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This study investigates the effects of continuum breakdown on the surface aerothermodynamic
properties �pressure, stress, and heat transfer rate� of a sphere in a Mach 25 flow of reacting air in
regimes varying from continuum to a rarefied gas. Results are generated using both continuum
�computational fluid dynamics �CFD�� and particle �direct simulation Monte Carlo �DSMC��
approaches. The DSMC method utilizes a chemistry model that calculates the backward rates from
an equilibrium constant. A preferential dissociation model is modified in the CFD method to better
compare with the vibrationally favored dissociation model that is utilized in the DSMC method.
Tests of these models are performed to confirm their validity and to compare the chemistry models
in both numerical methods. This study examines the effect of reacting air flow on continuum
breakdown and the surface properties of the sphere. As the global Knudsen number increases, the
amount of continuum breakdown in the flow and on the surface increases. This increase in
continuum breakdown significantly affects the surface properties, causing an increase in the
differences between CFD and DSMC. Explanations are provided for the trends observed.
© 2011 American Institute of Physics. �doi:10.1063/1.3541816�

I. INTRODUCTION

A hypersonic vehicle crosses many regimes from rar-
efied to continuum due to the change in density with altitude
during the course of its trajectory through a planet’s atmo-
sphere. This variation makes it difficult to simulate the flow
since the physical accuracy of computational fluid dynamics
�CFD� can breakdown in rarefied flows and the direct simu-
lation Monte Carlo �DSMC� method is computationally ex-
pensive in continuum flows. It is difficult and expensive to
reproduce these varied flow conditions in ground based ex-
periments and flight tests, so there is a need for computa-
tional models that can be utilized for design and develop-
ment of hypersonic vehicles.

The flow can be characterized by the Knudsen number
as given in Eq. �1�.

Kn =
�

L
�

1

�L
. �1�

When the Knudsen number is much less than 1, the flow can
be considered to be continuum and therefore should be simu-
lated using traditional computational fluid dynamics tech-
niques by numerically solving the Navier–Stokes equations.
However, when the Knudsen number becomes larger, the
continuum assumption in the Navier–Stokes equations starts
to breakdown. This is due to the fact that these equations are
derived from kinetic theory based on the assumption of small
perturbations from an equilibrium velocity distribution
function;1 therefore, CFD only works in near continuum
flows. At higher altitudes, where the density is lower giving
a larger Knudsen number, only a noncontinuum technique
can be used, such as the DSMC method.2 In continuum flows
over a blunt body, there can be a locally rarefied flow in the
shock, the boundary layer, and the wake of the body. As a

result, neither CFD nor DSMC can provide a complete com-
putational model across all regimes of a hypersonic vehicle.

In order to identify the areas where the CFD method is
in breakdown, the use of a continuum breakdown parameter
is needed. Boyd et al.3 suggested the use of the maximum
gradient length local Knudsen number as a continuum break-
down parameter given in Eq. �2�

KnGLL =
�

Q
�dQ

dl
� , �2�

where the derivative is taken in the direction of maximum
gradient and Q is a variable of interest such as density, tem-
perature, or pressure. It has been found that a value of KnGLL

above 0.05 indicates continuum breakdown has occurred.
The DSMC method can be utilized in any dilute gas flow

but becomes prohibitively expensive for low Knudsen num-
ber flows. In general, a CFD method is an order of magni-
tude faster than the DSMC method. Therefore, ways to ex-
tend the validity of CFD to higher Knudsen numbers are
desirable. It has been found that replacing the no-slip bound-
ary condition typically employed in the CFD method with a
velocity slip and temperature jump boundary condition can
extend the CFD method into the transition regime.4 How-
ever, if the flow is too far from continuum, the slip boundary
conditions will not help the CFD method and a DSMC
method is required for accurate simulation of the flow.

To be able to design a hypersonic vehicle, it is important
to be able to predict the surface properties on the vehicle. In
order to do this, one must understand how continuum break-
down affects the surface conditions such as heat flux, pres-
sure and shear stress. These surface conditions determine the
aerothermodynamic performance of a reentry vehicle. A pre-
vious study by Lofthouse et al.5 looked at the effect of con-
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tinuum breakdown on the surface properties of a 12 in. di-
ameter, two-dimensional cylinder in a Mach 10 flow of argon
at free stream Knudsen numbers from 0.002 to 0.25. Their
study found that as the Knudsen number increased, the level
of agreement between CFD and DSMC diverged. A more
recent study by Lofthouse et al.4 examined the effects of
velocity slip and temperature jump at the surface of a two-
dimensional, 12 in. diameter cylinder in Mach 10 and 25
flow of argon for the same free stream Knudsen numbers. In
that study, it was found that the higher velocity did not in-
crease the differences between CFD and DSMC. It was also
observed that velocity slip and temperature jump boundary
conditions improved the agreement between the two numeri-
cal methods. Another study by Lofthouse et al.6 investigated
Mach 10 and 25 nitrogen flow over a two-dimensional cyl-
inder. That study was again conducted over a range of
Knudsen numbers from continuum to rarefied flow.

The purpose of this work is to accurately characterize
the effects of continuum breakdown. This has to be per-
formed by starting out with simple simulations and then add-
ing complexity to determine individual effects on continuum
breakdown. The work performed by Lofthouse et al. started
this effort by characterizing breakdown over a two-
dimensional cylinder in a flow of argon and nitrogen. This
was recently extended to flow of nitrogen over a 12 in.
sphere for Mach 10, 25, and 45 flows to be able to include a
geometry that is more representative of reentry vehicles.7

The present study will continue to examine the effects of
continuum breakdown in a Mach 25 flow of reacting air over
a 12 in. diameter sphere in flow regimes from continuum to
rarefied gas. This adds the complexity of thermal and chemi-
cal nonequilibrium.

