D

solution has square root singularity at the bow. In fact, as V+o0 r dph > O

( f, > 0 ) , and (A.3) yields
T o= Fp(D[1 = (1 + fp + 3802 + 00) + fpl ~ - 5 Te( N ER

or
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Figure A1. The Regions of the Flow in Physical and Auxiliary Planes
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Figure A2. Picture of the Flow Corresponding to the Homogeneous Solution

df _ constant

& Vv

<0 .

<t

For the matching with the outer and chahnel flows we shall need the asymp-

totic expression for ¢y as Vo=, ¥ =9(1) 20 :

On the upper side of the slit (right side of the ship), v

] ’

T =Fe(1) +0, ¢p > ( f4 * © ) , and we have from (A.3)

™ Fre (1) ™

¥r(1)

fh ~ In oh = dnr ~

¥r(1)
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On tﬁe lower side of the slit (left side of the ship), vV + = ,

¥ = Fe(1) =0, ¢p*> = ( fn, > ® ) , and we can obtain from (A.3)

. v 1 o = 6 ?rn)l: v ]
~ T - or = dpg ~ T - .
LT ET) L - T (1)

Now we pass over to the determination of the nonhomogeneous solution ¢, .

Using the same mapping function (A.1), we arrive at the following problem for
the complex velocity w, = u, - ivpy in the auxiliary plane 7 : To find the
analytic function w,(Z) in the upper halfplane Im{z} =n > 0 , given the

imaginary part, Im{wp} = -v , on the f-axis (see Figure A3).

v) g=§+p

Zm Z‘Jr’t—_--z,“,’l:DZ

a ] C a

///://///////////// .

Imi, =0

. \\ ImL;,=-¢',2=Dz

Figure A3. Nonhomogeneous Problem in Auxiliary Plane

It can be verified that the following solution satisfies the above formu-
lated problem
9

wp = = [(Dy = Dg)ln(1 + g) + Dglng] .

On the hull, 7 =% < 0 , we have

1
un = Re{wp} = = [(Dr - Dg)in|1 + E| + DglnlE|l . (R.4)
The corresponding nonhomogeneous potentiai can be found with the help of the

formula
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v N
0

The variable & = Re{t} is related to V on the hull in the following way:
TV =T(1)(1+E+1nlE]) , E<0 . ° (A.6)

The flow picture corresponding to the nonhomogeneous solution is presented in

Figure Ad.

SN NN
e

Figure A4. Picture of the Flow Corresponding to the Nonhomogeneous Solution

For matching with the channel and outer flows, asymptotic estimates of u,
and ¢y will be needed. For wup , the desired results can be obtained directly
from (A.4) and (A.6). For the potential, we must carry out the integration in- .

dicated in (A.5). This is done most easily in the  plane. We obtain the
following results:

On the upper side of the slit (right side of the ship), where V>

’

Y =9Y(1) +0, & > -, we have

- Yl Dr
v o~ g Qp  ~ - Inlgl ,
T r o

and so

=]

z in i

un = unr ~ Y (Ao-’)

|
T ?rml

Substituting (A.4) and (A.6) into (A.5), integrating, and transforming back to

the z plane, we obtain
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v

¥rl1)

Dy -

On the lower side of the slit (left side of the ship), where Vv > = ,

¥ =%(1) -0, & >0, we have

- el 1) g
7 =X (1nlE] + 1) (A.8)
and
Dy
Up = Up, ~ = nlgl , (A.9)
T
and so
S 1 (2. 10)
Uy = U ~ D - - . ) A.
n ng L Io(2) T
From (A.5), we obtain
6 Dy WGZ -
= N — -V .
n ¢n£ - zvr(1)

Finally we can write down, in terms of the variable v = 2V , the follow-
ing asymptotic formulae for the bow-flow potential ¢3 in the overlap regions:
On the right side of the ship, the one-term outer expansion of the two-term

2D,
+ =—— Vv|ln - + a3zlv + asgl .
L

On the left side of the ship, the two=-term channel expansion of the two=-

bow expansion (2.29) is

™

270 1)

™

LT (1)

aqd _
Qb = Opy ~ —"— Ye(1) 1n

tarm bow expansion (2.29) is

a1¥e(1) ™ D mv2
Py = dpg ~ Wr - + e — - 9.\)] + azlv + agf .
m (1) m 27 (1)

In similar fashion we can derive the nonhomogeneous solution for the stern

flow. The homogeneous solution must be excluded from the expression for the
stern potential because it gives a square-root singularity for the velocity at
the edge and hence does not satisfy the Kutta-Joukowsky condition. The follow-
ing asymptotics afe obtained for the matching:
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On the right side of the ship, the one-term outer expansion of the two=-term

stern expansion has the following form:

™
L

LEy ) +
¢s=‘bsr~T\) 1n - 1] + bofv + by .

