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CHAPTER I

Introduction

The fundamental objects of study in algebraic geometry are algebraic varieties,
that is, sets of points defined by systems of polynomial equations. A large class of
algebraic varieties are smooth varieties, such as projective complex manifolds. In
order to study even the smooth varieties, we have to extend the category of smooth
projective varieties to the one consisting of varieties with some specified singularities.

The study of singularities got a prominent role starting with the so-called Minimal
Model Program (MMP), a program initiated in the beginning of the 1980s, and which
aims at a classification of algebraic varieties of higher dimension. It has been noticed
already in the early stages of this program that in order to study smooth algebraic
varieties, one has also to allow varieties with mild singularities. One distinguishes in
this process several classes of singularities, such as terminal, rational, canonical, log
terminal and log canonical, which are defined as follows.

If f:Y — X is a birational morphism of normal varieties, then there is a
divisor supported on the exceptional locus of f, denoted by Ky, x, called the relative
canonical divisor. If X and Y are smooth varieties, then Ky, x is an effective divisor,
locally defined by the Jacobian determinant of f. For every exceptional divisor

on Y, ordg(Ky/x) is the coeflicient of F in Ky, x.



We say X has terminal, canonical, log terminal, log canonical singularities if the
coefficient of F in Ky/x is greater than (or equal to) some specified constants for
all exceptional divisors E of all birational morphisms f : Y — X. For details,
see Definition II.1. The category of Q-factorial projective varieties with terminal
singularities is the smallest category that contains the category of smooth projective
varieties and in which MMP works. Canonical singularities appear on canonical
models of varieties of general type. More generally, such singularities can be defined
for pairs (see chapter II). Given a pair (X,Y’), where Y is a subscheme of X, there
is a numerical invariant, called log canonical threshold and denoted lct(X,Y'), which
measures how far (X,Y) is from being log canonical.

In this dissertation, we study such singularities, and in particular, invariants such
as the log canonical threshold, via jet schemes and spaces of arcs. The jet schemes
X, are higher order analogue of tangent spaces. (The familiar case is m = 1, when
X parametrizes tangent vectors to X). The arcs space parameterizes germs of formal
arcs on X.

We now describe the setting for jet schemes and arc spaces. Let k£ be a field of
arbitrary characteristic. If X is a scheme of finite type over k and m is a non-negative
integer, then the jet scheme X,, of X parameterizes m-jets on X, that is, morphisms
Spec k[t]/(t™*!) — X. Note that Xy = X and X; is the total tangent space of X.
For every m > 4, we have a canonical projection p": X,,, — X; induced by truncation
of jets. We denote by ,, the projection pi': X,, = X. For every point v € X, we
write X, , for the fiber of m,, at x, the m—jets of X centered at z. If f : X =V
is a morphism of schemes, then we get a corresponding morphism f,, : X,, — Y,,,
taking v : Speck[t]/(t"™"!) — X to for.

The space of arcs X, is the projective limit of the X,,, equipped with projection



morphisms

U Xoo = X

It parameterizes all formal arcs on X, that is, morphisms Speck[t] — X. If f :
X — Y is a morphism of schemes, by taking the projective limit of the morphisms
fm, we get a morphism fo, : Xoo — Yo. X is in general an infinite-dimensional
space, but one is typically interested in subsets that are given as inverse images
of constructible subsets by the canonical projections X,, — X,,; these are called
cylinders. Interesting examples of such subsets arise as follows. Consider a non-zero
ideal sheaf a C Oy defining a subscheme Y C X. If v : Speck[t] — X is an arc
on X, then the inverse image of Y by « is defined by an ideal in k[t]. If the ideal
is generated by t¢, then we put ord,(Y') = ord,(a) = e. If the ideal is zero, then we
put ord, Y = ord, a = oco. For every p > 0, the contact locus of order p of a is the
cylinder

Cont?(Y) = Cont”(a) := {y € X | ord,(a) =p}.

An irreducible cylinder C' C X, that does not dominate X determines a nontrivial
valuation orde on the function field k(X), given by the order of vanishing along a
general element in C'. We will refer below to these valuations as cylinder valuations.

Jet schemes and arc spaces have recently attracted a lot of attention in connec-
tion with both motivic integration, due to Kontsevich [Kon] and Denef and Loeser
[DL], and applications to singularities. Work of Denef, Loeser, Ein, Ishii, Lazars-
feld, Mustata, and others allows the translation of geometric properties of the jet
schemes X, (such as dimension or number of irreducible components) into proper-
ties of the singularities of X. Roughly speaking, X has “worse” singularities when
the corresponding jet schemes X,, have larger dimensions or have more irreducible

components. Furthermore, using the central result of this theory, the Change of Vari-



able formula, one can show that there is a close link between certain invariants of
singularities defined in terms of divisorial valuations and the geometry of the contact
loci in arc spaces. This link was first explored by Mustata in [Musl] and [Mus2], and
then further studied in [EMY], [Ish], [ELM] and [FEI].

In this dissertation, we prove results in two directions. The first one is concerned
with the study of singularities of Brill-Noether loci W} (C) (in particular, the theta
divisor ©) in terms of their jet schemes. The other concerns the generalization of
the correspondence between divisorial valuations and closed irreducible cylinders in
the arc space in [ELM] to arbitrary characteristics.

We now describe the setting for our study of Brill-Noether loci. Let k£ be an
algebraically closed field of characteristic zero and C' a smooth projective curve of
genus g over k. Recall that Pic?(C) parameterizes line bundles of degree d on C and
W7 (C) is the subscheme of Pic’(C) parameterizing line bundles L of with h°(L) >
r + 1. The theta divisor O is Wgo_l(C’). Riemann’s Singularity Theorem says that
for every line bundle L of degree g — 1 in the theta divisor ©, the multiplicity of ©
at L is h°(C, L).

Kempf [Kem]| described the tangent cone of W?(C') at every point. In particular,
he generalized Riemann’s multiplicity result to the W2(C) locus. In his paper, he
described the singularities of W(C') and its tangent cone as follows. Let L be a point
of W¥(C), with d < g and [ = dim H°(L). The tangent cone T7,(W?(C')) has rational
singularities and therefore W9(C') has rational singularities. One can identify the
tangent space of Pic’(C) at L with the vector space H°(C, K)*. Kempf showed that
the multiplicity of W?(C) at L, which is equal to the degree of PT,(W2(C)) as a

subscheme of PHY(C, K)*, is the binomial coefficient

() =)



Following the work of Riemann and Kempf, there has been much interest in the
singularities of general theta divisors. For instance, using vanishing theorems, Ein
and Lazarsfeld [EL] showed that if © is an irreducible theta divisor on an abelian
variety A, then © is normal and has rational singularities.

Our first main result in this direction is on the study of the singularities of the
theta divisor from the point of view of its jet schemes. Using a similar idea to that
used by Kempf, we reprove Riemann’s Singularity Theorem using jet schemes. We
also compute the dimension of the space of m—jets centered at the singular locus
of © for each m. Recall that for every m > 1, we have a truncation morphism

wg : 0, = 0. We denote by Oy, the singular locus of the theta divisor.