This paper will discuss the simulation procedures as well
as the computational models used to perform the simulations.
The paper will then discuss the surface properties predicted
by CFD and DSMC in reacting air in several different flow
regimes. A discussion of general trends observed in the drag,
stagnation pressure, and stagnation heat flux follows. Finally,
conclusions are discussed.

II. NUMERICAL METHODS

The DSMC simulations are performed using MONACO, a
code developed at the University of Michigan by Boyd et al.8

MONACO is a parallel, unstructured, two-dimensional/three-
dimensional �2D/3D� DSMC code and it includes variable
vibrational and rotational energy exchange models. The vari-
able hard sphere �VHS� model2 is employed in this study.
The final mesh used for each simulation is adapted by hand
from previous simulations such that the cell size is of the
same order as the local mean free path.

For this study, a hybrid mesh, one with both structured
and unstructured cells, with cell stretching is utilized. A
structured grid with cell stretching is employed along the
fore body surface, while an unstructured mesh is used every-
where else in the flow field. This means the cell widths are
adapted to be on the order of a mean free path, while the cell
heights near the axis are stretched larger than the mean free
path. This procedure creates a larger cell volume in this

region so more particles can populate the cells near the stag-
nation point. This is important in axisymmetric simulations
where it is difficult to obtain an appropriate number of par-
ticles per cell.9 This does not affect the simulation results
because the primary flow gradients along the stagnation line
are aligned with the cell widths, which are small enough to
properly simulate the flow.

The CFD simulations are performed by solving the
Navier–Stokes equations by use of the Michigan aerothermo-
dynamic Navier–Stokes code LeMANS, developed at the
University of Michigan for the simulation of hypersonic re-
acting flows.10,11 LeMANS is a parallel, unstructured 2D/3D,
finite-volume CFD code. LeMANS has the ability to simu-
late gases in chemical, rotational, and vibrational nonequilib-
rium. LeMANS has three slip boundary conditions;4 for this
study, Gökçen’s slip boundary condition is utilized. A modi-
fied Steger–Warming flux vector splitting is employed to dis-
cretize the numerical fluxes between cells, which has low
dissipation and is appropriate near boundary layers. A line
implicit method is employed for the time integration. Even
though LeMANS can handle unstructured meshes, all the
simulations performed for this study are carried out using
structured meshes. For each case, a grid convergence study is
performed to determine the final mesh utilized.

It is necessary to ensure that the transport properties are
the same in both CFD and DSMC. However, since these are
simulations of multispecies flows, a mixing rule for the
transport properties has to be utilized. There are two different
models in the CFD method to calculate the transport proper-
ties of gas mixtures. The first utilizes Wilke’s mixing rule,12

using the VHS viscosity model7 and Eucken’s relation for
thermal conductivity. The second utilizes Gupta’s mixing
rule,13 employing collision cross section data. For high tem-
perature flows, it is suggested14,15 to utilize Gupta’s mixing
rule. Gupta’s mixing rule calculates the transport properties
from an approximation to the first-order Chapman–Enskog
expression utilizing the collision cross sections. The collision
integrals utilized in this study can be found in Wright et al.16

In order to ensure that the transport properties are being
handled in the same way in both the DSMC and CFD meth-
ods, the viscosity collision integral is utilized to find VHS
parameters for DSMC. A linear regression is performed on
the logarithm of the viscosity collision integral versus the
logarithm of the temperature to calculate the VHS � values,
which are given in Table I.

TABLE I. Variable hard sphere temperature exponents.

N2 O2 NO N O

N2 0.68 0.69 0.72 0.72 0.69

O2 0.69 0.68 0.69 0.73 0.74

NO 0.72 0.69 0.70 0.76 0.73

N 0.72 0.73 0.76 0.74 0.74

O 0.69 0.74 0.73 0.74 0.77
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A. Vibrational relaxation

There are two models for the exchange of vibrational
and translational energy in DSMC; the first is a phenomeno-
logical model as described by Boyd.17 The probability of an
inelastic collision where vibrational energy is exchanged
with translational energy is proportional to the inverse of the
vibrational relaxation time. This probability is the average
over the instantaneous probabilities as shown in Eq. �3�

P =
1

�v�
= �

0

�

	�g�f�g�dg , �3�

where 	�g� is the instantaneous probability for a given rela-
tive velocity and relative velocity distribution function.

When the instantaneous probability is integrated over all
collisions, it should match the average probability calculated
from theory; however, it was found that they do not match. It
is thought that the probabilities do not match due to the
method of steepest descent required to find the instantaneous
probability. It has been found that the probability can better
correspond with theory by multiplying by a simple factor
that is dependent on the maximum temperature.6

Unfortunately, this method does not work for multiple
species and in fact was only employed for N2–N2 vibrational
relaxation.7 For multiple species, a more elegant solution has
been included in the DSMC method to be able to obtain the
proper vibrational relaxation rate. The probability for each
collision class and each cell is calculated using Eq. �3�. The
vibrational relaxation time is calculated by using the
Landau–Teller model with correlated experimental data from
Millikan and White18 and a correction proposed by Park.19 A
factor proposed by Gimelshein et al.20 is needed to be able to
utilize this relaxation time in a particle simulation as shown
in Eq. �4�

�part =
�cont

1 +
0.5
2 exp��v/T�

4 − 2�

. �4�

This equation can be employed as long as the vibrational
temperature is less than the translational temperature, which
is the case for hypersonic flows. Note that it also works if the
vibrational temperature is slightly greater than the transla-
tional temperature.

This model implemented in DSMC was shown by
Deschenes et al.21 to match the vibrational relaxation in CFD
for nitrogen. Since this model has only been tested with one
species, a heat bath of five species air is run with the cell
based model and the phenomenological model in DSMC and
compared to CFD. The heat bath is started with a transla-
tional temperature of 15 000 K, while rotational and vibra-
tional temperatures are started at 10 000 K. From the results
of this test, which are displayed in Fig. 1, it can be seen that
the cell based method is in better agreement with CFD than
the variable vibration probability.

