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ABSTRACT: We consider the set of all graphs on n labeled vertices with prescribed degrees D =
(di,...,d,). For a wide class of tame degree sequences D we obtain a computationally efficient
asymptotic formula approximating the number of graphs within a relative error which approaches
0 as n grows. As a corollary, we prove that the structure of a random graph with a given tame
degree sequence D is well described by a certain maximum entropy matrix computed from D. We
also establish an asymptotic formula for the number of bipartite graphs with prescribed degrees of
vertices, or, equivalently, for the number of 0-1 matrices with prescribed row and column sums.
© 2012 Wiley Periodicals, Inc. Random Struct. Alg., 42, 301-348, 2013
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1. INTRODUCTION AND MAIN RESULTS

1.1. Graphs and Their Degree Sequences

Let D = (d,,...,d,) be a vector of positive integers and let G(D) be the set of all graphs
(undirected, with no loops or multiple edges) on the set {1,...,n} of vertices such that
the degree of the k-th vertex is d; for k = 1,...,n. Equivalently, G(D) is the set of all
n x n symmetric matrices with 0-1 entries, zero trace and row (column) sums dj, ... ,d,.
We assume that

d+---+d, =0 mod 2, (1.1.1)

since otherwise the set G(D) is empty.
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302 BARVINOK AND HARTIGAN

The theorem of Erdds and Gallai, see, for example, Theorem 6.3.6 of [6], states the
necessary and sufficient conditions for the existence of a graph with the given degree
sequence. Without loss of generality, we assume that

dlZdZZ"'Zdn-

Then, the necessary and sufficient condition for G(D) to be non-empty is that (1.1.1) holds
and

k n
Y di<k(k—1)+ ) minfk,d} fork=1,...,n (1.1.2)
i=1

i=k+1

Our main goal is to estimate the cardinality |G(D)| of G(D). Using the obtained estimate,
we deduce a concentration result for a random graph G € G(D) sampled from the uniform
probability measure on G(D).

1.2. The Maximum Entropy Matrix and Tame Degree Sequences

The following matrix plays the crucial role in our construction.
Let us consider the space R®) of vectors x = (§y))» where {j, k} is an unordered pair

of indices 1 < j # k < n. We consider the polytope P C RG), P = P(D), defined by the
equations

Z‘f{i,k}=dk fork=1,...,n
itk
and inequalities
0<&;y=1

The integer points in (D) correspond to the labeled graphs with degree sequence D, which
we write as

G(D) =P{D)NZO.

We assume that P (D) is non-empty. We consider the following entropy function on

P(D):

H()C) = Z (g(ﬂkl In L + (1 — fl/‘,k)) In ;) for x = (E{f,k})-
o &k 1 =&
Since H is a strictly concave function, it attains its maximum on P at a unique point,
z = (gix)s 2 = z(D), which we call the maximum entropy matrix associated with the
degree sequence D. Matrix z can be easily calculated by interior point methods, see [19].
For 0 < 6 < 1/2 we say that the degree sequence D is é-tame if the polytope P (D) is
non-empty and if

§<lim=<1—8 foralll <j#k<n,

where z = ({[;)) is the maximum entropy matrix associated with degree sequence D. In
Theorem 2.1 we state some sufficient conditions for a degree sequence D to be tame.
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1.3. Quadratic Form g and Related Quantities

Let z = (¢ ) be the maximum entropy matrix associated with a tame degree sequence D.
We consider the following quadratic form g : R" — R,

1
q() = 5 D (Gw = Gl (@ + 1) fort=(ti,....7,). (1.3.1)
{j.k}

It is easy to see that g is positive definite for n > 2. Let us consider the Gaussian probability
measure on R” with density proportional to e~?. We define the following random variables
f,h:R" — R,

1
f@ = 3 % Cim (1= ¢im) Qeyyy — D( + )’ and

1
h(t) = 2 % Can (1= ) (6¢0 4 — 6C4m + 1) (5 + )t forr = (11,..., 7).
(13.2)

Let
w=Ef* and v=Eh.
Our main result is as follows.

Theorem 1.4. Letusfix0 <& < 1/2. LetD = (dy, . ..,d,) be a 6-tame degree sequence
such thatd, + --- +d, = 0 mod 2, let z = (1) be the maximum entropy matrix as
defined in Section 1.2 and let the quadratic form q and values of . and v be as defined in
Section 1.3. Let us define an n x n symmetric matrix Q = (wy) by

wip = il —Cyn) forj#k and
wj = d; — Z (ly forj=1,....n
ki kA

Then Q is positive definite and the value of

2eH(Z)
QryiJaeto P {

approximates the number of graphs |G(D)| with degree sequence D within a relative error
which approaches 0 as n —> +00.

More precisely, for any 0 < € < 1/2 the value of (1.4.1) approximates |G(D)| within
relative error € provided

n
—§+v} (14.1)

where y = y () is a positive constant.

Random Structures and Algorithms DOI 10.1002/rsa
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The main term
2e! (@)
Q2m)r2/det Q

of formula (1.4.1) is the “Gaussian approximation” formula of [3], whose appearance, as is
discussed in [3], is explained by the Local Central Limit Theorem, see also the discussion
below. The factor

(1.4.2)

ool

is the “Edgeworth correction” factor, see [5]. In the course of the proof of Theorem 1.4, we
establish a two-sided bound

n® < exp {2 +v} <0

for some constants y;(8), y»(8) > 0, as long as the degree sequence D remains §-tame.

We note that computing the expectation of a polynomial with respect to the Gaussian
probability measure is a linear algebra problem, cf. also Section 5.2. Hence apart from
computing the maximum entropy matrix z, which can be done by interior point methods,
computing the value of (1.4.1) is a linear algebra problem which can be solved in O(n*)
time in the unit cost model.

1.5. Random Graphs with Prescribed Degree Sequences

Let us consider the set G(D) of all labeled graphs with degree sequence D as a finite
probability space with the uniform measure. It is convenient to think of G € G(D) as of a
subgraph of the complete graph K, with the set

V={1,...,n}
of vertices and the set
E={{jk}: 1<j#k<n}

of edges.

Let us sample a graph G € G(D) at random. What G is likely to look like?

As a corollary of Theorem 1.4, we prove that with overwhelming probability, for a
random graph G € G(D) the number of edges of G in a given set S C E with |S| = Q(n?) is
very close to the sum of the entries of the maximum entropy matrix indexed by the elements
of §.

Theorem 1.6.  Let us fix numbers k > 0 and 0 < § < 1/2. Then there exists a number
y (k,8) > 0 such that the following holds.

Suppose that n > y(«,8) and that D = (d,, .. .,d,) is a §-tame degree sequence such
thatd, +---+d, =0 mod 2. ForasetS C E, let o5(G) be the number of edges of graph
G € G(D) that belong to set S and let

o5(2) = Z Cijkys

{j.kjes
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where z = ({jx)) is the maximum entropy matrix. Suppose that |S| > 8n* and let

Inn
€=56——.

Jn

If € < 1 then for a uniformly chosen random graph G € G(D), we have
P{Ge GD): (1 —€)os(2) <05(G) = (1 +€)os(x)} = 1 —2n"".

The idea of the proof is as follows. For 1 < j # k < n, let x{;4; be independent Bernoulli
random variables such that

P{XU,/(] = 1} = {U’k} and P{X{j!k} = 0} =1- {{/’,k}'

As is shown in [3], the probability mass function of the random vector X = (x(4) is
constant on the integer points of P (D) and is equal to e~ at each G € G(D), so that the
vector X conditioned on G(D) is uniform. Theorem 1.4 then implies that the probability that
X € G(D) is not too small. On the other hand, standard large deviation inequalities imply
that the sum }_;,, ¢ X(x concentrates about the value of o5(z) = >, k- We supply
the details of the proof in Section 10.

In many respects random graphs G € G(D) behave like random graphs on the set
{1,...,n} of vertices, with pairs {j, k} chosen as the edges of G independently with proba-
bilities ¢, where z = ({jx) is the maximum entropy matrix. As is discussed in [3], the
distribution of the multivariate Bernoulli random vector X = (x(;) is the distribution of
the largest entropy among all multivariate Bernoulli random vectors constrained by

Eykzdk fork:l,...,n

where

Vi = Z Xk -

I J#k

We remark that we obtain the “Gaussian approximation” term (1.4.2) if we assume that
the vector of random variables ¥ = (yj,...,y,) is asymptotically Gaussian around its
expectation (dy, . ..,d,). As it turns out, Y is not exactly Gaussian but is not very far from
1t.

It looks plausible that both Theorem 1.4 and Theorem 1.6 can be extended to degree
sequences D allowing a moderate number of entries £z, of the maximum entropy matrix to
be arbitrarily close to 1 or 0. Our proofs, however, do not seem to allow such an extension
with Theorem 4.1 being the main obstacle. Some of our proofs (mostly in Sections 5 and
6) are similar to those of [4], where we applied the maximum entropy approach of [3] to
count non-negative integer matrices with prescribed row and column sums.

The paper is organized as follows.

In Section 2, we give several examples and extensions concerning our main result,
Theorem 1.4 and also discuss related work in the literature.

In Section 3, we present an integral representation for the number |G(D)| of graphs and
also describe the plan of the proof of Theorem 1.4.

The rest of the paper deals with the proofs.

Random Structures and Algorithms DOI 10.1002/rsa
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2. EXAMPLES AND EXTENSIONS

Sometimes one can tell that a degree sequence is tame without computing the maximum
entropy matrix.

Theorem 2.1.  Let us fix real numbers 0 < o < B < 1 such that
B <2Ja —a, or equivalently, (o + B)* < 4a.

Then there exists a real number § = §(«, B) > 0 and a positive integer ny = no(«, B) such
that any degree sequence D = (d, . . .,d,) satisfying

d;
o< ——<B fori=1,...,n
n—1

is 8-tame provided n > ny.
One can choose

4(8 —
nozmax{ p s B —) }—i—l and
a(l=p)  4a—(a+p)?
€® . (@ + B
§ = where e =minjoa, « — ————— ¢ .
1+ 4
For example, degree sequences D = (d,, .. .,d,) satisfying
d; .
0.25 < <074 fori=1,...,n
n—1
or
d; )
001l < —— <0.18 fori=1,...,n
n—1
or
d; .
0.81 < 1 <089 fori=1,...,n
n—

are §-tame for some § > 0 and all sufficiently large n.
We prove Theorem 2.1 in Section 12.