On the left side of the ship, the two=term channel expansions of the two=-

term stern expansions are obtained both for the potential and velocity:

E -
bg = bgy ~ ;& [gvz - z{] + by + b3 ,

as as do E
S, st___=_ _23 (tv = 2) - 2by .
dx dx dv w




DETERMINATION OF THE BOW AND STERN POTENTIALS FOR THE PROBLEM OF

APPENDIX B.
A SHIP MOVING IN A NARROW CANAL

To find the homogeneous solution for the flow around the bow, map the bow-

flow region onto the upper half of the auxiliary plane ¢ = £ + in using the
following Schwarz=Christoffel transformation:
=9+ 1% = Mqlng - ln(qg+a=1] + i , (B.1)

where q = }r(1) « Correspondence of the points in z and ¢ planes is given

in Figure B1. For the purely circulatory flow shown in Figure B2, the homo-

geneous complex potential Py = ¢y + iy ( Py = stream function) in the

Z-plane takes the form

q -
Z=P+LY g \Q §=§+‘:'2
YA / L 7 [/ 2 [/ L L Z /
8 4 A
8
S C
D ~
(Z-:‘j‘(i)
~
b)) A o é C d a é
VA Gy A Sy A A A L A A A A A VN AR A A A A AL A AV A (A A A
-1 0
Figure B1. The Regions of the Flow in Physical and Auxiliary Planes
a) £)
AR R A S A A A A 4 VAR b L4 L L L L/

—)) =

Figure B2. The Picture of the Flow Corresponding to a) Homogeneous and

b) Nonhomogeneous Solutions
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Note that on the walls (g =& >0 ) Yy, = 0 and on the hull (g =& < 0)
Yp = q@ « Thus the final though implicit expression for ¥®, is

- 1 TPy
z=Fy~-gln|lqexp—o +q- 1l+4i . (B.3)
On the hull, Fj = ¢ + iy = ¢ + ig , 2z =V + ig , and (B.3) yields

v = op - % 1n |1 - g + g exp (123)' . (B.4)

It can be easily verified that this solution has a square~-root singularity for
the velocity at V=0 (i.e., at the edge) .

For matching with the channel-flow solutions, we shall need the asymptotic
expression for ¢y as V+=, y=qg% 0. On the upper side of the slit

(right side of the ship), as V + =» , ¢y > ® , the exponential inside of the
logarithm prevails and we obtain

a|. , 1lnq
¢h=¢hr“"z;_:{' "“'—r:l-

On the lower side of the slit (left side of the ship), as V + = , y=q=-0,

¢y » = , the exponential vanishes, so that
¢h=¢h£~§ +,n,lln|1-ql .

To determine the nonhomogeneous solution ¢, we use the same function (B.1)

to map the z plane onto the upper ¢ halfplane and formulate the following
problem for the complex velocity wp = u, - ivy : Find the analytic function
Wn in the upper halfplane, Im{¢} =n > 0 , given the imaginary part Im{wp}
= -v, on the & axis (see Figure B3). It can be shown that the following

function is a solution of the problem formulated above:

Dy - D D
Wy = % In(1 + g) + ;& Ing . (B.5)
On the hull, gz =% <0,
1
un = Re{wp} = = [(Dy = Dg)ln|1+E] + Dgln £ ] . (B.6)

The corresponding nonhomogeneous potential can be found as follows:
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Figure B3. Nonhomogeneous Problem in Auxiliary Plane

v
¢n = f updv . (B.7)
0

The variable §.= Re{z} is related to V on the hull through the mapping
function

7 = qln|&| - ln|1-gq-q€] , E <0 . (B.8)

For matching with channel-flow solutions, the following asymptotic expan-

sions of u, and ¢ can be obtained: On the upper side of the slit (right

channel), V » = , y=q+ 0, £+ == :

§ ~ flalnle] - nlagl] + o(F) =7 l(a-Dinlgl - g
1
un=unr~;r'Dr lnlgl ’
wherefrom

D. ~
Uy = Upy ~ —=— (7% + lnq) ,
T(g=-1)

Dp  (g~p . =~
FTE:TT (—» + Vlnq) .