B. Chemistry models

In hypersonic flows, it is common to have chemical re-
actions around the reentry vehicle. This study is concerned

with simulations of a reentry flow in five species reacting air.
Thus, it is important to make sure that the reaction rates
calculated in the CFD and DSMC methods are performed in
a similar manner. This is done to ensure that any differences
seen between the two codes are not due to different reaction
rates. The following sections highlight differences in how
chemically reacting flow is handled in the two methods and
what is done to make both numerical methods behave in a
similar manner.

1. Chemical equilibrium

One of the major differences between the CFD and
DSMC methods is how chemical equilibrium is handled.
Thus, the first step is making sure the forward and backward
reaction rates, and hence the equilibrium constant, are all
calculated in a similar manner. First, one needs to understand
what happens in the DSMC method.

In the DSMC method, a collision pair is selected and the
probability of reaction is compared to a random number. If
the probability is greater than the random number, then a
reaction occurs. Once a reaction occurs, a Borgnakke–Larsen
model is applied to distribute the energy to the available
energy modes. There are two models available in MONACO

for chemistry: the total collision energy �TCE� model and the
vibrationally favored dissociation �VFD� model.22 The VFD
model is employed in the DSMC method for this study and a
qualitatively similar model is used in the CFD method, as
discussed in greater detail in Sec. II B 3. For both the TCE
and VFD models, the reaction rate coefficient, forward or
backward, must be in modified Arrhenius form. The prob-
ability of reaction is found by integration over the equilib-
rium Boltzmann distribution function as shown in Eq. �5�

kf�T� = afT
�f exp� −  f

kBOLTZT
	

= 
�g��
f

�

Pc�c��
v=0

�

Pv�v�fB�v�

�fB�c − v�dvdc, �5�

FIG. 1. Comparison of thermal relaxation process as predicted by DSMC
and CFD in five species air; squares represent DSMC with the cell based
model and triangles represent DSMC and lines represent CFD.
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where fB is the equilibrium Boltzmann distribution for en-
ergy. Since the reaction rate has the modified Arrhenius
form, the reaction probability for the VFD model is found to
be

PVFD = A�v

c
		 �c −  f��

�c�� , �6�

where A is a complicated constant not reproduced here, 	
is a constant dependent on the species,23 �=�+0.5+
, and
�=1+
−�. If 	 is set to zero, the TCE model is recovered
from the VFD model.

In order to simulate backward reactions with the VFD
model, the rate coefficient must be in the modified Arrhenius
form. The backward rate coefficients are calculated using the
forward rate coefficients and the equilibrium constant, as
shown in Eq. �7�

kb�T� =
kf�T�
Ke�T�

= abT�b exp� − b

kBOLTZT
	 . �7�

Typically, in the DSMC method, the backward rates are fit to
a modified Arrhenius form over a specified temperature
range.24 This can cause problems if a simulation goes outside
this temperature range and all the fits need to be redone. It is
common in the CFD method to use a line fit proposed by
Park19 to find the equilibrium constant, as given in Eq. �8�.
This equilibrium constant is then applied to find the back-
ward reaction rate coefficient

Ke�T� = exp�A1�10 000

T
	 + A2 + A3 ln� T

10 000
	

+ A4� T

10 000
	 + A5� T

10 000
	2 . �8�

The constants Ai are dependent on the number density as
given by Park.19 The constants are found using an interpola-
tion method if the number density is within the range of the
data. If the number density falls outside that range, the con-
stants at the highest or lowest points are used accordingly.
For DSMC, instead of performing a fit over a limited tem-
perature range, it would be desirable to evaluate the equilib-
rium constant and then calculate the backward reaction rate
coefficients. This can be done by a method suggested by
Boyd,22 which utilizes the equilibrium constant and main-
tains the modified Arrhenius form required by the DSMC
chemistry model. The backward reaction rate coefficient is
found by taking the forward reaction rate coefficient �Eq. �5��
and, substituting into Eq. �7�, one can solve for the backward
rate constant as shown in Eq. �9�

ab =
af

Ke�T�
exp� −  f

kBOLTZT
	 . �9�

This can now be substituted into the modified Arrhenius
form and the probability for the backward reaction can be
found in the same way as described for the forward reaction.
In this method, the forward and backward reaction rate co-
efficients in DSMC are calculated in a similar manner as
CFD, despite the vast differences in the way the chemical
reactions are handled in both numerical methods.

2. Three-temperature model

In Sec. II B 1, the methods for calculating the forward
and backward rate coefficients were given, which are utilized
in both CFD and DSMC methods. The temperature that is
employed in the CFD calculations is Park’s two-temperature
model,19 given in Eq. �10�

TP = Ttr
aTve

b , �10�

where a and b are constants that must sum to 1, Ttr is the
translation-rotational temperature, and Tve is the vibrational-
electron-electronic temperature. The reaction rates are af-
fected by the level of thermal nonequilibrium present in the
flow; the two-temperature model is attempting to include the
effects of thermal nonequilibrium. By including the vibra-
tional temperature, this model aims to account for the fact
that vibrationally excited particles are more likely to disso-
ciate. Values for a and b can vary, but there are two typical
sets utilized: a=b=0.5 or a=0.7 and b=0.3. For the back-
ward reaction rate, and hence the equilibrium constant, the
temperature utilized is the translation-rotational temperature;
therefore a=1, while b=0. This is the same for exchange
reactions.