2.2. On the Boundary of 8-Tameness

Let us choose rational 0 < @ < 8 < 1 such that
B =2Ja —«a. 2.2.1)

Clearly, 8 > «. Let us choose a positive integer n such that on and fn are even integers
and let us consider the degree sequence

d=..=d=pn and diyy=...=d,=an fork=nJa

Random Structures and Algorithms DOI 10.1002/rsa
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(note that k is necessarily integral). The Erdés-Gallai condition (1.1.2) for k = n./a, reduces
to

B <2Ja —a— % (2.2.2)

In particular, (2.2.1) does not even guarantee that the polytope P (D) is non-empty.

In [12] Jerrum, Sinclair and McKay discuss under what conditions an approximation for-
mula for |G(D)| which depends “smoothly”” on D may exist. They describe the phenomenon
of the number of graphs |G(D)| changing sharply when the degree sequence D is varying
only slightly around some special values of D. This phenomenon is apparently explained by
the fact that the dimension of the polytope P (D) may change abruptly or the polytope may
disappear altogether when D lies on the boundary of the Erd6s-Gallai conditions (1.1.2).
Theorem 8.1 of [12] states that for

d, =max{d;, i=1,...,n} and d_=min{d;, i=1,...,n},
as long as
dy —d_+1)*<4d_(n—d, — 1), (2.2.3)

the degree sequence D is P-stable, meaning that increasing one of the degrees d; and
decreasing another by 1 does not change |G(D)| by more than a factor of n'® (this, in turn,
implies that there are polynomial time randomized approximation algorithms for computing
|G(D)| and sampling a random graph G € G(D)). The condition of our Theorem 2.1 is only
marginally stronger than (2.2.3).

As Sourav Chatterjee pointed out to us, Lemma 4.1 of recent [9] shows that a sequence D
is 8-tame provided it lies sufficiently deep inside the polyhedron defined by the Erd6s-Gallai
conditions (1.1.2).

Our example shows that the bounds of Theorem 2.1 are essentially the best possible if
we take into account only the largest and the smallest degree of a vertex of the graph.

2.3. Regular Graphs
In [18] McKay and Wormald compute the asymptotic of |G(D)| for regular graphs, where

di=...=d,=d,
and almost regular graphs, where
ld; — d| <n?*¢ fori=1,...,n

for a sufficiently small € > 0; see also [17] for recent developments and [16] for a survey.
One can show that the formula of Theorem 1.4 is equivalent to the asymptotic formula of
[18] for regular or almost regular graphs.

In the case of regular graphs, symmetry requires that

d
E{/,k)z—l foralll <j#k<n
n—

for the maximum entropy matrix z = ({(jx})-

Random Structures and Algorithms DOI 10.1002/rsa
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2.4. Approximations in the Cut Norm

The cut norm (sometimes called the normalized cut norm) of a real m x n matrix A = (ay)
is defined by

1
[Allcwr = — max E Ak | 5
mn J.K
jel keK

where the maximum is taken over all non-empty subsetsJ C {1,...,m}andK C {1,...,n}.
Let us choose set S in Theorem 1.6 of the form

S={{j,k}: jelJ, keK,j#k} for some J,K C {1,...,n}.

We note that there are not more than 2% distinct sets S of this form. Theorem 1.6 implies
that as n grows, the maximum entropy matrix z(D) approximates the adjacency matrix of
the overwhelming majority of graphs G € G(D) within an error of O(n~'/?Inn) in the cut
norm.

Shortly after the first version of this paper appeared, using a different approach, Chatter-
jee, Diaconis and Sly [9] described graph limits of graphs from G(D) as n grows. A graph
limit is a certain function on [0, 1] x [0, 1], viewed as an “infinite matrix”, which naturally
arises as a limit object for a Cauchy sequence in the cut norm of adjacency matrices of
graphs [14]. Graph limits constructed in [9] can indeed be viewed as “infinite maximum
entropy matrices”.

2.5. Enumeration of Bipartite Graphs

A natural version of the problem concerns enumeration of labeled bipartite graphs with a
given degree sequence or, equivalently, m x n matrices with 0-1 entries and prescribed row
sums R = (ry,...,r,) and column sums C = (cy,...,c,). We assume that

Pt =t

A simple necessary and sufficient condition for a 0-1 matrix with prescribed row and column
sums to exist is given by the Gale-Ryser Theorem, see, for example, Corollary 6.2.5 of [6].
Let us consider the polytope P (R, C) of m x n matrices x = (§;) defined by the equations

Y g=r forj=1,....m and Y g =c fork=1,....n
k=1 j=1
and inequalities
0<é& <1 forallj,k.

Let us compute the maximum entropy matrix z = ({y) as the necessarily unique matrix
z € P(R, C) that maximizes

1
Hx)=Y" <z;~jk In gt (1—&)In
J!

Jjk

15 ) for x = (§)

1 — &

Random Structures and Algorithms DOI 10.1002/rsa
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on P(R,C).For 0 < § < 1/2, we say that the margins (R, C) are §-tame if
dm<n and n<m
and
8§ <& <1—46 forallj,k.

Suppose that the margins (R, C) are indeed §-tame for some § > 0. Let us define a quadratic
form ¢ : R™™" — R by

1
q(s,t) = 5 Z (gjk — (ji)(oj + rk)2 for (s,t) = (01,...,0,T1s ..., Tp)- 2.5.1)

Jik

Let

u=1\1,...,1;-1,...,—1 (2.5.2)

m times n times

and let L = u™ be the orthogonal complement to u in R"*". Then the restriction g|L of ¢
onto L is strictly positive definite and we define det g|L as the product of the non-zero
eigenvalues of g. We consider the Gaussian probability measure on L with density
proportional to ¢~? and define random variables f, g : L — R by

1
fls0 =2 Dl = 50QG = Dioj+ )’ and
Jj.k

h(s,t) = 2]—4 ijk(l - ;jk)(6§,’i — 65 + 1)(0; + w)*
ik
for (s,t) = (01,...,0mT1s ..., Tp)- (2.5.3)
We define
" =Ef2 and v =Eh.

Then the number |R, C| of 0-1 matrices with row sums R and column sums C is

IR,C| = 1O /m 4 n exp{—ﬁ+u}(1+o(1)) (2.5.4)
(47.[)(m+n—1)/2 /detq|L 2

provided m,n —> o0 in such a way that the margins (R, C) remain §-tame for some
6 > 0. We sketch the proof of (2.5.4) in Section 11.

Canfield and McKay [8] obtained an asymptotic formula of |R, C| when all row sums
are equal, r; = --- = r,, and all column sums are equal, ¢;, = - -+ = ¢,, which was later
extended to the case of “almost equal” row sums and “almost equal” column sums [7], see
also [11]. The maximum entropy matrix z was introduced in [2] where a cruder asymptotic
formula

In|R, C| ~ H(z)

Random Structures and Algorithms DOI 10.1002/rsa
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was established without the é-tameness assumption and for a wider class of enumeration
problems, including enumeration of 0-1 matrices with prescribed row and column sums
and zeros in prescribed position. It was also shown in [2] that a random matrix 0-1 with
prescribed row and column sums concentrates about the maximum entropy matrix z.

3. AN INTEGRAL REPRESENTATION FOR THE NUMBER OF GRAPHS

In [3] we proved the following general result; see Theorem 5, Lemma 11 and formula (16)
there.

Theorem 3.1. Let P C R? be a polyhedron defined by the system of linear equations
Ax = b, where A is a n x p matrix with columns a,, .. .,a, € 7" and b € 7" is an integer
vector, and inequalities 0 < x < 1 (the inequalities are understood coordinate-wise).
Suppose that P has a non-empty interior, that is, contains a point x = (&, . .., &,) such that
O<é<lforj=1,...,p

Then the function

14

1
H(x) = Z(sjlnE +(1—&)n
]

J=1

1
1_§j> forx=(,...,§)

attains its maximum on P at a unique point z = ({,...,¢,) such that 0 < ¢ < 1 for
j=1,...,p.

Let us consider the parallelepiped I1 = [—m, 71", I1 C R". Then the number |PN{0, 1}7|
of 0-1 points in P can be written as

@ ) 4 .
|P N {07 1}p| = (27[)” f e_l(tab> 1_[ (1 _ é-] + é-jel(aj,t))dt,
I .

j=1

where (-, -) is the standard scalar product in R", dt is the standard Lebesgue measure in R"

and i = +/—1. .

The idea of the proof is as follows. Let X = (xy,...,x,) be a random vector of inde-
pendent Bernoulli random variables such that P{x; = 1} = and P{x; = 0} = 1 — ¢
forj = 1,...,p. It turns out that the probability mass function of X is constant on the set

P N {0, 1} and equals e #© for every 0-1 point in P. Letting ¥ = AX, we obtain
IPN{0,1)] = "@P(X € P} = !OP[Y = b}

and the probability in question is written as the integral of the characteristic function of Y.
Since

p
> ga;=b,
j=1

Random Structures and Algorithms DOI 10.1002/rsa
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in a neighborhood of the origin ¢ = 0 the integrand can be written as

it i i(a;,t 1 S
omilth) l—[ (1= ¢+ 4¢'%") = exp {—5 ZCj(l — ¢)aj, 1)

j=1 j=1

.p
2 D50 = )24~ D)

j=1

1 )4
+ 57 Z 51— 5)(6¢2 — 6+ D{a, 1)*

p
+0 (Z(Cj + l)s(aj,ﬂs) } . (3.2)

j=1

Note that the linear term is absent in the expansion.
We obtain the following corollary.

Corollary 3.3. LetD = (di,...,d,) be a degree sequence such that the polytope P (D)
defined in Section 1.2 has a non-empty interior and let 7 = ({ijy) be the maximum entropy
matrix. Let

F(t) = €xXp {—l del’m} 1_[(1 — g{j,k} + C{l’,k}ei(rj_*—rk)) fOl"t = ('L'], ey Tn).
m=1 (k)
Then for the parallelepiped T1 = [—m, )", we have

H(2)

Q2m)" Jn

|G(D)| = F(t)d:t.