Theorem 1.1. For every smooth projective curve C of genus g > 3 over k, and every
integer m > 1, we have dim(78) ™1 (Oging) = (9 — 1)(m+1) — 1 if C is a hyperelliptic

curve. For nonhyperelliptic curves, we have dim(7&)H(Opny) = (g — 1)(m + 1) — 2.

m

Applying [EMY, Theorem 3.3] and [Musl, Theorem 3.3] to the theta divisor, we

obtain the following result concerning the singularities of the theta divisor.

Corollary 1.2. Let C' be a smooth projective curve of genus g > 3 over k. The
theta divisor has terminal singularities if C' is a nonhyperelliptic curve. If C' s

hyperelliptic, then the theta divisor has canonical non-terminal singularities.

A result of Elkik in [Elk] implies that for a divisor D in a smooth variety, D has
rational singularities if and only if D has canonical singularities. One thus recovers
the classical result that the theta divisor has rational singularities.

Using similar ideas, we are able to estimate the dimensions of the jet schemes of the
Brill-Noether locus W7 (C) for generic curves. Using Mustata’s formula from [Mus2]

describing the log canonical threshold in terms of dimensions of jet schemes, we obtain



the following formula for the log canonical threshold of the pair (Pic(C), W} (C)).

Theorem 1.3. For a general projective smooth curve C' of genus g, let L be a line
bundle of degree d with d < g — 1 and | = h°(L). The log canonical threshold of

(Pic*(C), W (C)) at L € Wj(C) is

Recall that one can locally define a map from Pic?(C) to a matrix space such
that WJ(C) is the pull back of a suitable generic determinantal variety. It follows
from the above theorem that for generic curves, the local log canonical threshold of
(Pic?(C), W5 (C)) at L is equal to the local log canonical threshold of that generic de-
terminantal variety at the image of L (for the formula for the log canonical threshold
of a generic determinantal variety, see Theorem 3.5.7. in [Doc]).

As we alluded in the previous paragraphs, there is a formula relating the log
canonical threshold of a pair to the asymptotic behavior of the dimension of the jet
schemes, see [Mus2] and [ELM]. The key ingredients in the proofs are the Change
of Variable formula developed in the theory of motivic integration and the existence
of log resolutions. While a version of the Change of Variable formula also holds
in positive characteristic, the use of log resolutions in the proofs in [Mus2] and
[ELM] restricted the result to ground fields of characteristic zero. More generally,
the approach in [ELM]| gave a general correspondence between cylinders in the space
of arcs of X and divisorial valuations of the function field of X, which takes a cylinder
to the corresponding cylinder valuation. Via this correspondence, the codimension of
the cylinder is related to the log discrepancy of the corresponding divisorial valuation,
the key invariant that appears, for example, in the definition of the log canonical

threshold.



In chapter V, we show by induction on the codimension of cylinders and only
using the change of variable formula for blow-ups along smooth centers, that the
above mentioned correspondence between divisorial valuations and cylinders holds
in arbitrary characteristic. Furthermore, via this correspondence the log discrepancy
of the valuation corresponds to the codimension of the cylinder.

Recall that a prime divisor F on a normal variety X', having a birational morphis-
m to X, is called a divisor over X. We identify such divisors if they give the same
valuation. It is easy to see that ordg(Kx//x) does not depend on a particular choice
of X', hence we write it as ordg(K_,x) instead. Given a cylinder C' = (¢,,,)~*(S) for
some m and some constructible subset S C X,,,, we define codim C' := codim(S, X,,),

which is independent of the choice of S and m.

Theorem 1.4. Let X be a smooth variety of dimension n over a perfect field k.
There is a correspondence between irreducible closed cylinders C' C X4 that do not

dominate X and divisorial valuations, as follows:

(1) If C is an irreducible closed cylinder which does not dominate X, then there is

a divisor B over X and a positive integer q such that
ordg = q - ordg .

Furthermore, we have codimC' > ¢ - (1 + ordp(K_/x)).

(2) To every divisor E over X and every positive integer q, we can associate an

irreducible closed cylinder C' that does not dominate X such that

orde = ¢-ordg and codimC = ¢q- (1 +ordg(K_/x)).

We thus are able to prove the log canonical threshold formula avoiding the use of



log resolutions. We recall that log canonical threshold is defined by

. OI'dE(K,/X) +1
let(X,Y) = inf
(X, Y) Jg/lX ordg(Y)

where E varies over all divisors over X. If the field k is of characteristic zero, then
let(X,Y) can be determined by the divisors on a single birational morphism to X,
namely on a so-called log resolution of the pair (X,Y’). If the field is of characteristic
p, in the absence of a result giving existence of log resolutions, we have to deal with
divisors on all birational morphisms.

Theorem 1.4 easily implies the following formula for the log canonical threshold

of (X,Y).

Theorem 1.5. Let X be a smooth variety of dimension n defined over a perfect field
k, and Y be a closed subscheme. Then

. codimC | | codim(Y,,, X,,)
let(X,Y) = Clcggoo orde(Y) m>0 m+1

where C varies over the irreducible closed cylinders which do not dominate X.

We now turn to a more detailed overview of the content of the different chapters
and of the proofs of the main results. In Chapter II, we recall the formalism of
log singularities and divisorial valuations. We proceed to review various classes of
singularities in birational geometry, such as log terminal, log canonical, and canonical
singularities.

Jet schemes and arc spaces are defined in Chapter III. We refer the reader to
[EM] for a more detailed introduction to these spaces. Since Theorem 1.5 is proved
for pairs with smooth ambient varieties, we recall some basic results on cylinders in
arc spaces of smooth varieties over a perfect field. The remainder of Chapter III is
devoted to reviewing some results on jet schemes and singularities that we will use

in the last two chapters.