In a previous study, a separate rotational energy equation
was included into LeMANS,7 giving it the ability to simulate
rotational nonequilibrium. Since there is now a separate ro-
tational temperature, it has to be included in the reaction
rates. There can be rotational thermal nonequilibrium; there-
fore, the temperature employed in the rate calculation is now
composed of three temperatures. The need for a so-called
three-temperature model is now being recognized as a neces-
sity in chemistry modeling by Park.25 In this work, a phe-
nomenological temperature model is created based on the
two-temperature model

TP = Tt
aTr

bTve
c , �11�

where the a, b, and c values again must sum to 1, Tt is the
translational temperature, Tr is the rotational temperature,
and Tve is the vibrational-electron-electronic temperature.
There has been research on finding the reaction rates that
work best with the two-temperature model.26–28 This work
cannot produce reaction rates that best match this tempera-
ture model, so a method of employing the degrees of free-
dom is devised. The same emphasis on the vibrational tem-
perature is retained, so c is kept at 0.5. The remaining 0.5 is
split over translational and rotational temperatures by the
number of degrees of freedom, so that a is set to 0.3 and b is
set to 0.2.

For the backward and exchange reactions, the same
method is utilized. The temperature utilized for these reac-
tions is the translational temperature. As a result, the value of
a is set to 1.0 and both b and c are set to 0. Utilizing this
model puts a stronger emphasis on molecules with higher
vibrational and rotational energies, allowing the CFD method
to include thermal nonequilibrium effects on the reaction
rates. It should be noted that when the flow is in rotational
equilibrium, this phenomenological three-temperature model
reduces to the two-temperature model.
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3. Preferential dissociation

In a further attempt to have the CFD method behave
more like the DSMC method with the VFD model, a prefer-
ential dissociation model is included in the CFD method.
Without the preferential model, it is assumed that the mol-
ecules are destroyed or created at the average vibrational
energy of the cell. In the preferential model, it is assumed
that the molecules are destroyed or created at a higher vibra-
tional energy. This preferential dissociation model is imple-
mented in the source term for the vibrational energy equa-
tion, the source term is given in Eq. �12�.

S = �̇s��sDs� , �12�

where Ds is the dissociation potential for a given species, �̇s

is the species conservation source term, and �s is the fraction
of the dissociation potential that is due to vibrational energy.
The �s value is usually set to 0.3. While this model is typi-
cally only applied to vibrational preferential dissociation, in
this work it is also applied to rotational preferential dissocia-
tion. To be able to have the preferential dissociation model in
the CFD method match the DSMC method with the VFD

model, data from the DSMC method are utilized to find new
�s values. The amount of rotational and vibrational energy
lost per reaction is found from DSMC simulations of heat
baths and the �s values are given in Fig. 2.

From this figure, it can be seen that at lower tempera-
tures, between 10 000 and 15 000 K, �s is around 0.3, mak-
ing the original CFD assumption fairly accurate. However,
the values grow higher as the temperature rises. In the figure,
line fits to the DSMC data are also shown. These line fits are
given in Eqs. �13�–�15�

�r,N2
= 5.784 � 10−6T + 0.178,

�13�
�v,N2

= 5.772 � 10−6T + 0.162,

�r,O2
= 1.156 � 10−5T + 0.179,

�14�
�v,O2

= 1.136 � 10−5T + 0.166,

�r,NO = 9.752 � 10−6T + 0.207,

�15�
�v,NO = 9.582 � 10−5T + 0.190.

These equations are implemented into the CFD method
to better match the VFD model in the DSMC method.

To test this model, a heat bath simulation is performed.
The reaction rates utilized in this study are given in
Table II. The test case considers air starting at a temperature
of 15 000 K.

Figure 3�a� gives the mole fraction profiles over time for
DSMC, the original model and the new chemical equilibrium
model, and CFD. It can be seen that both DSMC models
compare very well with each other and CFD for a simple five
species air model. The largest difference is observed to occur
in nitric oxide, where the peak difference is approximately
10% between CFD and DSMC. The temperature profiles
from the test case are given in Fig. 3�b�. From this figure, it
is seen that the two methods predict similar temperature pro-
files, with a maximum error of approximately 10% between
CFD and DSMC. It should be noted that there is less than
1% difference between the two DSMC implementations.

FIG. 2. �a� Rotational and �b� vibrational preferential dissociation alpha as a
function of temperature; symbols are data from DSMC method and lines
represent the line fits utilized.

TABLE II. Reaction rates employed in DSMC and CFD.

Reaction
a

�m3 /molecule /s� �
 /kBOLTZ

�K�

Dissociation

N2+M�N+N+M�M =N2,O2,NO� 1.162�10−8 �1.6 113 200

N2+M�N+N+M�M =N,O� 4.980�10−8 �1.6 113 200

O2+M�O+O+M�M =N2,O2,NO� 3.321�10−9 �1.5 59 400

O2+M�O+O+M�M =N,O� 1.660�10−8 �1.5 59 400

NO+M�N+O+M�M =N2,O2,NO� 8.302�10−15 0.0 75 500

NO+M�N+O+M�M =N,O� 1.826�10−13 0.0 75 500

Exchange

NO+O�O2+N 1.395�10−17 0.0 19 450

N2+O�NO+N 1.063�10−12 �1.0 38 400
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From the profiles of mole fraction and temperature, it is
clear there are still some differences between CFD and
DSMC. To understand these differences, particle data are
extracted from the heat bath test case and the probability
distribution functions are found. The probability distribution
functions are computed by placing particles in bins; usually,
this is accomplished by specifying how many bins are de-
sired and then sorting the particles into the bins. In this study,
a different approach is utilized, where the number of par-
ticles per bin is specified and the width of the bin is
variable.29 The probability is the number of particles in the
bin over the width of the bin and normalized by the total
number of particles, as given in Eq. �16�

f�x�dx =
1

n

No. of Xi in same bin as x

Width of bin containing x
dx , �16�

where n is the total number of particles, the numerator is the
number of particles in the bin, and the denominator is the
width of the bin. To make comparisons to CFD, the particle
velocity distributions are compared to the Boltzmann distri-
bution. The Boltzmann distribution1 for all internal energies
is given below

Nj
�

N
=

gj exp�−
ej

kBOLTZT
	

Q
, �17�

where ej is the energy, T is the temperature associated with
the energy mode, gj is the degeneracy, and Q is the partition
function of the energy mode. This can be utilized to obtain
the Boltzmann distribution for either rotational or vibrational
energy. It should be noted that the rotational energy utilizes a
continuous version of the Boltzmann distribution,30 given
Eq. �18�

f��d =
1

��
/2�
� 

kBOLTZT
	
/2−1

exp� − 

kBOLTZT
	 d

kBOLTZT
,

�18�

where  is the rotational energy and 
 is the number of de-
grees of freedom associated with the rotational energy mode.