Proof. Follows by Theorem 3.1. .

‘We note that in the case of regular and almost regular graphs (see Section 2.3) the integral
of Corollary 3.3 is the same as the one evaluated by McKay and Wormald [18].

3.4. Plan of the Proof of Theorem 1.4

We use the integral representation of Corollary 3.3. Let us define subsets LI, Wwcil by
{( ) | | = ! for j 1 }
U= Ty Ty) o |Ti ory=1,...,n
1 j \/_ J

and

Inn
Jn

We show that the integral of F(¢) over IT \ (4 U W) is asymptotically negligible. Namely,
in Section 8 we prove that the integral

/ |F(1)ldt
M@UW)

Random Structures and Algorithms DOI 10.1002/rsa
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is asymptotically negligible compared to the integral

/ \F(1)|dt. (3.4.1)
u

It is easy to show that

/F(t)dt:/ F(t)dt,
u w

provided d; + - - - 4+ d, is even.
In Section 7, we evaluate

/ F(t)dt. (34.2)
u

In particular, we show that the integrals (3.4.1) and (3.4.2) have the same order of magnitude
and so the integral of F(¢) outside of &/ U WV is indeed asymptotically irrelevant.
From (3.2) one can deduce that asymptotically as n —> 400,

F(t) ~ exp{—q®) + if (1) + (1)} forreld,

where ¢ is defined by (1.3.1) and f and # are defined by (1.3.2).
Let us consider the Gaussian probability measure in R” with density proportional to e™7.
In Section 6, we prove that with respect to that measure

h(t) ~ Eh = v almost everywhere in /. 34.3)

This allows us to conclude that
f exp{—q(®) +if (t) + h(1)}dt ~ € f exp{—q(t) + if (1) }dt.
u u

In Section 5, we prove that asymptotically, as n —> +o0, function f is a Gaussian random
variable, so

/ exp{—q(1) + if (1)}dr ~ / exp{—q(t) + if (1)}dt
u RN
A exp {—lEfz} f e 10, (3.4.4)
2 Rn

which concludes the evaluation of (3.4.2).

The crucial consideration used in proving (3.4.3) and (3.4.4) is that with respect to
the Gaussian probability measure in R” with density proportional to ™%, the coordinate
functions 7y, ..., 7, are weakly correlated, that is,

1

[Etit| = O (—2) forj # k and
n

(3.4.5)

2 1 .
E‘L'j=0 - forj=1,...,n.
n
We prove (3.4.5) in Section 4, where we essentially use the §-tameness assumption.

Random Structures and Algorithms DOI 10.1002/rsa
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3.5. Notation

By y, sometimes with an index or a list of parameters, we denote a positive constant
depending only on the listed parameters. The most common appearance will be y (§), a
positive constant depending only on the §-tameness constant §.

As usual, for two functions g, and g,, where g, is non-negative, we write g, = 0(g») if
lgi| < ygrand g, = Q(g,) if g1 > y g, for some y > 0.

4. CORRELATIONS
Let z = (¢ ) be the maximum entropy matrix as defined in Section 1.2. We assume that
0< é-[/’,k) <1 for 21.11] ;é k.
We define the quadratic form g : R" — R by
1
q() = 5 D (Gw = )@ + 1) fort=(ti,.... 7).
Uk}

For n > 2 the quadratic form g is strictly positive definite. We consider the Gaussian proba-
bility measure on R" with density proportional to e~¢. We consider a point t = (ty, ..., T,)
as a random vector and 7y, ..., T, as random variables.

The main result of this section is as follows.

Theorem 4.1. Forany 0 < § < 1/2 there exists y(§) > 0 such that the following holds.
Suppose that

§<¢jn=<1—68 forallj+#k.

Then
3
‘Erjrk‘ < &2) provided j # k and
n
8
Erj2 < % forj=1,...,n.

We will often consider the following situation. Let ¢ : R — R be a positive definite
quadratic form. We consider the Gaussian probability measure in R” with density propor-
tional to e~ For a polynomial (random variable) f : R* — R we denote by E(f; ) its
expectation with respect to the measure. For a subspace L C R", we consider the restriction
¥|L of ¥ onto L and the Gaussian probability measure on L with density proportional to
e VIE, For a polynomial f : R* —> R, we denote by E(f; v|L) the expectation of the
restriction f : L —> R with respect to that Gaussian probability measure on L. We will use
the following standard fact: suppose that R" = L; & L, is a decomposition of R” into the
direct sum of orthogonal subspaces such that

Yt +16)=v@)+ (@) forallty € Lyandt, € Ly,

Random Structures and Algorithms DOI 10.1002/rsa
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so that the coordinates t; € L; and 1, € L, of the point t = #; 4 1,, t € R" are independent.
Let £,,4, : R" — R be linear functions. Then

E( 4y, ) = E(&y; ¥IL) +E(£y; ¥|Ly).

Indeed, writing t = t, 4+, with#; € L, andt, € L, and noting that £, ,(¢) = £,,(t1)+£12(%2),
we obtain

E (06 (0); ¥) = EW€ () E(1); ¥) +EW (1) (1); ¥)
+ EW{ (n)6(1); ¥) + EW () 0(5); ¥)
=EW 6y ¢|L) +2EW; Y)EW; ¥) + EW 6 ¢|Ly)
= EWLy; ¢ILy) + E(Ly; ¥|Ly).

We deduce Theorem 4.1 from the following result.
Proposition 4.2. Letn > 2 and let §;4), 1 <j # k < n be a set of numbers such that
a=<éjny=<pB foraljk

and some B > a > 0.
Let

O = Zéu’k} fOrk = 1,...,}’1
Ji#k

Let us consider the quadratic form ¥ : R" — R defined by

2
Y() =~ st <7+7) fort=(zi,..., %),

where the sum is taken over all unordered pairs of indices 1 < j # k < n. Then { is a
positive definite quadratic form and we consider the Gaussian probability measure in R"
with density proportional to eV

Let

= R

Then for n > 2/¢ we have

2

n
Erol < = ided j % k and
BT < S e 2y 1) T 2en  PrOVided) # kan
n? 3
Er? — 1] < = forj=1,...,
[B7 |_65/2(n—€)(ne—2)(n—1)+26n forj "

Proof. Clearly, ¢ is positive definite. Let

V= (VoL . o T,
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Then v is an eigenvector of y with eigenvalue 1. Indeed, the gradient of ¥ at r = v is 2v:

a%w(t) = %k%jzgm =25, forj=1,...,n.
Let
L=vCR"
be the orthogonal complement to v. Hence L is definedin R” = {(7,, ..., 7,)} by the equation
> uV5 =0
j=1
We write
O SRS P
j=1 23] \/GJ_OI‘
We remark that
am—1)<o, <Bm—1) forj=1,...,n. “4.2.1)
Let

w:Zojzan(n—l)

j=1

and let us define the quadratic form ¢ : R* — R by

w

2
1 n
o) = — (Zqﬁ) fort = (t1,...,T,).

j=1

Hence ¢ (¢) is a form of rank 1 and v is an eigenvector of ¢ with eigenvalue 1.
We define a perturbation

J=v-S¢ fore=®
=y - — ore = —.
2 B
Hence v is a positive definite quadratic form such that
V() =y(r) foralltelL,
and v is an eigenvector of ¢ with eigenvalue 1 — €2/2.
Let us consider the Gaussian probability measure on R" with density proportional to

e~V Our immediate goal is to estimate the covariances Et;; with respect to that measure.
Denoting by (-, -) the standard scalar product in R", we can write

~ 1
V(o) =T+ 1),
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where [ is the n x n identity matrix and Q = (gj) is an n x n symmetric matrix such that v
is an eigenvector of Q with eigenvalue 1 — €2. We have

, /G0,
Sk — M L forj £k and
w

gk =
/%%
€0; ,
gij=———= forj=1,...,n
: w

It follows by (4.2.1) that
1

mzq]kzo for];ék and

0>¢;>—< forj=1,....n.
n
The covariance matrix R = (E1;7y; V) of the Gaussian measure with density proportional
to eV is
1 € € -1 e\ ! »
a+0=((1-5)1+(r+0)) =(1-5) a+p,
n n n
e\~ se
where P = (1 — —) (—I—i-Q).
n n
Hence P = (pj) is a symmetric matrix such that

1 1
0<pu < (1 — 5) — foralljk. 42.2)
n e(n—1)

Furthermore, v is an eigenvector of P with eigenvalue (1 — €2 + ¢/n)/(1 — €/n), so

—1
Pv=iv fori= (1 — 5) (1 —e+ f) . (4.2.3)
n n

Let us bound the entries of a positive integer power P = (p;,f)) of P. Let
(i) A dlety = =
K = —% m and lety = kv, y—(nl,...,i’]n).
By (4.2.1) and (4.2.2), we have

pi <n; forallj,k. (4.2.4)
Also, by (4.2.1) we have
e\~! 1 .
n = (1 - ;) m for all 5. 4.2.5)

Furthermore, y is an eigenvector of P with eigenvalue A defined by (4.2.3), and hence y is an
eigenvector of the d-th power P! = (pi’) with eigenvalue A?. Combining this with (4.2.4)
and (4.2.5), for d > 0 we obtain

(d+1) _ - (d) - @ _ qd d _€ 71—1
Pji —;p,mpmks;pjmnm—/\ m=(1-1) T
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We note that for n > 2 /e we have 0 < A < 1. Consequently, the series
+00
I+P) =1+ (=P

d=1

converges absolutely and we can bound the entries of the matrix
e\ 1
R=U+0)7" = (1- -) d+P)",
n

R = (ry) by

€\ 2 1 1 .
|rjk|§<1_;> mm ifj #k and

-2 1 1
|rj._1|5<1_f> ———— forj=1,...,n
n eln—-1)1-x

We have

Since R is the covariance matrix of the Gaussian probability measure with density
proportional to e~¥, we obtain

2

. n
E(yt; = idedj # k d
E(yn; )| < T Y — providedj # k an
2 4.2.6)
E(r7: ¥) — 1] < - forj=1,...,n.