Chapter IV is entirely devoted to singularities of Brill-Noether loci. Let us preview
the techniques and terminology used there. In this chapter, £ is an algebraically
closed field of characteristic 0. Let C' be a smooth projective curve over k. Our goal
is to estimate the dimension of the jet schemes of Wj(C). Here we take ©,, as an
example and briefly describe the proof of Riemann’s Singularity Theorem that we
give using jet schemes (see proof of Theorem IV.5). Let L be a point in ©. Recall
that ©,, is the fiber of 7, : ©,, — © at L. By the definition of Pic?"*(C), an
element £,, € Pic?"!(C),, is identified with a line bundle on C' x Spec k[t] /t™*+1.
Using the description of the theta divisor as a determinantal variety, we partition
the scheme ©,, 1, into constructible subsets C) ,,, indexed by partitions A of length
hY(C, L) with sum > m + 1. Several invariants of £, € ©,, 1, are determined by the
corresponding partition A. For instance, A determines the dimension of the kernel
of the truncation map H°(C x Speck[t]/t™*D L£,) — H°(C,L). In this way,
determines for each 7 < m the dimension of the subspace of sections in H(L) that
can be extended to sections of £;, where £; is the image of £,, under the truncation
map Pic*(C),, — Pic*(C);. Since the inequality mult, © > [ := h°(L) follows from
the determinantal description of ©, we focus on the opposite inequality. In order to
show that mult; © <, it is enough to prove that ©;  # Picg_l(C)l,L. If this is not
the case, then the image of ©; in O, = Pic?” '(C); 1, is ©; 1. Using the partition
associated to any £; € O, 1, we show that the restriction map H°(L,) — H°(L) is
nonzero. On the other hand, we can identify £ in Pic?”'(C)1,1, to a Cech cohomolgy
class in H'(C,O¢). Furthermore, the obstruction to lifting a section s € H°(C, L)

to a section of £; can be described using the pairing
H(C,L)® H'(C,00) % HY(C, L),

that is, s lifts if and only if v(s ® £1) = 0. Since the set of elements in H'(C, O¢)
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for which there is a nonzero such s is of codimension one, this gives a contradiction,
proving that mult; © <.

The remainder of Chapter IV is largely devoted to the proof of Theorems I.1
and 1.3. Let L be a point in Wj(C). Using the local description of W} (C) as a
determinantal variety, we partition the scheme Wj(C'),, 1 into constructible subsets
Cm indexed by partitions \. We give a criterion on the partition A associated to
L, € Pic’(0),, to have L,, € W5 (C),,. We also prove a formula for h°(L,,) in terms
of the partition A associated to L,,. Recall that Gieseker and Petri proved that if C'

is general in the moduli space of curves, then the natural pairing
pr H(C, L) ® H(C, K¢ ® L™ — H°(C, K¢)

is injective for every line bundle L on C. For general curves in the sense of Gieseker
and Petri, we use the injectivity of the morphism gy, to prove Theorems 1.1 and 1.3
by estimating the dimensions of C,, for every L € W} (C).

Chapter V concerns the aforementioned correspondence between divisorial valua-
tions and irreducible closed cylinders. In this chapter, k is a perfect field of arbitrary
characteristic. Our techniques build upon the work of Ein, Lazarsfeld and Mustata
in [ELM], which establishes such correspondence for smooth varieties over a field of
characteristic zero. Let us briefly explain the techniques we use. Given a divisorial
valuation v, it is known that v = ¢ - ordg for a positive integer ¢ and a prime divisor
E on Y, where Y 5 X is the composition of a sequence of blow ups along smooth
centers. ( Strictly speaking, we need to restrict to an open subset before each blow
up. We leave the details to the proof in Chapter V.) This was first observed by
Artin, and is also proved in [KM, Lemma 2.45]. Let C' be the closure of the image of
Cont?(E) via the map 7o : Yoo = X It is easy to check that orde = ¢ - ordg = v.

In order to prove the relation between the codimension of C' and the discrepancy
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q- (14 ordg(Ky/x)), we need a version of the Change of Variable Theorem. This
theorem, due to Kontsevish [Kon] and Denef and Loeser [DL], plays an important
role in Motivic Integration. We only need a version for blow ups along smooth cen-
ters that we state below. Although the proof is well known, since it is so elementary,

we give a proof in Chapter V for completeness,.

Lemma 1.6. Let X be a smooth variety of dimension n over k and Z a smooth
irreducible subvariety of codimension ¢ > 2. Let f : X' — X be the blow up of X

along Z and E the exceptional divisor.

(a) For every nonnegative integer e and every m > 2e, the induced morphism

@/Jﬁl(Conte(KX//X)) — fm(zbﬁ,(Conte(KX//X)))
1s a piecewise trivial A°—fibration.

(b) For every m > 2e, the fiber of fu, over a point vy, € fu (i (Cont®(Kx//x))) is

contained in a fiber of X! — X! ..

In particular, part (b) of Lemma 1.6 implies that if C’ is an irreducible cylinder
in X’  dominating a cylinder C' in X, then codim C' — codim C" = ord¢ Kx//x.
Applying part (b) iteratively in the above settting, we are able to relate codim C' to
orde(Ky,x). The other direction of the proof is similar. Given an irreducible closed
cylinder C' which does not dominate X, we consider the center of ords. If the center
is already a divisor E, then we can check that F is the desired divisor. Otherwise,
after possibly replacing X by an open subset, we blow up X along the center and
find a cylinder C” in X/ which dominates C'. It follows from the construction of C’
that order = orde and codim(C”) < codim(C'). We may and will replace X and C

by X’ and C” and run the above argument again. The upshot is that after finitely
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many blow ups, since the codimension of a cylinder is a positive integer, the center
of ord¢ is a divisor F. Therefore orde = qordg for some positive integer ¢, hence
the cylinder valuation ord¢ is a divisorial valuation.

We conclude Chapter V by giving some applications of this correspondence. The
log canonical threshold formula in Theorem 1.5 easily follows from Theorem 1.4. We
apply this formula and obtain a comparison theorem via reduction modulo p, as well

as a version of Inversion of Adjunction in positive characteristic.



CHAPTER II

Divisorial Valuations and Singularities

2.1 Log Resolutions and Discrepancies

In this section, we work with pairs (X, ¢Z), where X is a normal scheme over a field
k, Z is a proper closed subscheme of X and c is a nonnegative real number. Assume
that X is a smooth variety and D; are prime divisors on X. We say that £ = >_ D;
has simple normal crossings (abbreviated as snc) if E' is reduced, each D; is smooth
and they intersect everywhere transversally, i.e. E is defined in a neighborhood of any
point by an equation of type x1-xs - - - 1, = 0 for some £ < dim X, where z1, s, ..., 1z,
are local coordinates. A divisor D = Z d; D; has simple normal crossing support (snc
support for short) if the underlying reduced divisor > D; has simple normal crossings.

Suppose f : Y — X is a birational morphism between varieties. Let U be the
largest open subset of X such that f is an isomorphism over U. The closed subset
Y \ f7YU) is the exceptional locus of f, denoted by Exc(f). We say that a Weil
divisor on Y is exceptional if its support is contained in Exc(f).

If (X,cZ) is a pair, a log resolution of (X, cZ) is a proper birational morphism

f Y — X such that
(1) Y is smooth exceptional locus Exc(f) is a divisor.

(2) f7Y(Z) is a divisor and f~(Z) U Exc(f) is a divisor with snc support.

13
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Log resolutions exist for pairs over a field of characteristic zero by the main
Theorems of [Hir]. Omne can construct map f such that it is isomorphism over
X\ (Xsing U Z).

If X is a smooth variety, the canonical line bundle of top differentials is denoted by
wyx. fwy =2 Ox(Ky), Kx is called a canonical divisor of X. Given a normal variety
X, we have a Weil divisor Kx on X, uniquely defined up to linear equivalence, such
that its restriction to the smooth locus U = X \ X, of X is equal to a canonical
divisor on U. X is called Q-Gorenstein if there is a positive integer m such that
mKx is Cartier. From now on, we always assume that X is Q—Gorenstein for any
pair (X, cZ). Moreover, we may and will fix an integer m such that mKy is a Cartier
divisor.