Even though this is a heat bath test case, there is still
significant vibrational nonequilibrium as can be seen in Fig.
4�a�. This figure gives the distribution function along with an
equilibrium Boltzmann distribution. The vibrational nonequi-
librium is caused by chemical reactions depleting higher

FIG. 3. Comparison of chemical reaction process as predicted by DSMC
and CFD in air; triangles represent DSMC with Park’s equilibrium, squares
represent DSMC, and lines represent CFD.

FIG. 4. �a� Vibrational and �b� rotational probability distribution functions;
symbols represent particle data, while lines represent equilibrium Boltz-
mann’s distribution.
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vibrational energy states faster than the vibrational energy
distribution can equilibrate. Notice that the same behavior is
not true for rotational energy because rotational relaxation is
faster than chemical reactions. Since the vibrational distribu-
tion function has a direct impact on the reaction rates �see
Eq. �5��, the vibrational nonequilibrium is the cause of the
differences seen in the previous heat bath results. Since the
CFD method is not able to simulate this vibrational nonequi-
librium, it will not be able to match the reaction rates calcu-
lated in the DSMC methods.

III. RESULTS

This study examines continuum breakdown in Mach 25
flows of reacting air over a 12 in. diameter sphere. The free
stream temperature is 200 K, giving a free stream velocity of
7108 m/s for air. The surface of the sphere has a fixed tem-
perature of 1500 K. The density of the free stream is varied
to change the global Knudsen number of the flow from con-
tinuum to a rarefied gas as given in Table III. The Knudsen
number is calculated using the diameter of the sphere as the
characteristic length and the hard sphere model to calculate
the mean free path.

The purpose of this study is to compare surface proper-
ties predicted by DSMC and CFD simulations, heat flux,
pressure, and shear stress to examine any differences occur-
ring due to continuum breakdown. Additionally, the inte-
grated drag and the maximum heat flux are also compared
from DSMC and CFD. The maximum heat flux is found by
averaging the heat flux over the surface of the sphere within
the first degree of the stagnation point. This is done to be
able to determine the maximum heat flux predicted by
DSMC, which can have some random noise in the results.
Since the CFD solutions are smooth, there is no need for
averaging and the maximum heat flux is found by finding the
maximum value of the heat flux on the surface of the sphere.

The results that are presented in this paper for the sur-
face aerothermodynamic properties are given as nondimen-
sionalized coefficients which are defined by Eqs. �19�–�21�

Cp =
p − p�
1
2��U�

2 , �19�

C� =
�

1
2��U�

2 , �20�

Cq =
q

1
2��U�

3 . �21�

The surface aerothermodynamic properties are plotted
against the surface angle 	, which is measured from the
stagnation point.

Five species, reacting air involves 17 reactions, which
includes dissociation and exchange reactions; the reaction
rates are given in Table II. The integrated drag, peak heat
flux, and percent difference between DSMC and CFD are
given in Tables IV and V, respectively. Since DSMC is a
particle method that works in both the continuum regime and
the rarefied regime, it is assumed that the DSMC results are
more accurate, so the percent difference is calculated using
the DSMC result as the basis.

From these tables, it can be seen that the agreement be-
tween CFD and DSMC diverges with growing global Knud-
sen number. In Secs. III A–III D, the surface properties and
gradient length local Knudsen number are discussed in more
detail for each case.

A. Kn�=0.002

Given the global Knudsen number, the flow is expected
to be in the continuum regime. However, there are regions of
local continuum breakdown in the shock and wake regions as
shown in Fig. 5�a�. There is a larger area of continuum
breakdown observed in DSMC over CFD in both the shock
region and in the wake region behind the sphere.

The surface pressure coefficient is given in Fig. 5�b�,
along with the surface profile of KnGLL. Notice that KnGLL is
above 0.05 for nearly the entire surface, indicating the flow
is considered to be in continuum breakdown. Despite the
continuum breakdown at the surface, the pressures predicted
by DSMC and CFD match very well. The surface heat flux
predicted by CFD compares well with DSMC over the fore
body of the sphere, as shown in Fig. 6�a�. The divergence in
the heat flux between the two numerical methods may be
caused by the breakdown on the surface, especially over the

TABLE III. Simulated flow regimes.

Kn�

Mass density
�kg /m3�

Number density
�particles /m3�

Mean free path
�m�

0.002 1.007�10−4 2.103�1021 6.096�10−4

0.01 2.014�10−5 4.206�1020 3.048�10−3

0.05 3.987�10−6 8.325�1019 1.524�10−2

0.25 8.057�10−7 1.680�1019 7.620�10−2

TABLE IV. Integrated drag �N� �% difference� from DSMC and CFD at
Mach 25 in reacting air.

Kn� DSMC CFD �no slip� CFD �slip�

0.002 178 175 ��1.69%� 174 ��2.25%�
0.01 40.8 41.0 �0.49%� 40.3 ��1.22%�
0.05 10.1 11.8 �16.8%� 9.79 ��3.07%�
0.25 2.53 4.80 �89.9%� 2.58 �1.98%�

TABLE V. Peak heating �W /m2� �% difference� from DSMC and CFD at
Mach 25 in reacting air.