2(n—e)(ne —2)(n— 1)

Now we go back to the form 1 and the Gaussian probability measure with density
proportional to e~¥. Since v is an eigenvector of both ¥ and v, since L = u' and since ¥
and v coincide on L, for any linear functions ¢, ¢, : R" — R, we have

E(105; ¥) = E(€165; ¥|L) + E(¢,£,; ¥|span(v))
=E(¢,6y; ¥|L) + E(¢£,; yr|span(v))
=E(l6y; ¥) — E(€£y; ¥lspan(v)) + E(€,6y; Ylspan(v)).  (4.2.7)

We note that the gradient of the coordinate function 7; restricted to span(v) is \/oj/w. Since

vis an eigenvector of ¥ with eigenvalue 1 and an eigenvector of ¥ with eigenvalue 1 —e2/2,
we have

A/ Oi0k

E(7jt; Ylspan(v)) = and
2w
- /G0,
E(7jt; Y lspan(v)) = VIR for all j, k.
2-edHw
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By (4.2.1) we have

1 ~ 1
|E(7j7; ¥lspan(v))| < Yen and  [E(j7; ¢lspan(v))| < —.
€n €n

The proof now follows by (4.2.6) and (4.2.7). .
Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1.  Let us define
&y = Sy — fé,k} forallj # k

and let us choose « = § — 8% and B = 1/4 in Proposition 4.2. We define o; and ¥ as in
Proposition 4.2 and consider a linear transformation

(T oo s Tn) > (T18/O15 -+ s Tun/O0).

Then the push-forward of the Gaussian probability measure with density proportional to
e~ is the Gaussian probability measure with density proportional to e~V . Therefore,

1
E(yio, q) = \/?%E(fjfk; ¥).
J

Since
oj>8a(n—1) forj=1,...,n,
The proof follows by Proposition 4.2. .

We will need the following lemma.

Lemmad4.3. Letqy:R" — R, n > 2, be the quadratic form defined by the formula
1
qo0) =Y G+’ fort=(T,.... 7).
(k)

Then the eigenspaces of qo are as follows: the 1-dimensional eigenspace E, with eigenvalue
n— 1 spanned by the vectoru = (1,. .., 1) and the (n— 1)-dimensional eigenspace E, = u*
with eigenvalue (n — 2)/2.

Proof. We have

=2n—2.

=u

i O
afkq

Hence the gradient of go(¢) at t = u is (2n — 2)u, so u is an eigenvector with eigenvalue
(n—1).Fort € ut we have 7; + - - - + 7, = 0 and hence

d
040 = Z (T +w)=0n—-2)7u.
Ji j#k

Therefore, the gradient of go(f) at t € u’ is (n — 2)t, and so ¢ is an eigenvector with
eigenvalue (n — 2)/2. .
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5. THE THIRD DEGREE TERM

The main result of this section is the following theorem.

Theorem 5.1.  For unordered pairs {j,k}, 1 <j # k < n, let ujz, be Gaussian random
variables such that

Eujn =0 forallj,k.
Suppose further that for some 6 > 0 we have
, Y .
Eujyy < - forallj, k
and that
¢ . . .
[Eug, k) tijy k)| < s provided {j,, k\} N {j2, kx} = 0.
Let

_ 3
U= Ui gy
Uk

Then for some constant y (0) > 0 and any 0 < € < 1/2 we have

1
‘Eexp{iU} —exp {—EEUZ} <e

provided

Furthermore,
EU? <y ()
for some y(0) > 0. Herei = +/—1.

We apply Theorem 5.1 in the following situation. Let ¢ : R* — R be the quadratic
form defined by (1.3.1).

Let us consider the Gaussian probability measure on R” with density proportional to e™7.
We define random variables uy; ) by

1
U () = C/gé'{/,k)(l — L) Qi — D(rj+ 1) fort = (71,..., 7).

Then for the function f'(¢) defined by (1.3.2) we have
_ 3
f= Z“(xykl-
.k}

In this section, all implied constants in the “O” notation are absolute.
Our main tool is Wick’s formula for the expectation of the product of random Gaussian
variables.
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5.2. Wick’s Formula
Let wy, ..., w; be Gaussian random variables such that
Ew, =...=Ew, =0.

Then

Ew;---w) =0 iflisodd and

Ew,...w) = Z(Ew,«lwiz) -« (Ew;_,w;) if [ =2riseven,
where the sum is taken over all (2r)!/r!2" unordered partitions of the set of indices {1, . . ., [}
into r = [/2 pairwise disjoint unordered pairs {ij, i»}, ..., {ij_1, i;}, see for example, [20].
Such a partition is called a matching of the random variables wy, . .., w; and we say that w;

and w; are matched if they form a pair in the matching.
In particular,

» _ 2r)!
ri2r

for a centered Gaussian random variable w. We will also use that

Ew (Ew?) (5.2.1)

Ew?wz = 9(wa)(Ew§)(Ew]wz) + 6(Ew;wy)? (5.2.2)
and later in Section 6 that
cov(wi,w;y) = E(wijw3) — (Ew})(Ew3)

= 72(Ew;w2)* (Ewp) (Ew3) + 24(Ewywy)*. (5.2.3)

5.3. Representing Monomials by Graphs

Let xjx : 1 <j # k < n be formal commuting variables. We interpret a monomial in
Xk as a weighted graph as follows. Let K, be the complete graph with vertices 1,...,n
and edges {j, k} for | <j # k < n. A weighted graph G is a set of edges {j, k} of K, with
positive integer weights oz, on them. The set of vertices of G consists of all vertices of the
edges of G. With G, we associate a monomial

o ,k)
mg(x) = 1_[ ng(} .
(ikleG

The weight of G is the degree of mg(x), that is, 3}, @k We observe that for any p
there are not more than r°n? distinct weighted graphs G of weight 2r on p vertices.

In what follows, given a set of random variables, we construct auxiliary Gaussian random
variables with the same matrix of covariances. This is always possible since the matrix of
covariances is positive semi-definite.

Our proof of Theorem 5.1 is based on the following combinatorial lemma.

Lemma 5.4.  For the Gaussian random variables w, of Theorem 5.1, let us introduce
auxiliary Gaussian random variables vy such that

Evjy=0 foralll <j#k=<n and

EVUI,/(]}VUZJQ} = Euél,kl)u?jz’kﬂ fOV all 1 f]] ;ﬁ k|, j2 ;ﬁ k2 <n.
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Given a weighted graph G of weight 2r, r > 1, let us represent it as a vertex-disjoint union
G =GoUGy,

where Gy consists of s isolated edges of weight 1 each and G, is a graph with no isolated
edges of weight 1 (we may have s = 0 and Gy empty).

Then

1. We have
3 rO(r)93r
|EmG(Mi,<,k] 1 <j#Fk< l’l) s [Emg(viny : 1 <j#k<n)| =< ey

if s is even and
rO(r)93r
3 . .
!Emc(u{/‘k, c1<j#k=< n) , [ Emg(vjn: 1 <j#k<n)| =< TGN

if s is odd.
2. If s is even and G is a vertex-disjoint union of r — s/2 connected components, each
consisting of a pair of edges of weight 1 sharing exactly one common vertex, then

0(r)93r

3. : : ; r

|EmG(uU3k) 1 <j#k< n) —Emgvjpn: 1 <j#k=< n)} < P

3. If s is even and G, is a vertex-disjoint union of r — s/2 connected components, each
consisting of a pair of edges of weight 1 sharing exactly one common vertex, then G
has precisely 3r + s/2 vertices. In all other cases, G has strictly fewer than 3r + s/2
vertices.

Proof. If {ji, ki} N {j2, k2} = @ we say that the pair of variables wuy;, x,}, 4, +,; and the pair
of variables Vi, x,1, Vij .4,y ar€ weakly correlated. If {ji, ki} N {j2,k,} # @ we say that the
pairs of variables are strongly correlated. Pairs of variables indexed by edges in different
connected components of G are necessarily weakly correlated.

To prove Part (1) we use Wick’s formula of Section 5.2. By (5.2.2), we obtain

6° . . .
EGy, 11V (pi0)) = O (F) if the pair vij, 4}, Vj,.1y) 18 weakly correlated,

(5.4.1)

3
EWy, 4)Vipi0)) = O <;> if the pair vjj, 1,1, Vij,ky) 18 strongly correlated.

Since for each isolated edge {ji,ki} € Gy variable vy, 4,y has to be matched with variable
Vijpkyy indexed by an edge {j»,k,} in a different connected component, we conclude that
every matching of the set

{vys U, k} € G} (54.2)

contains at least s/2 weakly correlated pairs and hence

93 s/2 93 r—s/2
|Emg(vys 0 1 <j#k=<n|=<ro <—4> <—> .
n

n3

Random Structures and Algorithms DOI 10.1002/rsa



322 BARVINOK AND HARTIGAN

Moreover, if s is odd, then the number of weakly correlated pairs is at least (s + 1)/2 and

hence
93 (s+1)/2 93 r—(s+1)/2
[Emg(vga 1 <j#k < n)| <% (—4) <7> .
n n

Similarly, since for each isolated edge {j;, k;} € Gy at least one copy of the variable uy, 1,
has to be matched with a copy of variable uy;, ,; indexed by an edge in a different connected
component, we conclude that every matching of the multiset

{u{j,k},uv,k),u{j,k} . {j, k} S G} (543)

contains at least s/2 weakly correlated pairs, and hence

s/2 3r—s/2
|EmG(u3W(} 1<j#k<n)|<ro0 (i) <€> _

n? n

Moreover, if s is odd, then the number of weakly correlated pairs is at least (s + 1)/2 and

hence
0 (s+1)/2 0 3r—(s+1)/2
T e Y B

n n

This concludes the proof of Part (1).