We now review some definitions in the theory of singularities of pairs (X, cZ).
We refer the reader to [KM, Section 2.3] for a more detailed introduction. Suppose
that X’ is a normal variety over k and f : X’ — X is a birational (not necessarily
proper) map. Let E be a prime divisor on X’. Any such F is called a divisor over X.
The local ring Ox/ g C k(X') is a DVR which corresponds to a divisorial valuation
ordg on k(X) = k(X’). The closure of f(F) in X is called the center of E, denoted
by cx(F). If f/: X" — X is another birational morphism and F' C X" is a prime
divisor such that ordg = ordp as valuations of k(X), then we consider E and F' to
define the same divisor over X.

Let E be a prime divisor over X as above. If Z is a closed subscheme of X,
then we define ordg(Z) as follows. We may assume that F is a divisor on X’ and
that the scheme-theoretic inverse image f~!(Z) is an effective Cartier divisor on X'.
Then ordg(Z) is the coefficient of F in f~'(Z). Recall that the relative canonical

divisor Kx/x is the unique Q-divisor supported on the exceptional locus of f such
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that mKx//x is linearly equivalent with mKx, — f*(mKx). When X is smooth, we
can alternatively describe Ky /x as follows. Let U be a smooth open subset of X’
such that U N E # (). The restriction of f to U is a birational morphism of smooth
varieties that we denote by g. In this case, the relative canonical divisor Ky, x is the
effective Cartier divisor defined by det(dg) on U.

We also define ordg(K_,x) as the coeflicient of E in Ky x. Note that both
ordg(Z) and ordg(K_,x) do not depend on the particular choice of f, X’ and U.

For every real number ¢ > 0, the log discrepancy of the pair (X, cZ) with respect
to E is

a(E; X, cZ) = ordg(K_/x) +1—c-ordg Z.

Similarly, the discrepancy of the pair (X, cZ) with respect to E is
b(E; X,cZ) = ordp(K_/x) — c-ordg Z.

It is clear that a(F; X, cZ) = b(E; X, cZ) + 1 for every E.

2.2 Singularities and Log Canonical Threshold

Definition II.1. Let X be a normal Q—Gorenstein n—dimensional variety and let Z
be a proper closed subscheme of X. If Y is a closed subset of X, then the discrepancy

of (X, cZ) along Y is defined by

discrep(Y; X, ¢Z) := inf{b(E; X,cZ) | E is an exceptional divisor over X, cx(E)NY # 0}.
The total discrepancy of (X, cZ) along Y is defined by
totaldiscrep(Y; X, cZ) := inf{b(E; X,cZ) | E divisor over X, cx(E)NY # 0}.

If Y = X, we write discrep(X,cZ) and totaldiscrep(X, cZ) for simplicity. If

Z =), we simply write discrep(X) and totaldiscrep(X).
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Remark 11.2. If X is smooth and E is a prime divisor on X such that it is not
contained in Z, then b(E; X, cZ) = 0. Hence totaldiscrep(X, c¢Z) < 0. Similarly, if
is the exceptional divisor obtained by blowing up a codimension 2 smooth subvariety
which is not contained in Z, then b(E; X, cZ) = 1. Therefore discrep(X,cZ) < 1 if

dim X > 2. One can show that if totaldiscrep(Y; X, cZ) < —1, then
totaldiscrep(Y'; X, cZ) = discrep(Y; X, cZ) = —o0,

see [KM, Corollary 2,31]. Hence discrep(X,cZ) = —oo or —1 < discrep(X,7) <1

and totaldiscrep(X, cZ) = —oo or —1 < totaldiscrep(X, c¢Z) < 0.

Definition II.3. Let X be a Q-Gorenstein normal scheme. We say that X has
terminal singularities (respectively canonical singularities) if discrep(Y; X) > 0 (re-
spectively discrep(Y; X)) > 0).
A pair (X, cZ) has Kawamata log terminal singularities along Y (or kit for short)
if
totaldiscrep(Y; X, cZ) > —1.

We say that (X, cZ) has log canonical (or lc for short) singularities if
totaldiscrep(Y; X, cZ) > —1.

We say that X has log terminal (respectively log canonical) singularities if the

pair (X, 0) is kIt (respectively Ic).
If a pair (X, Z) is not log canonical, then Remark I1.2 implies that

totaldiscrep(X, Z) = —oc.

Hence in this case the discrepancy does not provide much information about the the

singularities of the pair. We recall the definition of another invariant that describes
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how far the pair (X, Z7) is from being log canonical. The log canonical threshold
of (X,Z) at Y, denoted by lcty (X, Z), is defined as follows: if Z = X, we set

lety (X, Z) = 0, otherwise
lety (X, Z) = sup{c € R>¢ | (X,cZ) is klt around Y'}.

In particular, lety (X, Z) = oo if and only if ZNY = 0. If Y = X, we simply write
let(X, Z) for lety (X, Z).

By the definition of a(F; X, Z), we obtain that

lety (X,Z) = sup{c€Rso | c-ordp(Z) < ordg(K_/x)+1 for every E}

. OI‘dE(K_/X) +1
= inf
E/X ordg Z

where E varies over all divisors over X such that cx(E) NY # 0.

Remark 11.4. The definition of the above classes of singularities and of the log canon-
ical threshold involves all divisors over X. If the ground field k is of characteristic 0,
they are determined by those primes divisors on a single log resolution. For example,
see [Kol, Corollary 3.12 and Proposition 8.5] or [EM, Proposition 7.2]. In particular,
log canonical thresholds are positive rational numbers if X has klt singularities. Log
canonical thresholds can also be described as the first jumping number of multiplier
ideals. We refer to [Lar| for the study of the log canonical threshold in connection
with multiplier ideals.

For varieties over a field of positive characteristic, one has to use all proper bi-
rational morphisms to obtain the log canonical threshold. We will see in Chapter
V, as a corollary of inversion of adjunction that we have, as in characteristic zero,
for smooth varieties X, lct,(X,Z) > 1/ord,(Z) > 0, for every point x € Z. Here

ord,(Z) is the maximal integer value ¢ such that I, C m;x, where Iy, is the ideal
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of Z at x and mx, the ideal defining . However, we still don’t know whether the

log canonical threshold is a rational number in positive characteristics.



CHAPTER III

Jet schemes and arc spaces

3.1 Jet Schemes

In this section, we first recall the definition and basic properties of jet schemes
and arc spaces. For a more detailed discussion of jet schemes, see [EM] or [Musl].