én = énr ~ )
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On the lower side of the slit (left channel), V + =» , y=q=-0, & + 0 % 0:

U ~ 1 [alnl€l - Inl1=q|] + O(a€) ,

1
Up = upg ~ g DzlnlEl .

Combining the last two expressions, we obtain

D ~

Up = upg ~ ?é (v + 1n|1=-q]) ,
D 92 ~

bn = dng ~ F%'(l%— + Vln|1-ql) .

Finally, the asymptotic formulae for ¢y (bow¥flow potential) in the
overlap regions take the forms: On the upper side of the slit ( ¥ =q+0),

the two-term right-channel expansion of the two-térm bow expansion (2.78) is

aiq lng Dy V2 evlng
by = dpy - T:a(v + 81;—) + = (a1 + (=1 + azev + age -« (B.9)

On the lower side of the slit ( ¥ = q=-0) , the two-term left-channel expan-

sion of the two-term bow expansion (2.78) is

D 2 .
by = dpg ~ aq(v + $1n|1-q|)'+ ;é (E;. + evin|1=q|) + azev + age . (B.10)

The flow corresponding to the nonhomogeneous solution is sketched in Figure
B2. '

The nonhomogeneous solution for the stern flow is constructed in a similar

way. (The homogeneous solution in the vicinity of the stern is not included as
it does not satisfy Kutta=-Joukowsky condition.) The following asymptotic ex-

pressions are obtained for matching the stern-flow with the channel flows:

On the upper side of the slit ( § =qq4+0, qgq= §r(0) = ) , the two-term
right-channel expansions of the two-term expansions of the stern potential and

velocity are

E,

‘1|'2 +
——— | - + + . .
7 1_1) (zv + svlnq1) boev €by , (Ba11)

g = g ~

B gy gy  E

dx dx dv TI’(1-q1)

(rv + elnqq) - bye . (B.12)
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On the lower side of the slit ( y = qq - 0 ) , the two-term left-channel ex-

pansions of the two-term expansions of the stern potential and velocity are

B T -
bg = dgp ~ -’-‘-—(—vZ + evln|1-gql|) + bgev + b3e (B.13)
Tgq 2
as as as E
—= -2 T8t L2 v+ elalt=qq]) - boe . (B.14)
dx dx dv T4

Let us now consider the asymptotic behavior of the edge solutions far up-

stream and downstream. Far from the edge in the canal,

z+o+iy , 132930 .
In the auxiliary piane, Z * a (see Figure B1). Put

;
tc=a+tgq9 , lgql 0 , a-= =z

Then the expression for the mapping function yields
Z~ = Mnzq + 0(1)
Te ’

or

Zq = exp(-ﬂ%) . (B.15)

It follows from formulae (B.2) and (B.15) that, when g *> a ,
_ ~ 9lna q ~
Fp = Fne e— + o exp(-12) ,

ar: -
Whe = —he . Uhe = ivpe = - %-exp(-nz) .

dz

The formulae for the nonhomogeneous complex velocity w, and potential take

the forms

Dy-D D ~
Wp = Wpg ~ % 1n % + ﬁ& in 123 + o(exp(-13)) ,

q

Fp = Fnc ™~ Yne vV
The one-term upstream expansions of the two-term bow potential and velo-

city expansions are, finally,



-84~

¢y = dpe ~ [Dgln(1=q) = Dylnglev + azev + age ,

ddp  ddpe dfpe 1
— S — = ~ = [Dpln(1=gq) = D,.lngle + ase (B.16)
dx  dx qu | om AR T e =

with v=x<~1 and q = §r(1) +« The one~term downstream expansion of the

two-term stern velocity expansion can be obtained in a similar way:

dbg  d0gc d%5c 1
—_— = = - ~ = = [Eg9ln(1=gq) = Eplngqle = bse (B« 17)
rontiali - 7 [Egln(1-qq) = Erlngq 2€ .



APPENDIX C. SOME INTERMEDIATE RESULTS FOR THE PROBLEM OF UNSTEADY MOTION OF A
SHIP CLOSE TO A BANK IN SHALLOW WATER

We use the solution techniques developed previously, subdividing the flow
into the outer flow, channel flow and edge flow regions. The outer solution

(x=0(1) , y=0(1) , &£+ 0) should satisfy the equations:

32¢r+32¢r=0

ax2  ay? !
99 3y, 3y ‘
—L =0T (x,t) - =<+ =% - o) =28, , 1>5x>0 ,
dy Ix At 2
30,
—_—= - Oy (xt) , 0>x > , yvy=0+20 ,
Ay 1
30,
— =0 , x>1, y=0+0 ,
oy

V¢ 0 as x2 +y2 »» ,

where Qg is the induced lateral velocity in the wake defined as in Rozhdest-
vensky (1974, 1977) (by consideration of the channel flow between the wake and
the bank):

32949 329qg(0,t%)
AR ae*2

t* =t +x .