To prove Part (2), let us define X,(G) as the sum in the Wick’s formula for Emg (v :
1 <j # k < n) taken over all matchings of the set (5.4.2) of the following structure:
we split the edges of G into r pairs, pairing each isolated edge with another isolated edge
and pairing each edge in a connected component of G consisting of two edges with the
remaining edge in the same connected component. Then we match every variable vy;, 4,
with the variable vy, 1, such that {j;, k,} is paired with {j,, k,}. Reasoning as in the proof of
Part (1), we conclude that

) rO(r)93r
[Emg(vys 0 1<) #k <n) = Z(G)| < s,
since every matching of the set (5.4.2) which is not included in X,(G) contains at least
s/2 + 1 weakly correlated pairs.
Similarly, let us define X, (G) as the sum in the Wick’s formula for EmG(u?i’k] 1 <j#
k < n) taken over all matchings of the multiset (5.4.3) of the following structure: we split
the edges of G into r pairs as above and match every copy of variable uy;, «,; with a copy of
variable uy, r,) indexed by an edge in the same pair (in particular, we may match copies of
the same variable). Reasoning as in the proof of Part (1), we conclude that

rO(r)03r

|EmG(”?i,k) tl<j#k=n) -0 < s/

since every matching of the multiset (5.4.3) which is not included in X, (G) contains at least
s/2 + 1 weakly correlated pairs.
The proof of Part (2) follows since

%.(G) = %,(G)
by Wick’s formula.
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To prove Part (3), we note that a connected weighted graph G of weight e contains a
spanning tree with at most e edges and hence has at most e + 1 vertices. In particular, a
connected graph G of weight e contains fewer than 3e/2 vertices unless G is an isolated

edge of weight 1 or a pair of edges of weight 1 each, sharing one common vertex. Therefore,
G has at most

Yt =34
) 2 r S) = Jr 2

vertices and strictly fewer vertices, unless s is even and the connected components of G,
are pairs of edges of weight 1 each sharing one common vertex. .

5.5. Proof of Theorem 5.1

Let v 1, be Gaussian random variables defined in Lemma 5.4 and let

V= Z Vijk}-

.k}

Since there are O(n®) strongly correlated pairs vj, 4,,V;,x, and there are O(n*) weakly
correlated pairs, by (5.4.1) we have

EV? = EU? = 0(6?). (5.5.1)

Since V is a Gaussian random variable, we have
1% 1 2 1 2
Ee'" = exp _EEV = exp _EEU . (5.5.2)

Our goal is to show that E¢’ and Ee'V are asymptotically equal as n —> +o0.
By symmetry, the odd moments of U and V are O:

EU* =EV* =0 ifk > 0isodd. (5.5.3)

The even moments of U and V can be expressed as
EUY — ZaGEmG(ui.,k} 1 <j#k< n)
G

EV” = " acEmg(vyu : 1 <j#k <n),
G

where the sum is taken over all weighted graphs G of weight 2r and
1 <ag < (@2r.

Let G,, be the set of weighted graphs G of weight 2r whose connected components are an
even number s of isolated edges of weight 1 and r — s/2 pairs of edges of weight 1 sharing
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one common vertex. Since there are no more than »°n? distinct weighted graphs of weight
2r with p vertices, by Parts (1) and (3) of Lemma 5.4, we have

O(r)93r
EU” — Z aGEmG(ufﬂk) 1 <j#£k< n) < ! and
GEng n
O(r)93r
EV' = Y acEme(g: L<j#k<m| <’
GeGy, n
Therefore, by Part (2) of Lemma 5.4,
0(r)93r
EUY —EVY| < = (5.5.4)
From Taylor’s Theorem
2r—1 s 2r
e — s < a forx € R,
s! 2r)!
it follows that
Eet _gev < EUT BV - [EUS — EVY|
- 2n! o @2n! = s! ’
From (5.5.1) and (5.2.1) we deduce that for a positive integer r we have
EVY < (2r)1200 g3
- r! ’
Therefore, by (5.5.4)
) ) 20(r)93r 0(r)93r
EeV — Ee| < + 1 . (5.5.5)

r! n

Given 0 < € < 1/2, one can choose a positive integer r such that

1
rinr = 0(921n—>
€

so that the first term in the right hand side of (5.5.5) does not exceed €/2. It follows then

that for all
1 y(©0)
n>|\-
- (;)

EeV —EeV| <e
| <e,

we have

and the proof follows by (5.5.2).
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6. THE FOURTH DEGREE TERM
The main result of this section is the following theorem.

Theorem 6.1.  For unordered pairs {j,k}, 1 < j # k < n, let w;y be Gaussian random
variables such that

Ewjy =0 forallj,k,

and let ojyy € {—1, 1} be numbers.
Suppose further that for some 6 > 0 we have

Ew?j,k) < forallj,k,

S|

and that
6 . , .
|Ew{j1,k1)w{j2,k2]| =< F provzded {]l,kl} N {]2,]{2} = 0.
Let

4
W= Z TGk Wiiky-
Ukl

Then for some constant y (0) > 0 we have
(1) E[W| < y(®);

0
@ varw < 2©.
n
(3) P{IW| > y(8)} < exp{—n'"}
provided n > y,(0) for some constant y(0) > 0.
We apply Theorem 6.1 in the following situation. Let ¢ : R — R be the quadratic

form defined by (1.3.1). Let us consider the Gaussian probability measure on R” with
density proportional to e~?. We define random variables wy;; by

1
win (D) = | 35000 = |65, = 66yn + 1|(h + 1) fort = (mi,.... %)
and let
Oyjky = Sign(6{é’k] —68yn + 1)'

Then for the function 4 defined by (1.3.2), we have

4
h= ZUU»HWU,H-

Uik}
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While the proof of Parts (1)—(2) is done by a straightforward computation, to prove
Part (3) we need reverse Holder inequalities for polynomials with respect to the Gaussian
measure.

Lemma 6.2. Let p be a polynomial of degree d in random Gaussian variables wy, . .., w,.
Then for r > 2 we have

ElpIN"" < r2EpH)'2.

Proof. This is Corollary 5 of [10]. .

6.3. Proof of Theorem 6.1

All implied constants in the “O” notation below are absolute.
By formula (5.2.1),

and hence
E|W| =00

and Part (1) follows. Furthermore,
4 4
varW = Z a{fl’kl}0U2~k2}COV(W(i1,k1}’W{fz,kz))'
{1.k1}
{in-ko}
By (5.2.3) we have
04
4 4 _ v
€OV (W, 1y 1> Wi i) = O <n4>

and, additionally,

0* . . .
COV(Wél,k|}’W‘{t‘2,kz)) =0 (%> provided {j,, k;} N {j», k,} = 9.

Therefore,

94
varW = O <—) , 6.3.1)

n

which proves Part (2).
Finally, applying Lemma 6.2 with d = 4 we deduce from (6.3.1) that for any r > 2

E|W — EW|" < r"n /220097
Choosing r = n'/5, we conclude that for all sufficiently large n > ny(9) we have
E|W —EW|" < exp{—n'/"}.
By Markov’s inequality, we obtain
P{{W —EW| > 1} < exp{—nl/s}

for all sufficiently large n and the proof follows from Part (1). .
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7. COMPUTING THE INTEGRAL OVER A NEIGHBORHOOD OF THE ORIGIN

/ F(t)dt
I

We consider the integral

of Corollary 3.3. Hence

F(t) = exp {"'derm} [T = Gos + G ™) for i = (xi...... 7).

m=1 {j.k}

where D = (d,,...,d,) is a given degree sequence, z = ({(;x) is the maximum entropy
matrix and IT is the parallelepiped [—r, 7 ]". We recall that the quadratic form g : R — R
is defined by

1
q(t) = E % (é‘{/’k} — é‘{?,k})(‘[j + Tk)2 fort = (1q,...,T,).

In this section, we prove the following main result.

Theorem 7.1.  Let us fix a number 0 < § < 1/2 and suppose that
§ <y =<1—8 forallj#k.

Letf,h : R* — R be polynomials defined by (1.3.2). Let us define a neighborhood of the
originU4 C Il by

Tlyeuooh Ty T o N (A
! ﬁ

E= [ edt
R”

and let us consider the Gaussian probability measure in R" with density 2~ 'e™4. Let

Let

w=Ef* and v =Eh.

(l) . A7 n/2.
[ S Bl n 9

2 w, v, Elh] <y ()

for some constant y () > 0;
3) Forany0) <e <1/2

/|F(t)|dt—exp{v}E <e€EB
u
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provided

for some constant y (§) > 0;
(4) Forany0 <e <1/2

]

/MF(t)dt—exp{—% + v} E

1 v ()
n>\-
- (o)

Proof. In what follows, all constants implied in the “O” and “Q2” notation depend only on
the parameter §.
Let

<e€

provided

for some y (8) > 0.

1
0(0) =5 ) (G+ 1)’ fort = (z,...,7)

{j.k}
as in Lemma 4.3. Then () < 1¢o(t) and hence

n—1

== n/2
/ e dt > / gy = 2 | ) (& ,
R" - R" n—1 n—2 - n

which proves Part (1).

Let us think of the coordinate functions 7; as random variables with respect to the
Gaussian probability measure with density proportional to ™.

By Theorem 4.1, we have

1

|[Etjte| = O <—2> providedj # k and
n

(7.1.1)

E<? ! forj=1
‘L'j=0 ; orj=1,...,n.

For an unordered pair 1 <j # k < n, let us define

1
Ujry = C/g(u,k}(l — $ia) Qi — D(T; + ).
Then

3
f= Z“U,k}'
(k)
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Similarly, let us define

1
Wik = 52 Sun (= Ca)| 6854 — 6Zin + 1](5; + ) and
oy = sign (64 — 644 + 1)
Then

4
h= ZUU*“WW)'
k)

By (7.1.1) the random variables u;, satisfy the conditions of Theorem 5.1 and hence the

upper bound for i = Ef? follows by Theorem 5.1. Similarly, by (7.1.1) the random variables

wyi i satisfy the conditions of Theorem 6.1 and hence the upper bound for [v| = Eh and

E|k| follows by Part (1) of Theorem 6.1. This concludes the proof of Part (2) of the theorem.
By Lemma 4.3, eigenvalues of g are €2 (n) from which it follows that

/ e 10dt
RMU

From Theorem 5.1, we have

/ e OO gp _ exp {_E g
- 2

which, combined with (7.1.2), results in

/ e IO g _ exp {_ﬁ} g
u 2

By Part (2) of Theorem 6.1 and Chebyshev’s inequality, we have

< exp{—Q(n*n)} E. (7.1.2)

o(l)
< €& providedn > (—) s
€

o)
< €& providedn > (—) . (7.1.3)
€

P{|lh —v| >e}=0($), (7.1.4)
while by Part (3) of Theorem 6.1, we have

P{h > y(8)} = O(exp{—n'"}) (7.1.5)
for some constant y (§) > 0. In addition,

|h(#)] = O(In*n) fort e U. (7.1.6)

Combining (7.1.4)—(7.1.6) and Part (2) of the theorem, we deduce from (7.1.2) and (7.1.3)
that

<ed

/ e 10ThO g _ exp{v}E
u

and (7.1.7)

/ e 1OTTOThO gp _ exp {—E + v} o !
u 2

o)
< €& providedn > (—) .
€
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From the Taylor series expansion, cf. (3.2), we obtain

F(t) = exp{—q(t) + if (t) + h(t) + p(¢)}, where
5

pl=o (™" forseu
lo(®)| = 7 ort € U.