Kn� DSMC CFD �no slip� CFD �slip�

0.002 9.30�105 9.46�105�1.63%� 9.26�105�−0.46%�
0.01 8.04�105 8.98�105�11.7%� 8.42�105�4.72%�
0.05 3.54�105 4.44�105�25.5%� 3.70�105�4.60%�
0.25 1.05�105 1.72�105�63.5%� 8.55�104�−18.7%�

027101-7 Effects of continuum breakdown on hypersonic Phys. Fluids 23, 027101 �2011�

Downloaded 28 Jun 2013 to 141.211.173.82. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://pof.aip.org/about/rights_and_permissions



aft of the sphere. The shear stress over the surface of the
sphere is given in Fig. 6�b�. The shear stress prediction given
by CFD compares well with DSMC over the surface, with
only slight disagreement in the aft of the sphere.

To determine the level of chemistry occurring in the
flow, the mass fractions of each species are given in Fig.
7�a�. It can be seen that in DSMC, trace species diffuse out
from behind the shock. This phenomenon can be seen by the
discrepancies between CFD and DSMC in mass fraction for
nitric oxide, atomic oxygen, and atomic nitrogen that de-
velop in front of the shock. It is unclear if this is a physical
phenomenon or numerical problems in DSMC dealing with
trace species. From the figure, it can be seen that the mass
fractions predicted by the two methods compare well; the
only noticeable difference is in the mass fraction for nitric
oxide. The temperature and gradient length local Knudsen
number profiles along the stagnation streamline are given in
Fig. 7�b�. It can be observed that the translational tempera-
ture matches well between the two methods. However, the
rotational and vibrational temperatures do not match as well.

The overprediction of rotational and vibrational temperatures
by CFD as compared to DSMC is an expected result, caused
by thermal nonequilibrium.7 From the profile of KnGLL, it is
seen that the flow is expected to be in the continuum regime
as it approaches the wall.

B. Kn�=0.01

At a global Knudsen number of 0.01, the traditional limit
for accurate CFD simulations, there is significant breakdown
in the shock, boundary layer, and the wake regions of the
flow, as seen in Fig. 8�a�. At this condition, the amount of
continuum breakdown is larger in DSMC than in CFD. No-
tice that the flow is in continuum breakdown all the way
from the shock to the surface of the sphere near the stagna-
tion streamline.

The surface pressures computed from the CFD method,
with or without slip boundary conditions, compare well with
DSMC in the fore body of the sphere, as shown in Fig. 8�b�.

FIG. 5. Kn�=0.002, KnGLL contours, surface pressure �left axis�, and KnGLL

surface profile �right axis� on a sphere in a Mach 25 flow of reacting air. FIG. 6. Kn�=0.002, surface heat flux �left axis�, surface shear stress �left
axis�, and KnGLL surface profile �right axis� on a sphere in a Mach 25 flow
of reacting air.
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However, there is some discrepancy in pressure between
CFD and DSMC methods in the aft of the sphere, where the
level of breakdown is the greatest. It is interesting to note
that the no-slip boundary conditions give the better agree-
ment with DSMC than with slip boundary conditions. This
figure also includes the surface profile of the gradient length
local Knudsen number, which shows the flow over the entire
surface is in continuum breakdown. The heat flux predicted
by CFD with no slip is larger than DSMC over the entire
surface, as can be seen in Fig. 9�a�. An improvement is seen
if slip boundary conditions are employed in the CFD
method. At this Knudsen number, the CFD method, with and
with out slip boundary conditions, underpredicts the shear
stress near the location of the maximum, as shown in Fig.
9�b�. It can also be seen that the CFD method overpredicts
DSMC over the aft of the sphere. It is also interesting to note
that the CFD method predicts that the peak shear stress oc-
curs slightly later on the surface of the sphere.

To be able to determine the level of chemistry occurring
in the flow, the mass fractions of each species are given in

Fig. 10�a�. The large discrepancies between CFD and DSMC
in mass fraction for nitric oxide, atomic oxygen, and atomic
nitrogen that develop moving away from the stagnation point
are caused by diffusion in DSMC. From this figure, it can be
seen that molecular oxygen has dissociated, while molecular
nitrogen has undergone little change. There is a negligible
amount of atomic nitrogen and nitric oxide created behind
the shock, with peak mass fractions of approximately 0.03
and 0.02, respectively. It is an expected result that molecular
oxygen dissociates more easily due to a weaker bond as
compared to molecular nitrogen. The profiles for the tem-
peratures and gradient length local Knudsen number along
the stagnation streamline are given in Fig. 10�b�. Since
DSMC has a thicker shock, it can be seen that the tempera-
ture starts rising earlier then CFD. The flow is forced into
thermal equilibrium as it moves closer to the wall, but CFD
overshoots the DSMC temperatures prior to reaching equi-
librium. This phenomenon has been seen in a previous study7

and is caused by the fact that the flow is in thermal nonequi-
librium following the shock.

FIG. 7. Kn�=0.002, mass fraction �left axis� temperature �left axis�, and
KnGLL �right axis� profiles along the stagnation streamline in a Mach 25 flow
of reacting air.

FIG. 8. Kn�=0.01, KnGLL contours, surface pressure �left axis�, and KnGLL

surface profile �right axis� on a sphere in a Mach 25 flow of reacting air.
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C. Kn�=0.05

At a global Knudsen number of 0.05, the flow is ex-
pected to be outside the continuum regime and in the transi-
tion regime. The contours of gradient length local Knudsen
number are given in Fig. 11�a�. It can be seen that the gra-
dient length local Knudsen number is over the 0.05 limit,
indicating continuum breakdown in the shock and wake.