We start with the absolute setting and explain the relative version of jet schemes
later. Let k be a field of arbitrary characteristic. A variety is an integral scheme,
separated and of finite type over k. Given a scheme X of finite type over k and an
integer m > 0, the m'™® order jet scheme X,, of X is a scheme of finite type over k

satisfying the following adjunction
(3.1) Homge, /1(Y, Xi) = Homgen /1(Y x Speck[t]/(t™), X)

for every scheme Y of finite type over k. It follows that if X, exists, then it is unique
up to a canonical isomorphism. We will show the existence in Proposition II1.5.
Let L be a field extension of k. A morphism Spec L[t]/(t™') — X is called an
L—valued m—jet of X. If v, is a point in X,,,, we call it an m—jet of X. If k is the
residue field of 7,,, then ~,, induces a morphism (v,,), : Spec k[t]/ (") — X.
It is easy to check that Xy = X. For every j < m, the natural ring homomorphism

k[t] /(™) — k[t]/(#T!) induces a closed embedding
Speck[t]/("T!) — Speck[t]/(t™)

19
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and the adjunction (3.1) induces a truncation map p7" : X,,, — X;. For simplicity, we

X
m

usually write 7, or simply 7, for the projection p{* : X,, = X = Xy. A morphism
of schemes f : X — Y induces morphisms f,,: X,, — Y,, for every m. At the level
of L—valued points, this takes an L[t]/(t™"')—valued point v of X,, to f o~. For

every point x € X, we write X,,, for the fiber of 7, at z, the m—jets of X centered

at x.

Example III.1. X, is the total tangent space Ty = Spec(Sym(€2x/x)). By Lemma
II1.6, we will see that it is enough to show the assertion when X is affine. Let

X = Spec A, where A is a k—algebra. We show that for every k—algebra B,
(3.2) Homy 14 (Sym(Qayz), B) = Homy_qy(A, B[t]/(t?)).

Recall that a k-algebra morphism f : Sym(£24/,) — B is equivalent to a k-algebra
morphism g : A — B and a k-module morphism €4/, — B, which corresponds to a
k-derivation d : A — B. Note that giving g and d is equivalent to giving a k—algebra

morphism ¢, : A — Blt]/(t*) where ¢;(a) = g(a)+t-d(a), we obtain equation (3.2).
Example III1.2. If X = A" = Speck[z1,...,x,], then X,, is isomorphic to
An(m+1) = Spec /{;[am]

for 1 <i<mand0 < j <m. Furthermore, for m > 7 > 0, the truncation morphism

U Anm+D) s AnUHD s the projection onto the first n(j + 1) coordinates. To

see this, we may assume Y = Spec B for some k-algebra B and check that A™(m+1)

satisfies the adjunction (3.1) for every m > 0. Indeed, a B—valued point v of X,,

corresponds to a k—algebra homomorphism ~* : k[xy, ..., z,] — B[t]/(t™), which is

uniquely determined by the image of x;. We write v*(z;) = ‘mo b; jt for each i, with
j=

bi; € B. Tt is clear that 7 corresponds to the B—valued point of A™™+Y) = Spec k[a; ;]

which maps a; ; to b; ;.
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More generally, if X is a smooth variety of dimension n, then all projections
pm_y o X, — X,,—1 are locally trivial with fiber A™. In particular, X,, is a smooth

variety of dimension n(m + 1).

In Chapter V, we will use the relative version of jet schemes. We now recall some
basic facts about this context.

We work over a fixed separated scheme S of finite type over a noetherian ring R.
Let f: W — S be a scheme of finite type over S. If s is a point in S, we denote by

W the fiber of f over s.

Definition III.3. The m'™ relative jet scheme (W/S),, satisfies the following ad-

junction
(3.3) Homge, 5(Y X g Spec R[t]/(t™), W) = Homge /5(Y, (W/S)m),

for every scheme of finite type Y over S.

As in the absolute setting, we have (W/S)y = W. If (W/S),, and (W/S), exist
with m > j, then there is a canonical projection pj* : (W/S), — (W/S);. For

simplicity, we usually write 7, for the projection pi* : (W/S),, — W.

Example III1.4. If W = A% with the natural projection f : W — S, then for every
m >0, (W/S),, = Ag(m+1). Furthermore, for every m > j, the truncation morphism
Pt o (Ag)m — (A%); is the projection onto the first n(j + 1) coordinates. The proof

is similar to that of the absolute case in Example I11.2.

We now prove the existence of the relative jet schemes, which is similar to that

of the absolute case. For details, see [Mus2].

Proposition IIL.5. If f : W — S is a scheme of finite type over S, the m' order

relative jet scheme (W/S),, exists for every m € N.



22

Before proving the proposition, we first show that the construction of relative jet

scheme is compatible with open embeddings.

Lemma II1.6. Let U be an open subset of a scheme W over S. If (W/S), exists,

then (U/S)y, exists and (U/S),, = (x}¥V)~1(U).

m

Proof. We denote by g : U — S the composition of the open embedding U — W

and f: W — S. We have to show that for every S—scheme Y,
(3.4) Homga, 5(Y X Spec R[t]/ ("), U) = Homge /s(Y, (my )~ (U)).

We first assume that S = Spec A, where A is a finitely generated R—algebra. It
is enough to show that the above adjunction holds for every affine scheme Y. Let B
be an A-algebra and Y = Spec B. If v : Spec B[t]/(t™™') — W is a B-valued jet of
W, let 79 = mn(7y) be the induced morphism Spec B — W. It is clear that ~y factors
through U if and only if vy factors through U. Applying adjointness of (W/S),, in
(3.3), we deduce that (7:X)~}(U) satisfies (3.4).

Given an arbitrary scheme S of finite type over R, let (S,)qer be an affine covering
of S. Let W, = f~(S,) and U, = g~ !(S,). For each a, 8 € I, let So3 = S, N S,
Was = [1(Sap) and Uys = ¢ '(Sap). Since S is separated, each S, is affine.
The above argument showed that for every «, there is a canonical isomorphism
(Ua/Sa)m = (7¥)~Y(U,). Furthermore, these isomorphisms agree on the overlaps

Sap. We conclude that (U/S),, = (m}V)(U). O

We now prove Proposition I11.5 by first constructing the relative jet scheme locally

and gluing the schemes along overlaps.

Proof. By covering S by affine open subschemes, we may and will assume S is an

affine scheme. Let S = Spec A, where A is a finitely generated R-algebra. We first
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construct (W/S),, when W is an affine scheme over S. Let W = Spec B for some
A-algebra B. Consider a closed embedding W — A% such that W is defined by the
ideal I = (f1,...,fr) C Alz1,...,2,]. An S-morphism ¢ : Spec B[t]/(t"™"!) — W
is given by *(x;) = i)bi,jtj with b; ; € B such that fi(¢*(z1),...,¢"(z,)) = 0 in
Bl[t]/(t™T1) for every Jli

Given any u; = Y a;;t/ in A[t]/(#™*1) for 1 < i < n, we can write
=0

(3.5) filwg, o un) = guplai)t,

p=0
for some polynomials g;, in Afa; ;] with 1 < ¢ < nand 0 < j < m. Let Z be
the closed subscheme of AL™ ™ = Spec Aa; ;] defined by (g,,) for 1 < 1 < r and
0 < p < m. It is clear that ¢ is a B[t]/(t™"')-valued point of (1W/S) if and only if
the corresponding (b; ;) defines a B-valued point of Z. Hence (X/S),, = Z.