Therefore, for any € > 0 we have
IF(1)] — e 10+h0| < ¢omd@+h®  ang

. ) 1 o(l)
|F(f) — e 1OTTOThO | < ¢o=aOTh®  forallt € 4 provided n > <—> )
€

The proof of Parts (3) and (4) now follows from (7.1.7) and Part (2). .

8. BOUNDING THE INTEGRAL OUTSIDE OF THE SPECIAL POINTS

We consider the integral representation of Corollary 3.3. Our goal is to show that the integral
of F(¢) for t outside of the neighborhood of the special points

©,...,0) and (&m,...,*xm)

is asymptotically negligible.
In this section, we prove the following main result.

Theorem 8.1.  Let us fix a number 0 < 6 < 1/2 and let D = (d,,...,d,) be a 5-tame
degree sequence. Let us define subsets U,V C T1 by

=1 ( ) |<_—1 forj=1
U Tiyeo s Ty) o T or R 1 and
1 i Jn J

1
W = {(r,,...,r,,) = o] < an forsomeo; =+x1 andallj = 1,...,n}.

Jn

Then for any k > 0

/ FOlde < n* [ \F(0)|di
M\ UUW) U

provided n > y (8, k).

The plan of the proof of Theorem 8.1 is as follows: first, using some combinatorial
arguments we show that for any positive constant € > 0 the integral is asymptotically
negligible outside of the areas where |7;| < € for all j or where |7; — o;7| < € for some
o; = £1 and all j. Then we note that |F(¢)| is log-concave for ¢ in a neighborhood of the
origin and use a concentration inequality for log-concave measures.

We introduce the following metric p.
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8.2. Metric p

Let us define a function p : R — [0, 7] as follows:

px) = rlzlelél |x — 2mk|.

In words: p(x) is the distance from x to the nearest integer multiple of 2. Clearly,

p(=x) =p) and px+y) <o) + o)

for all x,y € R.
We will use that

12 12
I—Ep (x)fcosxfl—g,o (x).

8.3. The Absolute Value of F(t)
Let

Uiky = 2{{]',[(}(1 — g{/’,k)) for all] 75 k.

If D is §-tame, we have

forall j # k.

| =

2
28" <y =
We have
12

|[F(®)| = 1_[(1 — gy + g cos(T + )
{i.k}

For 1 <j # k < nlet us define a function of 7 € R,

f{j,k}(r) = \/1 — Ol{/,k) =+ Ol{j’k} COST,
SO

IFO| = [ [fomn (@ + 0.

{.k}
We note that
Jin(0) = 1.
It follows by (8.2.1) and (8.3.1) that for e > 0
Jin @) < exp{—y (S, e)}fjn(y) provided p(x) > 2¢ and p(y) <€

for some y (¢, §) > 0. Furthermore,

2

d o (@i gy + COS T — oty COS T)
2oz (™) = -

2(1 — Ok + k) COS 'L')2
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In particular, by (8.3.1)

2 2

7 b
ﬁlﬂf{]“k)(f) < —3 for — g <7 S g
and hence Inf{;, is strictly concave on the interval [—n/3, /3]
x+ §?
IS0 () + 10 fig () — 210 fi (Ty) < Tl =P forallxye [~m/3,7/3].

(8.3.4)

In what follows, we fix a particular parameter € > 0. All implied constants in the “O” and
“Q2” notation below may depend only on the parameters 6 and €. We say that n is sufficiently
large if n > y (6, €) for some constant y (§,¢€) > 0.

Our first goal is to show that only the points ¢ € IT for which the inequality o (7;+ 1) < €
holds for an overwhelming majority of pairs {j, k} contribute significantly to the integral of
|F(t)] on IT.

Lemma84. Fortell,t=(t,...,7,),ande > 0letusdefineasetK(t,e) C {1,...,n}
consisting of the indices k such that

p(Ti+n) <€
for more than n/2 distinct indices j. Let K(t,€) = {1,...,n} \ K(t,€). Then
1 [F(@0)| < exp{=y @) n[K(t,€)|} for some y (8) > 0;
2. p(y — ) <2 forallk,,k, € K(t,€);

3. Suppose that |K(t,€)| > n/2. Then

p(Th, +T,) < 3e forallk,k, € K(t,¢€).

Proof. For every k € K(t, €) there are at least (n — 2)/2 distinct j # k for which
p(Ti+1) > € (8.4.1)

and so by (8.2.1) we have
1 2
cos(tj+ 1) <1 — 56 .

Since there are at least |K(,€)|(n — 2)/4 pairs {j, k} for which (8.4.1) holds, the proof of
Part (1) follows from (8.3.2) and (8.3.3).
For any k|, k, € K there isj € {1,...,n} such that

p(T+ ) e+, <e
Therefore,

Py —Ty) = (G + Ty — Ty — ) < p(T + ) + 0(=7 — T,)
=p(5+ )+ p(t+ 1w, < 2€

and Part (2) follows.
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Let us choose a k; € K(¢,¢€). Since |K(t,€)| > n/2, thereis aj € K(¢,€) such that
o+ 1) < e
By Part (2), for any k, € K (¢, €) we have

POy + o) = PG+ Ty + 5+ W) = p(5 + 7)) + (=7 +7,)
< 3e

and Part (3) follows. .

Corollary 8.5. For an € > 0 let us define a set V(€) C Il consisting of the points t € Tl
such that

K(t,€) <1n’n,

where K (t, €) is defined in Lemma 8.4. Then

f F(OldE < n" / \F () \de
M\V(e) n

provided n > y (6, €) for some constant y (§,€) > 0.

Proof. By Parts (1)—(3) of Theorem 7.1 we have

/ |[F(t)|dt > Qn™"?).
I

The proof now follows by Part (1) of Lemma 8.4. .

Next, we show that only the points ¢ € IT such that p(t; + 7,) < e forall 1 <j,k <n
contribute substantially to the integral of |F(¢)| on IT.

Lemma 8.6. For € > 0 let us define a set X(¢) C I,
Xe)={tell,t=(r,....,w) : p(ti+ w) < e forall j,k}.
Then
/ |F(0)ldt < eXp{—Vn(&é)n}/ |F(1)ldt
M\X(e) n
foralln > y,(8, €) for some constants y(8,€), y»(8,€) > 0.

Proof. Let us consider the set V(e/60) C IT and n large enough so that the conclusion
of Corollary 8.5 holds, that is, the integral of |F(¢)| over IT \ V(e/60) is asymptotically
negligible. Foraset A C {1, ..., n} such that

Al <1n*n,
let us define a set P4, C IT (we call it a piece) such that

p(ti—w) <€/30 and p(rj+ 1) <€/20 forallj k € A.
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If n is large enough, by Lemma 8.4 for every ¢t € V(e/60) we can choose A = K (t, €), so
we have

ve/eoyc | Pa (8.6.1)

A:A|<In? n

Our next goal is to show that the integral of |F ()| over P, \ X (€) is negligible compared to
the integral of |F(¢)| over Py.
Let us choose a point t € P4 \ X(¢€). Thus we have

p(Ti, + 1) > € for some iy, jo.
Let us choose any k; € A. Then
P (Tiy + Tjg) = p(Tiy + Tjpy + Ty — Thy) = p(Tiy + Thy) + 0(Tjy — Ty)-
Hence we have either
o(Tiy +Ty) > €/2 or p(Tj, — T,) > €/2.
In the first case, for every k € A we have

P (Tip + Thy) = p(Tiy +Tiy + T — W) < p(Tiy + ) + 0(Thy — ™)
< p(7y, + @) +€/30,

from which
p(T, + ) = €/2—€/30 =T€/15.
In the second case, for every k € A, we have

IO(TJ() - Tk()) = p(rj() - Tk() + T — tk) S 10(7:]0 + rk) + p(_rk() - fk)
= p(7j, + w) + p(t, + w) < p(Tj, + ) + €/20,

from which
(T, + ) > €/2 —€/20 = 9¢/20.
In either case, for any t € P, \ X(¢), t = (74, ..., T,), there exists an index i ¢ A such that
p(t; + 1) > 0.45¢ forall k € A.
Fori ¢ A, we define
Opi={t€Py:p(ti+ 1) > 0.45¢ forall k € A}. (8.6.2)

Hence

Py\X(e) C UQA,i~

icA
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Given a point ¢ € P4, we obtain another point in P, if we arbitrarily change the coordinate
17, € [—m, 7] fori € A. We obtain a fiber E C P, if we fix all other coordinates and let
7; € [—m, ] vary. Geometrically, each fiber E is an interval of length 2. Let us construct
aset I C E as follows. We choose an arbitrary ky € A and let t; vary in such a way
that p(ty, + ;) < 0.05¢. Geometrically, [ is an interval of length 0.1€ or a union of two
non-overlapping intervals of total length 0.1€. Moreover,

ot + 1) < p(th, + ) + p(tk — Tyy) < 0.05¢ +0.05¢ = 0.1¢

forallk e Aandall T € 1.
Using (8.3.2) and (8.3.3), we conclude from (8.6.2) that for any # € Q4; N E and for any
s € P, NI we have

[F(@)| = exp{=Qm}|F(s)|

provided n is large enough. Therefore,
| irnd = expi-2m) [ iFo
ENQ4 ;i E

for all sufficiently large n.
Integrating over all fibers E, we establish that

I

fgr all sufficiently large n. Since the number of different subsets A C {l,...,n} with
|A] < In®nin (8.6.1) does not exceed exp{O(ln3 n) }, the proof follows. .

|F(0)ldr < eXp{—Q(n)}/ |F(1)|dt
Py

Ji

Next, we prove that only the points in the neighborhood of the origin or the corners of
IT contribute significantly to the integral of |F(¢)| over I1.