It can be seen that the CFD method, with or without slip
boundary conditions, compares well with the DSMC surface
pressure coefficient over the fore body, as shown in Fig.
11�b�. It is interesting to note the CFD with no-slip boundary
conditions underpredicts DSMC over the aft body, while
CFD with slip overpredicts DSMC. This figure also gives the
gradient length local Knudsen number, which shows that at
the surface, the value of KnGLL is over 0.05, indicating the
flow is in continuum breakdown. The CFD method overpre-
dicts the heat flux over the entire surface as compared to
DSMC, as shown in Fig. 12�a�. There is an improvement in
the agreement with DSMC when the slip boundary condition
is utilized in the CFD method, but there is still a large dis-

agreement over the aft of the sphere. The shear stress coef-
ficient, given in Fig. 12�b�, is overpredicted by CFD assum-
ing no-slip boundaries as compared to DSMC. However,
when a slip boundary condition is employed in the CFD
technique, there is better agreement with DSMC for the shear
stress coefficient.

There is very little chemistry at this more rarefied con-
dition with peak mass fractions of trace species less than
0.02. The profiles for the temperatures and gradient length
local Knudsen number along the stagnation streamline are
given in Fig. 13. Since DSMC has a thicker shock, it can be
seen that the temperature starts rising earlier then CFD. The
flow is forced toward thermal equilibrium as it moves closer
to the wall. However, at this higher Knudsen number, ther-
mal equilibrium is not reached prior to the wall.

D. Kn�=0.25

The highest global Knudsen number considered in this
study is 0.25. At this Knudsen number, the flow is in the
rarefied regime, outside the range of where the CFD method

FIG. 9. Kn�=0.01, surface heat flux �left axis�, surface shear stress �left
axis�, and KnGLL surface profile �right axis� on a sphere in a Mach 25 flow
of reacting air.

FIG. 10. Kn�=0.01, mass fraction �left axis�, temperature �left axis�, and
KnGLL �right axis� profiles along the stagnation streamline in a Mach 25 flow
of reacting air.
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should be employed. At this high of a global Knudsen num-
ber, the entire flow is in continuum breakdown, as seen in
Fig. 14�a�. The shock standoff distance in DSMC is farther
out than in CFD, almost twice the distance in DSMC as
compared to CFD.

At this condition, continuum breakdown has a strong
effect on the surface properties. The surface pressure coeffi-
cient is given in Fig. 14�b�, along with the surface profile of
gradient length local Knudsen number. It is seen that the
surface pressure coefficient is overpredicted by CFD with
slip boundary conditions as compared to DSMC, while CFD
with no slip underpredicts the pressure near the rear stagna-
tion point. The surface heat flux coefficient shows very poor
agreement between CFD and DSMC, as shown in Fig. 15�a�.
When slip boundary conditions are employed in the CFD
method, there is an improvement in the heat flux results as
compared to DSMC, but is overpredicted by CFD over the
aft of the sphere. The shear stress is overpredicted by CFD
without slip as compared to DSMC, as shown in Fig. 15�b�.
When slip boundary conditions are implemented in the CFD

method, the shear stress is underpredicted over the fore body
and overpredicted over the aft body as compared to DSMC.
Notice that the location of peak shear stress predicted by
CFD with slip is approximately in the same location as
DSMC, while the location predicted by CFD without slip
occurs further back on the surface of the sphere.

The temperature and gradient length local Knudsen
number profiles along the stagnation streamline are given in
Fig. 16. It is interesting to note that at this global Knudsen
number, the rotational and vibrational temperatures are small
in comparison with the translational temperature. Since there
are very few collisions, the gas never achieves thermal equi-
librium. This also has the effect of limiting the amount of
chemical reactions that take place in the flow, which is the
reason there is almost zero dissociation in this case.

FIG. 11. Kn�=0.05, KnGLL contours, surface pressure �left axis�, and KnGLL

surface profile �right axis� on a sphere in a Mach 25 flow of reacting air.
FIG. 12. Kn�=0.05, surface heat flux �left axis�, surface shear stress �left
axis�, and KnGLL surface profile �right axis� on a sphere in a Mach 25 flow
of reacting air.
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IV. OVERALL TRENDS

This section examines the stagnation pressure coeffi-
cient, the stagnation heat flux coefficient, and the drag coef-
ficient for all cases presented in this study. This comparison
is performed to be able to more easily discern the fundamen-
tal trends seen in CFD and DSMC in the cases presented in
this work.

A. Drag coefficient

The integrated drag can be utilized to find the coefficient
of drag, as given in Eq. �22�

Cd =
D

1
2��U�

2 A
, �22�

where D is the integrated drag, � is the density, U is the
velocity, � indicates free stream conditions, and A is the
surface area. The coefficient of drag for each case as pre-
dicted by the CFD method, the CFD procedure with slip
boundary conditions and the DSMC technique are given in
Fig. 17.

The upper limit is found to be 2 using free molecular
theory31 and the lower limit is found to be 0.95 from experi-
mental results.32 From this figure, it can be seen that all cases
are in good agreement at the lower Knudsen numbers. At
Knudsen numbers higher than 0.05, the CFD method pre-
dicts the drag coefficient to be higher than the upper limit,
verifying that the CFD method is only accurate in near con-
tinuum flow. It can also be observed that the CFD method
with slip boundary conditions improves the agreement with
DSMC. The DSMC predicted values of drag coefficient are
bound by the limits and approach the upper limit as the
Knudsen number increases.

B. Stagnation pressure coefficient

It was observed that the surface pressure was least af-
fected by continuum breakdown, as it usually agreed well

between the two numerical methods. However, the surface
pressure at the stagnation point did vary with the Knudsen
number as shown in Fig. 18.

In this figure, the stagnation pressure coefficient from
DSMC and CFD, with and without slip boundary conditions,
are compared. The upper limit is found to be 2.01 using free
molecular theory and the lower limit is found to be 1.825 in
the inviscid limit. At lower Knudsen numbers, all the meth-
ods are in good agreement. However, as the Knudsen number
increases, the agreement between the CFD method and the
DSMC method diverges. At Knudsen numbers larger than
0.05, the CFD method predicts a stagnation pressure coeffi-
cient larger than the upper limit. From the figure, it can be
observed that the CFD method utilizing slip boundary con-
ditions improves agreement with the DSMC prediction of the
stagnation pressure coefficient. It is interesting to note that
when the CFD method is past breakdown, it tends to over-
predict DSMC, while the CFD method with slip boundary
conditions is unpredictable. Enforcing the no-slip boundary
condition will always give higher gradients at the wall and

FIG. 14. Kn�=0.25, KnGLL contours, surface pressure �left axis�, and KnGLL

surface profile �right axis� on a sphere in a Mach 25 flow of reacting air.