Given W an arbitrary S—scheme of finite type, we consider an affine open cov-
er W = [JW,. We have seen that (W,/S),, exists for every m > 0. Let 7 :
(Wa/S)m — W, be the canonical projection. For every o and 3, we write W5 =
W, N Ws. The inverse image (72)~1(W,s) and (7)1 (W,ps) are canonically iso-
morphic since they are isomorphic to (Wes/S)m. Hence we can construct a scheme

(W/S)m by gluing the schemes (W,,/S),, along their overlaps. Moreover, the projec-

tions 7, glue to give an S—morphism
T (W/S)m — W.
It is clear that (W/S),, is the m" relative jet scheme of W over S. O
For every scheme morphism S” — S and every W/S as above, we denote by W’
the fiber product W xg S’. By the functorial definition of relative jet schemes, we

can check that

(W) ) = (W/S)n x5 5
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for every n. In particular, for every s € S, we conclude that the fiber of (W/S5),, — S
over s is isomorphic to (Ws),.

Recall that m, : (W/S), — W is the canonical projection. We now show that
there is an S—morphism, called the zero-section map, o, : W — (W/S),, such that
T,00, = idy for every n. We have a natural map g, : W x Spec R[t]/(t"*) — W, the
projection onto the first factor. By (3.3), g, induces a morphism o'V : W — (W/S),,,
the zero-section of m,. For simplicity, we usually write o,, for o)”. Note that for every

n and every scheme W over S, there is a natural action:
[, : AL xg (W/S), — (W/S),

of the affine group A§ on the jet schemes (W/.S),, defined as follows. For an A-valued
point (a,~,) of Ay xg (W/S), where a € A and ~, : Spec A[t]/(t"™!) — W, we
define T',,(a, 7,,) as the composition map Spec AJt]/(£71) £ Spec A[t]/(t"+1) 22 X,
where a* corresponds to the A-algebra homomorphism A[t]/(t"*') — A[t]/(t" )

mapping ¢t to at. One can check that the image of the zero section o, is equal to

Ln({0} x (W/S)n).

Lemma II1.7. Let f: W — S be a family of schemes and 7 : S — W a section of

f. For every m > 1, the function
d(s) = dim(my") ™ (7(s))
s upper semi-continuous on S.

Proof. Due to the local nature of the assertion, we may assume that S = Spec A is
an affine scheme. Given a point s € S, we denote by w = 7(s) in W. Let W' be
an open affine neighborhood of w in W. Consider the restriction map f': W' — S

of f, one can show that there is an nonzero element a € A such that such that
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7 maps the affine neighborhood S = Spec A, of s into W’. Let W” be the affine
neighborhood ¢71(S’) of w and f” : W” — S’. The restriction of 7 defines a section
78" — W"”. Replacing f by f” and 7 by 7/, we may and will assume that both
W and S are affine schemes. Let W = Spec B, where B is a finitely generated A-
algebra. The section 7 induce a ring homomorphism 7* : B — A. Choose A—algebra
generators u; of B such that 7*(u;) = 0. Let C be the polynomial ring A[zy, ..., x,].
We define a ring homomorphism ¢ : C' — B which maps z; to u; for every i. Let
I =(f1,...,f-) be the kernel of ¢. One can check that f; € (x1,...,z,) for every [
with 1 <[ <r. Hence W is a closed subscheme of A% = Spec A[z1, ..., z,] defined
by the system of polynomials (f;) and the zero section o : S — A% factors through
7. It is clear that (AY),, = Spec Ala; ;| = Ag(mH) for 1 <i<nand0<j<mand

1) . .
m+1) is the zero-section.

om¥ 0018 = AZ(

We thus obtain an embedding (W/S),, € A" which induces an embedding
(TW)H(7(S)) C (mm®)"L(0(S)) = A" such that " o 7 corresponding to the zero-
section of A" = Spec Ala;;] for 1 <i <nand 1< j <m . Recall that (W/S),,
as a subscheme of Ag(mH) is defined by the polynomials g, in equation (3.5). Let
dega; ; = j. Since f; has no constant terms, we can check that each g, is homogenous
of degree p. Hence the coordinate ring of (7/V)~1(7(S)), denoted by T, is a graded
A-algebra.

For every s € S corresponding to a prime ideal p of A, we obtain that

d(s) = dim(7)V*) "} (7(s)) = dim(T ®4 A/p).

m

Our assertion follows from a semi-continuity result on the dimension of fibers of a

projective morphism (see [Eis, Theorem 14.8]). O

Remark 111.8. Let X be a smooth variety over a field £ and Y a closed subscheme
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of X. If T is an irreducible component of Y,, for some m, then 7T is invariant under
the action of A'. Since m,,,(T) = 0,,}(T N 7,,(X)), it follows that 7,,(T) is closed in

X.

3.2 Arc Spaces and Contact Loci

We now turn to the projective limit of jet schemes. It follows from the description

in the proof of Proposition II1.5 that the projective system
= X =2 X == Xo

consists of affine morphisms. Hence the projective limit exists in the category of
schemes over k. This is called the space of arcs of X, denoted by X.,. Note that
in general, it is not of finite type over k. There are natural projection morphisms
Um + Xoo = X,,. It follows from the projective limit definition and the functorial

description of the jet schemes that for every k—field extension A we have
Hom(Spec(A), Xo) ~ Hom(Spec Alt]/(#™h), X) ~ Hom(Spec A[t], X)

In particular, for every field extension L of k, an L—valued point of X, called an
L-valued arc, corresponds to a morphism from Spec L[t] to X. We denote the closed
point of Spec L[t] by 0 and by 1 the generic point. A point in X, is called an arc
in X. If v is a point in X, with residue field k, v induces a k—valued arc, i.e. a
morphism 7, : Spec £[t] — X. If f: X — Y is a morphism of schemes of finite type,
by taking the projective limit of the morphisms f,, : X,, — Y,, we get a morphism
foo: Xoo = Yo

For every scheme X, a cylinder in X, is a subset of the form C' = v, (S), for
some m and some constructible subset S C X,,. If X is a smooth variety of pure
dimension n over k, then all truncation maps p]'_, are locally trivial with fiber A™.

In particular, all projections v, : Xo, — X, are surjective and dim X,,, = (m + 1)n.
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From now on, we will assume that X is smooth and of pure dimension n. We say
that a cylinder C' = v, }(S) is irreducible (closed, open, locally closed) if so is S. It
is clear that all these properties of C' do not depend on the particular choice of m

and S. We define the codimension of C' by
codim C' := codim(95, X,,,) = (m + 1)n — dim S.