This problem has the following solution

1

9y = %; In}j(1=-x)] + -;-n_- f a(g,t)1n|x=-E|ag ,

=00

- where

~2f,.(x,t) , 1> x>0 ,

q(g,t) =
"2aw1(x't) ’ 0 » x 3 = .

For the case of harmonic oscillationms,
QW1 = -k2¢1(0,t*) = -kz(g1coskt* + gpsinkt*) .

During the calculations of ¢, , the following integrals have to be dealt with:
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Iy = coskf 1nf @& ; Iy = sinkf 1nf &€ .

These integrals are divergent in a conventional sense, but they can be treated

in a generalized (Abel-Poisson) sense:

r&
Iy = lim e‘sgcosks 1n§ 4§
§+0 J
0
- L 2,52 k -7
é.i.xg Y [2 1n(k4+8¢) + k arctan 3 + Gc]x X’ (C.1)
r“
I = lim e'sgsinki 1nf 4 = lim {8 arctan L3 kC + 1 k 1n(k2+62)
§+0 J, §+0 J 2

%(ln k - C) when k > 0 ,
0 when k =0 , (C.2)

where C = 0.5772 is the Buler constant. Physically, the generalized inte-
gration implies that we consider the oscillations with slightly decreasing am-
plitude which , in the limit, become constant amplitude oscillations. A simi-
lar approach was employed by Theodorsen for the calculation of integrals of
the type g sink£df and é coskfEdE in his work on the problem of harmonic
oscillations of a thin airfoil in unlimited fluid.

Taking into account (C.1) and (C.2), we obtain

1
1
¢y = g—ﬂ In]1-x| - - f £r(£,£)In[x-E|4g
. 0

k
+ = [(g1Tq + gaTp)coskt + (gaTq = gqT)sinkt] ,

where
T4 = Mcoskx + Nsinkx ,
Ty = Msinkx - Ncoskx ,
si(kx) = sinkx lnx ,

2 1nk + coskx lnx - ci(kx) ,
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and si(kx) and ci(kx) are sine and cosine integrals, defined as

.si(kx) = = ,52-’-‘5\/15 ,
kx
ci(kx) = - '92§5§ aE .
kx

The asymptotic expansions for ¢, near the extremities are obtained in the
form:

Near the bow, v =x = 1 :

o= 0y~ 1y + 3 E(1,E)vimy + vad 4 22
r= @b ~ 5 WV T fxl1, n + v= - ,

where

e
1-€

]

1
Aq —fr(1,t) ‘f [fr(grt) - fr(1lt)]
0

- k2[(gqT21 = goTqq)coskt + (gqTy1 + goTpq)sinkt] ,
1
Ay = -./. £ (E,t)In|1-E|dE + k[(gqTq1q + gaT31)coskt + (gaTqq - gqT2q)sinkt] ,
o - .

with Ty1 = Tq(1) , Tgq = Ta(1) .

Near the stern, Vv = =x :

A BqVv By
‘br=¢rs~T'r2\)ln\)+—1—r—+Tr— P

where

Aa = fr(o,t) - QW1(Ort) ’

9

1 ag
B1 = EQ - fr(O't) - f [fr(E,t) - fr(o,t)]g— +
0
+ k {[g1(kT20 - 1) = ggkT4glcoskt +
+ [gp(kTyg = 1) + g1kT10]sinkt} ’
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1
By = -dl‘ £L(E,£)1nEdE + k((gqT1g + 92Tp)coskt + (g2Tqp9 = g1T29)sinkt] ,
0

with

1
T4g = T4(0) = = gi ¢ Tgp = Ta(0) = X (C - 1Ink) .

Matching of the potentials near the bow and in the region to the right of

the stern gives

1.1
a1 =397 3% (.

1
az = -[ag + £201,0)(1 = 1n3)1

1 m
ay = E[Az - 8.11“5] ’

b1 = Aa = fr(O,t) - aw1(01t) ’

1 T
by = =[B4 + 4a(1 - 1nz)] ,
b; = le .

2

Application of the Rutta condition (3.54) at the stern leads to the equa-
tion

- . 9dbj3 + dbj 1 P 9By
b2+Tt=b2 +--8—£=1-;[B1+Aa(1-lnz)+w] .

Boundary conditions for the channel flow poténtial ¢y are obtained in

the form

dg(1,t) = %{Az - ay(1 + 13)1

L
g g g n , 9B
% gt T gldelmg ¥ 5= - By) at x=0 .