FIG. 13. Kn�=0.05, temperature �left axis�, and KnGLL �right axis� profiles
along the stagnation streamline in a Mach 25 flow of reacting air
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hence CFD will always overpredict DSMC when in con-
tinuum breakdown. However, when the slip boundary condi-
tion is utilized, the values of velocity and temperature jump
at the wall are now nonzero, causing the gradient at the wall
to decrease, giving a better comparison to DSMC. It can be
observed from this figure that the DSMC prediction of the
stagnation coefficient of pressure is bounded by the limits
and is approaching the upper limit with increasing Knudsen
number.

C. Stagnation Heat Rate Coefficient

The maximum heat flux occurs at or near the stagnation
point. The stagnation coefficient of heat flux for each case as
predicted by the CFD method, the CFD procedure with slip
boundary conditions, and the DSMC technique are given in
Fig. 19.

In this figure, the stagnation heat flux coefficient from
DSMC and CFD, with and without slip boundary conditions,

are compared. The upper limit is found to be 1 using free
molecular theory and the lower limit is found to be 0.09
using a Fay–Riddell analysis.33 At lower Knudsen numbers,
all the methods are in good agreement and are very close to
the lower limit. As the Knudsen number increases, the dis-
parity between the values predicted by the CFD and DSMC
methods widen. At Knudsen numbers larger than 0.05, the
CFD method predicts stagnation heat flux coefficients to be
larger than the upper limit. Implementation of slip boundary
conditions in the CFD method improves the agreement with
DSMC in all cases. From the figure, it can be observed that
the DSMC method stays bounded within the limits and ap-
proaches the upper limit with increasing Knudsen number.

While slip boundary conditions can allow CFD to be run
at higher Knudsen numbers, it will still succumb to con-
tinuum breakdown because it only attempts to fix this prob-
lem at the surface. Continuum breakdown happens in the
flow field, most notably in the shock and wake of a hyper-
sonic object. The shear stress and heat flux are assumed to be
linear functions of macroscopic flow gradients. In noncon-

FIG. 15. Kn�=0.25, surface heat flux �left axis�, surface shear stress �left
axis�, and KnGLL surface profile �right axis� on a sphere in a Mach 25 flow
of reacting air.

FIG. 16. Kn�=0.25, temperature �left axis�, and KnGLL �right axis� profiles
along the stagnation streamline in a Mach 25 flow of reacting air.

FIG. 17. Drag coefficient for DSMC and CFD with upper and lower bounds.
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tinuum flow, these gradients can occur over a few mean free
paths, making the linear assumption invalid. Mass, momen-
tum, and energy are physically carried by particles and trans-
ferred from particle to particle through collisions, which may
be a completely nonlinear process. This means that at higher
Knudsen numbers, CFD with or without slip boundary con-
ditions will not be able to accurately predict the environment
around the vehicle, including the surface properties. This is
clearly seen in the stagnation pressure coefficient where there
is good agreement between CFD and DSMC up until a
Knudsen number of 0.25.

V. CONCLUSIONS

This study investigated the effects of continuum break-
down on the surface aerothermodynamic properties �pres-
sure, stress, and heat transfer rate� in Mach 25 flow of react-
ing air over a 12 in. diameter sphere in flow regimes varying
from continuum to rarefied. This investigation added the
complexity of thermochemical nonequilibrium to earlier
studies. However, before these simulations were run, the
chemistry models in both numerical techniques were inves-
tigated to ensure they agree as well as possible. A three-
temperature model was introduced into the CFD method for
the chemical rate calculations to be able to include the rota-
tional temperature in the rate calculations. The preferential
dissociation model was modified to not only include rota-
tional as well as vibrational energy, but also data extracted
from the DSMC method. Finally, a chemical equilibrium
model was included in the DSMC method to ensure that the
reverse chemical rates are calculated in the same manner as
the CFD method. Differences in peak heat flux and inte-
grated drag between CFD and DSMC were observed to grow
with growing global Knudsen number. When slip boundary
conditions were employed in the CFD method, the agree-
ment with DSMC improved. It was found that at higher
Knudsen numbers, the effects of chemically reacting flow on
continuum breakdown and the surface properties of a hyper-
sonic body were almost nonexistent. This is due to the dif-

fuse nature of the gas at high Knudsen numbers, where col-
lisions are infrequent and reactions are even more rare. It
was found that at lower Knudsen numbers, the flow has a
significant amount of chemistry occurring in the flow field.

This study summarized the trends seen in the results by
examining the stagnation pressure coefficient, the stagnation
heat flux coefficient, and the drag coefficient for all cases
presented in this work. These comparisons are performed to
be able to easily discern the fundamental differences seen in
CFD and DSMC simulations presented in this study. It was
seen in all three properties that the CFD method overpre-
dicted the upper limit as the Knudsen number increased. The
reason for this is due to the fact that heat flux and shear stress
are directly dependent on gradients at the wall, while pres-
sure is calculated from primitive variables, temperature and
density, that do not require additional gradients. These gra-
dients are always overpredicted in CFD, with no-slip bound-
ary conditions, as compared to DSMC. Slip boundary condi-
tions allow velocity and temperature jump at the surface to
be nonzero, decreasing the gradients at the wall lowering the
integrated drag and peak heating giving better comparisons
to DSMC. The predictions by the DSMC method are always
bounded by the upper and lower limits.
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