Since the truncation maps are locally trivial, codim C'is independent of the particular
choice of m and S.

For a closed subscheme Z of a scheme X defined by the ideal sheaf a and for an
L—valued arc 7 : Spec L[t] — X, the inverse image of Z by ~ is defined by a principal
ideal in L[t]. If this ideal is generated by t¢ with e > 0, then we define the vanishing
order of v along Z to be ord,(Z) = e. On the other hand, if this is the zero ideal, we
put ord,(Z) = oco. If v is a point in X, with residue field L, then we define ord,(2)
by considering the corresponding morphism Spec L[t] — X. The contact locus of

order e with Z is the subset of X
Cont®(Z) = Cont®(a) := {y € X | 0rd,(Z) = e}.
We similarly define
Cont=¢(Z) = Cont=*(a) := {7 € X | ord,(Z) > e}.

For m > e, we can define constructible subsets Cont®(Z),, and Cont=¢(Z),, of X,,
in the obvious way. (In fact, the former one is locally closed, while the latter one is

closed.) By definition, we have
Cont®(Z) = 9, (Cont®(Z),,) and Cont=¢(Z) = ¢, (Cont=¢(Z),,).

This implies that Cont=¢(Z) is a closed cylinder and Cont®(Z) is a locally closed

cylinder in X ..



CHAPTER IV

Singularities of Brill-Noether Loci

4.1 Introduction to varieties of special linear series on a curve

In this section, k is an algebraically closed field of characteristic 0. Let C' be
a smooth projective curve of genus g over field k. We now recall the definition of
Pic?(C). For every scheme S, let p and ¢ be the projections of S x C' onto S and
C respectively. A family of degree d line bundles on C' parameterized by a scheme S
is a line bundle on C' x S which restricts to a degree d line bundle on C' x {s}, for
every s in S. We say that two such families £ and £’ are equivalent if there is a line
bundle R on S such that £’ = £L® ¢*R. Pic?(C) parameterizes degree d line bundles

on C'; more precisely, it represents the functor
F :Sch /k — Set

where F(S) is the set of equivalence classes of families of degree d line bundles on
C parameterized by S. A universal line bundle P on C' x Pic?(C) is a Poincaré line
bundle of degree d for C.

Recall now that W7 (C) is the closed subset of Pic?(C') parameterizing line bundles

L of degree d with dim |L| > r:

W5 (C) = {L € PicY(C) : deg L = d, h°(L) > r + 1}.

28
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In particular, we have the theta divisor
©:={L e Pic" '(C) : h°(C,L) # 0} = W,_,(C).

Each Wj(C') has a natural scheme structure as a degeneracy locus we now describe.

Let E be any effective divisor on C' of degree e > 2g —d — 1 and let £ = O(F).
The following facts are standard (see [ACGH, §IV.3]. For every family of degree d
line bundles £ on S x C, the sheaves p,(£ ® ¢*(£)) and p.(L ® ¢*(£) ® Op-15) are
locally free of ranks d + e + 1 — g and e, respectively. Moreover, there is an exact

sequence on S
(41) 0= pL = pLOG(E)) 25 p(L & ¢ (E) ® Opip) — R'p.(L) — 0.

With the above notation, W} (C') represents the functor Sch /k — Set given by

g equivalence classes of families £ of degree d line bundles on
H

S x C' % S such that rank(®;) <d4+e—g—r

It can be shown that the above condition rank(®,) < d+ e — g — r does not depend
on the particular choice of e and F.

In particular, the line bundle L € Pic*(C) is in W} (C) if and only if locally all the
e+ d+1— g —r minors of ®;, vanish. Therefore W} (C) is a determinantal variety.

Let T, be the scheme Speck[t]/(t™). We now discuss the jet schemes of the
theta divisor ©,, for all m. By the definition of ©, we have ©,, consists of line
bundles £,, € Pic(T;, x C) such that deg(Lm|{oyxc) = g — 1 and det(P,,,) = 0 in
kI (),

Given a positive integer n, we recall that a partition of n is a weakly increasing

sequence 1 < A\; < Ay < --- < )\; such that \; +--- + A\, = n. The number [ of
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integers in the sequence is called the length of the partition, and the value J; is the
largest term. The set of partitions with length [ is denoted by A;, and the set of
partitions with length [ and largest term at most m is denoted by A;,,. For every i
with 1 <i <m, if A € Aj,,, we define e A;; by putting A = min{ )\, i} for every
k with 1 <k <1[. We thus obtain a natural map A;,, — A;;.

Fix an effective divisor E of degree e > 29 —d — 1 on . We now associate
a partition to every L,, € Pic’(C)pm. pu(Lm @ ¢*(E)) and pu (L @ ¢*(£) @ Oy-15)
are locally free sheaves on T,,, hence they are finitely generated free modules over

K[}/ ().

Definition IV.1. A family of line bundles £,, of degree d on C over T,, is called of
type A € Ay if there are bases of p. (L, ® ¢*(£)) and p,. (L, ® ¢*(€) ® Oy-1f) in

which @, is represented by the matrix in Mgtet1—g)xe(k[t]/(E™T))

0 o0 0

Definition IV.2. Given a partition A , let 7;(\) be the number of k such that A\, =i

and let n;(A) be the number of k£ such that Ay > i.

It is easy to see that the partition A in Definition IV.1 does not depend on the
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choice of bases. If L is the image of £, under the truncation map
Tm : Pic?(C),, — Pic?(C),

then we will see below that the length of the partition associated to £, is h°(C, L).
We now give a criterion to decide whether an element £, € Pic?'(C),, is a jet

of © in terms of the partition A.

Lemma IV.3. For every family of line bundles L,, € Pic?"'(C),, centered at L €

Pic?~1(C) and of type X\ € Aj,ns1, the following are equivalent:
(i) Ly, € Oy 1.
(i) det(®g,) =0 in k[t]/(t™1).

I
(i) Y A >m+ 1.
=1

m+1

(i) 2 i) 2 m 1
(ii)" iillnk(k) >m+ 1.

Proof. Recall that © = W) | C Pic?~*(C). With the above notation, for every family
of line bundles L, in ©,,, the sheaves p,(L,, ® ¢*(£)) and p.(L,, ® ¢*(€) @ Oy-1p)
are locally free of rank e. The definition shows that the theta divisor parameterizes
the line bundles £,, for which det(®,,,) = 0. This proves the equivalence between

(i) and (i)’. It is clear that with the choice of basis in Definition IV.1,
det(dp,, ) = TN € K]/ (t™ ).

!
Therefore the determinant vanishes if and only if > \; > m + 1.

In order to complete the proof of the lemma, it suffices to show that

l m—+1 m+1

Z)\z‘ = er()\) = (V).