Lemma 8.7. For 0 < € < 1, let X(¢€) be the set defined in Lemma 8.6. Let us define
Y(e),Z(e) C Il by

Ye)={tell: t=(t1,...,T0), |5l <€/2fori=1,...,n} and
Ze)={tell: t=(11,...,T.), |t — oy| < €/2 for some o; = 1

andalli =1,...,n}.
Then
X(€e)=Y(€e)UZ(e) and Y(e)NZ(e)=10.

Moreover,

/ |F(t)|dt=/ |F(1)|dt.
Y(e) Z(e)

Proof. Letus pick a point # € X(¢). Then for each k we have p(2t;) < € and hence either

Il <€/2 or |nu—m| <€/2 or |u+mw| <e€/2
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Since p(tx + ;) < € for all k, j, we conclude that if || < €/2 for some k then |7;| < €/2
for all k. Hence X(¢) C (Y(€) U Z(€)). The inclusion (Z(e) U Y(€)) C X(¢) is obvious.
Since € < 1, we have Y(e) N Z(e) = 0.

The set Z(¢) is a union of 2" pairwise disjoint corners, where each corner is determined
by a choice of the interval [—m, —m + €/2] or [r — €/2, ] for each coordinate t;. The
transformation

w+n ifyel—n,—7+¢€/2]

T > {‘L’k —n ifrgelr—e€/2,7]

is a volume-preserving transformation which maps Z(¢) onto X (¢) and does not change the
value of |F'(1)]. .

Finally, we will use that |F(¢)| is strictly log-concave on the set Y (1). For Euclidean
space V with the norm || - ||, a point x € V and a closed set A C V we define the distance

dist(x,A) = min |lx — y]|.
yeA

We will need the following concentration inequality for strictly log-concave measures.

Theorem 8.8. Let V be Euclidean space with the norm || - ||, let B C V be a convex
body and let us consider a probability measure supported on B with density e™", where
u : B —> R is a function satisfying
u(x) +u@y) —2u ()%) > cllx —yl|*> forall x,yeB
and some constant ¢ > 0.
Let A C B be a closed subset such that P(A) > 1/2. Then, for r > 0, we have
Pix € B : dist(x,A) > r} < 2¢™".
Proof. See Section 2.2 of [13] and Theorem 8.1 and its proof in [1]. .
Lemma 8.9. Let Y(1) C Il be the set defined by
|
Y()=3tell, t=(1q,...,7) : |t| < Eforz =1,...,n¢.
LetU C T1 be the set
u=lrem = Vil < 2 for =1
=tell,t=(t,....0) |t| < —=for i=1,...,n¢.
I N
Then for any k > 0 we have
/ |F(0)|dt < n_Kf |F(1)|dt,
Y(O\U Y1)
provided n > y (8, k) is big enough. .
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Proof. Letus consider the probability measure on Y (1) with density proportional to |F (¢)|.
Let us consider a map M : R" — R(®), where the coordinates of R() are indexed by
unordered pairs {j, k} and

Mjn(ti,...,T) =T + .
By Lemma 4.3,
1M > (n—2)|z|> forallz € R".
Since from Section 8.3,
In|F ()| = % % In i (5 + ),
it follows by (8.3.4) that for any constant a and
u(t)y = —In|F@®)| +a,
we have

t+ 1

u(ty) + u(r) — 214( ) > y@nlt —6|* forall 1,5, € Y(1)

and some constant y (§) > 0. We choose a so that e™ is a probability density on Y (1).

We apply Theorem 8.8 with ¢ = y(§)n. Fork = 1,...,n,let A, C Y (1) be the set of
points with 7, < 0 and let A;” C Y (1) be the set of points with 7, > 0. Since both ¥ (1) and
the probability measure are invariant under the symmetry ¢t —> —f, we have

1
P(A)) =P@A)) = 3 fork=1,...,n

Therefore, by Theorem 8.8, all but a n™ fraction of all points in Y (1) lie within a distance
of Inn//n from each of the sets A, and A", provided n is large enough. .

8.10. Proof of Theorem 8.1

For 0 < € < 1 let us define the set X (¢) as in Lemma 8.6 and the sets Y (¢) and Z(¢) as in
Lemma 8.7. In particular,

2 Y(Zlnn) i W Z(Zlnn)
= an = .

Jn Jn
By Lemma 8.6, for any x > 0 we have

/ F@Odr < n* / F(0)\dr
mX(1) m

for all sufficiently large n, so that the integral outside of X (1) is asymptotically negligible.
By Lemma 8.7, X(1) = Y (1) U Z(1) with Y(1) N Z(1) = @ and

/ |F(t)|dt:/ |F(t)|dt and /|F(t)|dt=/ \F(t)|dt. (8.10.1)
Y Z(1) u w
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By Lemma 8.9,

(/ |nmmsw*[ (F(0)\dr
Y(O\U Y1)

for all sufficiently large n, so that the integral over Y (1) \ ¢/ is asymptotically negligible. By
(8.10.1), the integral over Z(1) \ W is asymptotically negligible. The proof now follows. =

9. PROOF OF THEOREM 1.4

By Corollary 3.3, we have the integral representation for the number |G(D)| of graphs:

eH(z)
|G(D)| = a0y /HF(t)dt.

Let us define subsets 4, VW C IT as in Theorem 8.1. Let us consider the transformation
W —U,

. Inn
T+ 1f—7r§tk§—n+7
n
T —> fork=1,...,n.
. Inn
T, — 7T 1fn—7§rk§n
n

As in the proof of Lemma 8.7, this is a measure-preserving transformation which maps W
onto U. Since d; + - - - + d, is even, the transformation does not change the value of F(¢)
@ifd, + --- 4+ d, is odd, the transformation changes the sign of F(¢)). Hence

/F(t)dt:/ F(t)dt. ©.1)
u w

By Theorem 7.1, the integrals of F(¢) and |F(¢)| over U have the same order of magnitude,

that is,
/ F(t)dt
u

for some constant y (§) > 1. Therefore, from Theorem 8.1, the integral outside of &/ U W
is asymptotically negligible, so that for any « > 0 and all sufficiently large n > y (8, k), we

have
E/ |HmmsmK/me
M\ U UW) u

The proof now follows by Parts (2) and (4) of Theorem 7.1, identity (9.1) and the formula

E= / esngy = 7
R" J/det QO

/ |F(1)|dt < y(8)
u

Random Structures and Algorithms DOI 10.1002/rsa



RANDOM GRAPH WITH A GIVEN DEGREE SEQUENCE 339
10. PROOF OF THEOREM 1.6

The proof is very similar to that of Theorem 3 of [2], which deals with a similar situation in
the case of bipartite graphs. All implicit constant in the “O” and “Q2”-notation below may
depend only on the parameter § > 0.

For pairs 1 < j # k < n, let x;;;y be independent Bernoulli random variables such that

P{Xu’k} = 1} = {U’k} and P{X{/’k} = 0} =1- é‘{j,k}-

As is implied by Theorem 5 of [3], the probability mass function of the random vector
X = (xyz) is constant on the integer points of P(D) and is equal to e #©@ ateach G € G(D).
Let us define

US(X) = Z Xk} -

(ikes
Then

P{G € G(D) : 05(G) < (1 — €)os(2)}
_ P{X:05(X) < (1 —€)os(z) and X € G(D)}
o P{X : X € G(D)}

and, similarly,
P{Ge GID): o05(G) = (1+¢€)os(z)}

P{X: 0s(X) > (1 + €)os(z) and X € G(D))
P(X: XcGD))

Applying Theorem 1.4 and Parts (1) and (2) of Theorem 7.1, we get
PX: X e GD)} = E_H(Z)|G(D)| > nom.

On the other hand, standard large deviation inequalities for sums of bounded independent
random variables (see, for example, Corollary 5.3 of [15]) imply that

P{X : 05(X) > (1 + €)os(2)} < exp{—Q(nln’n)}
and, similarly,
P{X : 05(X) < (1 — €)o5(2)} < exp{—Q(nIn’ n)}

and the proof follows. ]

11. COUNTING BIPARTITE GRAPHS

Here we list some modifications needed to establish the asymptotic formula (2.5.4). We
adhere to the notation of Section 2.5.
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Asin Corollary 3.3, we represent the number 0- 1 matrices withrow sums R = (ry,...,7,)
and column sums C = (cy, ..., c,) as an integral. Let us define

F(s,t) =exp { —i Z ro; — ichTk 1_[ (1 — g + L' T™)

j=1 k=1 1<j<m
1<k<n
for (s,t) = (O1,..., 0 T1se ety Tp)
and let [T C R™*" be the parallelepiped

O={(o,....,om1,...7) : v <o,uu<m forj=1,....m; k=1,...,n}.

Let I1y C IT be the facet of IT defined by the equation 7, = 0.

Since the constraints are not independent (the sum of all row sums is equal to the sum
of all column sums), we can drop one of the constraints and represent the desired number
IR, C| as an integral over IT,

H(z)

RCl= 5 / Fes,0)ds dr,
(zn)m+n—1 M,

cf. Section 2 of [4].
Let &/ C II be the neighborhood of the origin,

Inn
U=3001,...,00T1,....T) s |oil, |ti| < — forj=1,....m; k=1,...,n
{(1 1 ) s ogls |l NG J }

and let U4, be the intersection of ¢/ with the hyperplane 7, = 0. We prove that the integral

/ |F(s,1t)|ds dt
T \Uo

is asymptotically negligible relative to the integral

|F(s,1)|ds dt. (11.1)

Up

The proof is a modification of that of Theorem 8.1 (note that here we don’t have another
set W C II contributing large values of |F(s,#)|) and very similar to that of Theorem 7.1
of [4]. A different line of proof can be inferred from [5].