The asymptotic structure of the channel flow potential is identical to (3.10).



APPENDIX D. ANALYSIS OF THE LIMITING FORM OF BECK'S (1976) INTEGRAL EQUATION
AS THE DISTANCE FROM ONE OF THE CANAL WALLS TENDS TO ZERO

In his report, "Forces and Moments on a Ship Moving in a Canal," R. Beck
arrives at the following far-field integral equation of the "porous" airfoil

in a canal (see Beck (1976), p. 14, eq. 2.13):

’

3
(1=cos2a) coth kp(x-E)
dEY (E) [: 9 2 H(x-si]
)

cosh 2kg(x~E) - cos 2o C(x)

2
T sinh 2kg(x-£)
= = ——w3inag dg s(g) ’ (D.1)
wh . [cosh 2kg(x=E) - cos 202

where, in Beck's notations,

Ta/w ,

Q
1]

a = distance to starboard wall of canal ,
B =01 -r211/2
C(x) = blockage coefficient ,

w = canal width ,
kg = ®/2wB ,

S = sectional area ,

Y = strength of vorticity along the ship hull

in the near field ,
U = ship speed ,
h = water depth .

Inspecting his equation, Beck concludes that "... as a + 0 , both the right-
hand side and the part of the kernel identifiable with the downwash of the
vortices and their image system go to zero. This is because mathematically
when the ship is right at the wall the problem is again symmetrical...”

However, it can be shown that the problem does not become symmetrical in
the limit a + 0 because the limit is sinqular.

We shall demonstrate that in the limit a + 0 the integral equation de-
generates into a much simpler one. Further oun, we assume that w = 0(1) and
we put B = 1 for convenience. Performing an integration by parts in the

right-hand side of the equation, we can rewrite it as

-89~
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2 X
Y(EIR(x-E)E + =2 | y(£)dE
Cc(x) ‘
-2 -2
L
0(&) sin 2a 4§

= ’ (D.2)

. cosh 2kg(x=£) - cos 2a

where

¢ =Us'(x)/h ,

(1=cos a)coth kg(x-£)
K(x=§) = .
cosh 2kg(x=§) = cos 2o

Now assume that a + 0 and try to abtain an asymptotic solution of the inte-
gral equation (D.2). First, we have to expand the right and left-hand sides
with respect to a * 0 . Expand the first term on the left-hand side of equa-
tion (D.2). It is obvious that the small parameter a is not always small
compared to (x=§) . In order to single out the region (x=§) = O(a) it is
convenient to subdivide the interval of integration

L x=8

x+§ 2 :
Tafyxas;:f ,+f +f =Ty + Ty + Ty .
-2 -2 %=8 x+8

It can be shown (Rozhdestvensky (1977)) that the integrals T4 and .T3 are -
of the order of 0(a3) when a+ 0 , 8 +0, §6§/a~+ =, and the main contri-

bution of the order 0O(a) is provided by

x+6
%=8

Considering T, with the new variable of integration,
E=(~x)/a , a=rma/w ,
we obtain for a -+ 0 (a > 0)

§/a

- adf
Ty = -f Y(x + ag) - - . (D.3)
-8 /a (kgiz+1)koa£
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Outside of the vicinities of the points x =0 , x = 1 the function Y(x+a§)

can be expanded in Taylor series,
Y(x+aE) = y(x) + afy'(x) + O(a?) . (D.4)

Subst;tutinq (De4) into (De3), we obtain after integration, for a + 0 ,
§+0, 6/a+=,

-2a § -amr
Th = === Y'(x) arctan = = == y'(x) .
2 kOZ a k02 \

Performing similar operations with the right-hand side, we firnxlly obtain the
limiting form for the equation (D.2) as a + 0 :

X
- ‘31'_ ' 2w = - W—U(X) D.5
koz Y'(x) + RIET) f Y(€)d§ - %o . (D.5)
-2

Recalling Beck's notations and introducing the circulation of the velocity as

‘ x
I'(x) =f Y(g)ag
-2

we arrive at the following equation with respect to T
a(r™ - X)) = 20(x) (D.6)
where
K(x) = 1/2ac(x) ,

which, as seen from Chapter II, could have been obtained by the method of
matched expansions.

Thus, we have proved that (i) Beck's inteqgral equation is valid in the
limiting case as a + 0 and in this case it degenerates to take a much simpler
form, (ii) if w = 0(1) and a + 0 , the influence of another wall vanishes

in the limit (note that equation (D.6) does not contain the canal width w ).
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