Our next goal is to evaluate asymptotically as m,n —> +o0 the integral

f F(s,t)ds dt. (11.2)
Up

In particular, we need to show that (11.2) and (11.1) have about the same order of magnitude.
From (3.2), we can write the expansion

F(s,t) = exp{—q(s,t) +if (s, 1) + h(s,1)}(1 + o(1)) for (s,t) € U,
asm,n —> +o00, where g, f and i are as defined by formulas (2.5.1) and (2.5.3) respectively.
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We note that g(s, ) is not strictly positive definite, since its kernel is spanned by the vector
u € R™™ defined by (2.5.2). However, the restriction of ¢ onto any hyperplane L c R™*"
which does not contain u is strictly positive definite and allows us to define the Gaussian
probability measure in L with density proportional to e™¢. It is easy to prove (see Lemma
3.1 of [4]) that the expectation of any polynomial in the sums o; + 7 does not depend on
the choice of L. To evaluate (11.2), we need to show that asymptotically

1
Eexp{if + h} = exp {—EEf2 + Eh} (14 o(1)),
if we choose the hyperplane L defined by the equation t, = 0. However, since the expectation
on the left hand side does not depend on the choice of the hyperplane L, we can choose L
in such a way that

1
[Ez;7|, |Eojox] = O (—) provided j # k
mn

1
|Eojti| = O (—) for all j, k and (11.3)
mn

Eaj.z,Erk2 =0 < ) for all j, k.

m+n

As is shown in [4] (see Theorem 3.2 there), to ensure (11.3), one has to choose L defined
by the equation

m n
E a_,-a_,«:E Brti, where
=1 k=1
n m

o = Z (G —¢i) and B = Z (6 = &).

k=1 j=1

The proof then proceeds as in Theorem 1.4.

12. PROOF OF THEOREM 2.1

In what follows, it is convenient to define the polytope P(D) C R®) for positive, not
necessarily integer, sequences D = (d,,...,d,). Recall that P(D) consists of the vectors
(§yy) for 1 < j # k < n such that

Zg{j,k}:dk fork=1,...,n

Jii#Fk
and
0<é&jy=<1 forl<j#k<n.

We say that P(D) has a non-empty interior if there is a point y € P(D), y = (1;4), such
that

0<nyy<1 foralll <j#k=<n.
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The following two lemmas are probably known in greater generality, but since we are
unable to provide a precise reference, we prove only the parts we need to obtain Theorem 2.1.

Lemma 12.1. LetD = (dy,...,d,) be a sequence of positive rational numbers such that
d>...>d,
and the Erdds-Gallai conditions
k n
Y di<k(k—1)+ ) minfk.d} fork=1,...n
i=1 i=k+1

are satisfied. Then the polytope P (D) is non-empty.

Proof. Let g be a positive integer such that gd; are even integer for i = 1, ..., n. Clearly,
‘P (D) is non-empty if and only if the dilated polytope gP (D) is non-empty. By Theorem
6.3.5 of [6] there exists an n X n symmetric non-negative integer matrix with zero trace,
row/column sums ¢d|, . . ., qd, and the entries not exceeding g if and only if

k n
> qdi < gk(k— 1)+ Y min{gk.qd;} k=1,....n.
i=1 i=k+1

Hence if the Erd6s-Gallai conditions are satisfied, the polytope ¢P (D) is non-empty, and
hence the polytope P(D) is non-empty. .

Next, we prove a sufficient condition for the polytope PP (D) to have a non-empty interior.
Lemma 12.2. Let D = (dy,...,d,) be a sequence of positive integers such that
d>...>d,
and the strict Erdds-Gallai conditions
k n

> di<k(k—1)+ Y mintk.d} fork=1,....n

i=1 i=k+1
are satisfied. Then P (D) has a non-empty interior.

Proof.  For a sufficiently small rational € > 0, let us define

di—(n—1)e )
d,-(e):—1 5 fori=1,...,n.
— 2¢

Clearly, d;(0) = d; and
di(e) = ... = dy(e).

For all sufficiently small € > 0 we have d;(¢) > 0 fori = 1,...,n and the Erd6s-Gallai
conditions of Lemma 12.1 are satisfied for d;(¢). Therefore, by Lemma 12.1, the polytope
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P. = P(D.) for D = (d] (€),... ,d,,(e)) is non-empty. Let x = (§)), x € P, be a point.
Then the point y = (1) defined by

Niw = (1 —2€)§, +€ foralll <j#k<n
is the desired interior point in P (D). .

Next, we prove that our conditions on the minimum and maximum degree ensure that
‘P(D) has a non-empty interior.

Lemma 12.3.  Let us fix real numbers 0 < o < B < 1 such that

B <2Ja —a, or equivalently, (¢ + B)* < 4a.

andlet D = (dy, . ..,d,) be an integer sequence such that
o< — <B fori=1,...,n.
n—1
Then for
{ B 4B —a) }
n > max s +1
a(l —B) 4o — (o + p)?

the polytope ‘P (D) has a non-empty interior.

Proof. Without loss of generality, we assume that
d>...>d,

Let us show that the strict Erdés-Gallai conditions

k n
Zd,- <k(k—1)+ Z min{k,d;} fork=1,...,n
i=1

i=k+1

are satisfied.
We consider three different cases for k.
Suppose that k& < «(n — 1). Then

k
Y di<kp(n—1) and minfk.d;} =k foralli.

i=1
Therefore,
k(k—1)+ Z min{k,d;} = k(k—1) +k(n—k) =k(n—1)
i=k+1

and the strict ErdGs-Gallai conditions are satisfied.
Suppose that k > g(n — 1). Then

k
Zdi <kB(n—1) and min{k,d;} =d; > a(n—1).

i=1
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Ifk>pBm—1)+ 1thenk(k —1) > kB(n— 1) and the strict Erd6s-Gallai conditions are
satisfied. If B(n — 1) <k < B(n— 1) + 1 then

k(k —1) + Z minfk,d;} = f(n — Dk — 1) + a(n — D(n — k)

i—k+1
=Bk(n—1)4+ (n— D(a(n —k) — B)
>Bkn—1)+m—Dr—-1)>1A-p8)—p)

and the strict Erd6s-Gallai conditions are satisfied provided

B

n> —— 41,

T al—-p)
Finally, suppose that k = y (n — 1) for some o < y < $. Then

k

Y di<kpn—1)=yp(n—1" and mink,d}} > a(n— 1).

i=1

Therefore,

k(k —1) + Z min{k,d;} > y*(n—1)* —(y —a)(n — 1) + (1 — y)a(n — )%

i=k+1
The minimum value of the function
y — v+ —y)a—yp
is attained at y = (o + B)/2 and equal to

(¢ +B)?
94— —">

0
4

Therefore, the strict Erdés-Gallai conditions are satisfied, provided

48 —a)

— + 1.
" G-t pr

The proof now follows by Lemma 12.2. .

12.4. Proof of Theorem 2.1

By Lemma 12.3, the polytope P(D) contains a point y = (1) such that 0 < n;,y < 1
for all j, k. First, we show that the maximum entropy matrix z lies in the interior of P (D),
thatis, 0 < ¢y < 1forallj, k.

We have

1— &
D HGy = L Em

98 k) &k

We note that the value of the derivative is +o00 at &) = 0 (we consider the right derivative
there), is —oo at&j;,; = 1 (we consider the left derivative there) and is finite for0 < &4y < 1.
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Therefore, if for the maximum point z and some j # k we have ¢y € {0, 1} then for
Z = (1 — €)z + ey for a sufficiently small € > 0, we have 7 € P(D) and H(Z) > H(z),
which is a contradiction.

Since the maximum value of A is attained at an interior point of P (D), the gradient of
H at the maximum point is orthogonal to the affine span of P(D), that is,

n L8 g
ik
or, equivalently,
Cig = 1o foralll <j#k<n (12.4.1)
for some real Ay, ..., XA,. Without loss of generality, we assume that
A <X <A, forallj. (12.4.2)

From the choice of € in Theorem 2.1, it follows that
e<a and B<2Va—€—a. (12.4.3)
Our next goal is to show that
Ay <2In % (12.4.4)

Aiming for a contradiction, suppose that

1
Ay >2In—.
€
Then, necessarily,
M <Ine

since otherwise by (12.4.1) and (12.4.2) we have

1 1

: = <
g{/’") 1+e)»j+)»n | +e)\.|+)\)1 <€

and
dy =Y Cjm <em—1),
J: j#n

which by (12.4.3) contradicts the lower bound for d;.
Since A; < In€ and A, > —21n €, we deduce from (12.4.1) that for 1 < j < n we have

1 1 .
Ljmy = T <1 o <€ provided &; >0
and (12.4.5)
1 1 ,
Cugy = >1—¢€ providedA; <0.

| R 1 + et
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Denoting

1

T= {{l,n} = 1 + erMtin <

by (12.4.1) and (12.4.2) we obtain that for 1 < j < n we have

1 1
Sy = 1+ 1 = 1 + et =
and (12.4.6)
1 1
Sy = 1+ et = 1+ 1t =

Let
Hl<j<n: A=0}=ym—-1) forsomeO0=<y <1.

Combining (12.4.5) and (12.4.6), we obtain
Bin—D>di=Y tuy= Y. Cuy+ Y, Cuj
ji A1 4j<0 AL >0

>(-ey@mr-D+m-DA-y)T

and
an—1) <d, = Z Simy = Z Sy + Z Sy
Jij#n J#n: x>0 J#n: ;=0
<e(l—y)n—1+®n—-Dyr.
Consequently,
B>U—-e)y+0—-y)r and a<e(l—y)+yrT.
Therefore,

B+e>y+(1—y)r and o —€ < yrT.
Since the function 2,/x — x is increasing for 0 < x < 1, from (12.4.3) it follows that
y+ =yt <2yt —vyT,
or, equivalently,

Y+t

< YT,

which is a contradiction.
The contradiction shows that (12.4.4) indeed holds. Then, by (12.4.2), we have

1
A <2In- forj=1,...,n.
€
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We claim now that
A >3lne. (12.4.7)

Indeed, if A, < 31ne€ then by (12.4.1)

1 1
T+ T+e

Cugy = >1—¢ forj=1,...,n—1

and

Bin—1)>di =) tuy>n—1(1—e),
J: j#n
which contradicts (12.4.3).
Summarizing, from (12.4.4) and (12.4.7), we obtain
et 1 1
< = L = <
l+e* 7 1+en 1+ 21 1+ ¢

for all j # k,

which completes the proof.
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