32

The first equality is clear by the definition of r;(A). The second equality follows from

m—+1 m—+1 m—+1
nE(A) = > r;(N). Indeed, > ng(AN) = > D ri(A) = >0 ri(A) - 4. 0
>k k=1 k=1 j>k j=1

Using the definition of W} (C'), we have the following description of Wj(C),, 1,

which gives a generalization of Lemma IV.3.
Lemma IV .4. Let L,, € Picd(C)m have type A = (1 <\ <--- <N <m+1). The
following are equivalent:
(i) L, € Wi(C)p.L-
(i’) All the (e+d+1— g —r) minors of @, wvanish in k[t]/(t").
(i1) l:ZZ)\i >m+ 1.
(11°) liz(l —i—r+1) (A — Xim1) > m+ 1, where Ay = 0.

The proof of this lemma is very similar to that of Lemma IV.3, so we leave it to
the reader.

Our first goal is to recover Riemann’s Singularity Theorem using jet schemes.
Theorem IV.5. For every L € ©, we have mult;© = h°(C, L).

Remark IV.6. Note that the multiplicity of a divisor at a point is one if and only if
the divisor is smooth at that point, hence Theorem IV.5 implies in particular that a

line bundle L € © is a smooth point if and only if h°(C, L) = 1.

Before proving the theorem we need some preparations. For every degree d line
bundle L, we shall first describe the fiber of p_, : Pic®(C).r, — Pic*(C)ym1.1.-

Let E be the effective divisor of degree e > 2g — d — 1 in Definition IV.1. By
the universal property of Pic*(C), every L,, € Pic*(C),, 1 is identified with a line

bundle on C' x T,,. Let us fix a line bundle L € Pic?(C) and a family of line bundles
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L., € Pic*(C),,z lying over L. For every 0 < i < m, we denote by £; the image
of £, in Pic*(C); 1 under the truncation map Pic*(C),, — Pic?(C);. By the short

exact sequence (4.1), H°(L;) is the kernel of the morphism
®p, i My =H(L; @ ¢ (E)) = Ni= H(L; ® ¢*(E) ® Oy-15).

There is a k[t]/(t™*!)-module map 7™ : H°(L,,) — H°(L;) induced by restriction
of sections. This can be described as follows. Applying the Base-change Theorem to

the morphism 7; < T,,, we obtain the following commutative diagram

Or

H°(L,) < M, — N,

\Lw{” J/PM \LPN
Clearly Mi = Mm ®k[t]/(tm+l) k[t]/(tiJrl) and Ni = Nm ®k[t]/(tm+l) k[t]/(tiJrl) and the

vertical maps are induced by the quotient map k[t]/(t™) — k[t]/(t"1).

Lemma IV.7. For every 0 < i < m, there is an embedding of k[t]/(t™*1)-modules
o HY(L;) — H°(L,,)

such that the image is the kernel of ™ c HY (L) — HY(Lpi1).

m—i—1

Proof. The multiplication with ™~ defines a linear map of k[t]/(t™*!)-modules
k[e)/ (1) — K[t/ ()

and induces embeddings of k[t]/(t™ ") modules M; iR M,, and N; B N,,. There-
fore it induces an injective k[t]/(t™*!)-module morphism o™ : HY(L;) — H°(L,,).
It is clear that the image of the embedding u? : M; — M, is Anny, (t*'). By
definition, we have H°(L,,) N Annyy, (t) = Anngoz,,)(t""'). The multiplication
map w” : N; = N, is injective, and one deduces easily that the image of v; is

Anngoz,,)(t"1). Since ker 7w, = Anngoz,,)(t""1), this completes our proof. [
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Lemma IV.8. For every family of line bundles L,, € Pic(C),, of type X € Ajmy1,

we have
hO(Lm) = ni(N).

Proof. Choose bases {e;} and {f,} for the free modules M,, and N,, such that &,

is represented by the matrix

0 =Ag+A - t+---+ A, -t

t™h 0 0

All A; are (d+e+1—g) x e matrices over the field k. For every 0 < i < m the image
of {e;} under the map pys : M, — M; gives a basis of M; over k[t]/(¢""!). Similarly,
the image of {f,} under py : N,, — N; gives a basis of N;. With respect to these
bases, the homomorphism @, is represented by the matrix Ag+ Ay -t + - -+ A; - t'.

We first consider the case m = 0. @ is represented by Ay, which is a diagonal

matrix with 1 showing up on the first e +d + 1 — g — [ rows, hence
RO(L) = dimy ker &7, = [ = ni(\).

Let X be the type of £,,_1. One can check easily that X is the image of X\ under the
natural map A; 41 — Apy. For kB < m, we have ng(\) = ng(X). Now it suffices to
show that h°(L,,) — h*(Lym—1) = npa1(A) for m > 1. For each i > 0, A; is a diagonal
matrix with entries 0 or 1, with 1’s in the rows (e4+d+1—g) —l+r +---+71;_1+J,

with 1 < j < r;, where r; = r;(\) (See Definition IV.2). We now consider {t* - ¢}
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and {t* - f,} where 0 < k < m to be the bases of M,, and N,,, respectively, as linear
spaces over k. The matrix associated to &, as a morphism of k—linear spaces has

the upper triangular form

Ay Ay Ay -+ Apy An 00
Ao Av - Aps Apr 000
Ao

Therefore the associated matrix W, ., of &, ., as a k-linear map is the bottom

m—1

right corner submatrix of the associated matrix of ®, ., obtained by omitting the

rows and columns containing the left upper corner Aj.
In each row and column of the matrix W, _, there is at most one nonzero element.
m
Therefore rank W, ~=rankW,  + > rankA;. Since rank(4Ay) =d+e+1—g—1

1=0
and rank(A;) = r;(A\) for 1 <i < m, we deduce that

dimy ker &, — dimgker @, = n,01(N).

Therefore h°(L,,) — h°(Ly1) = nmi1 (). O

Remark 1V.9. For every j with 0 < 57 < m, Lemmas [V.7 and IV.8 imply that the

image of the morphism 7 : H°(L;) — H°(L) has dimension equal to
h(L;) — dimy ker(mg) = h°(L;) = h°(L;1) = nja (A).

Therefore 7 is a zero map if and only if n,1(\) = 0.
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We now fix a line bundle L € Pic?(C) and describe the fibers of the truncation
maps p”_, : Pic?(C)p.r — Pic?(C)n_1 1 for every m. Let {U,} be an affine covering
of C' which trivializes the line bundle L by isomorphisms 7, : L|y, = Op,. Let
{gap = 75 075"} be the corresponding transition functions. For every scheme U,

and ¢ > 1, we have short exact sequence of sheaves on U, x T; as follows:

0— Ou, = Op x1, = Of — 0,

aXT;—1

where the embedding morphism maps z € Oy, to 1 + - t'. Since U, is affine,

H3(Oy,) vanishes for every j > 1. We thus obtain an isomorphism
H'(Ov,x1,) = H' Oy, )-

In other words, we have Pic(U, x T;) = Pic(U, x T;_1) for every . By induction
on i with 0 < i < m, we deduce that {U, x T,,} is an affine covering of C' x T,
which trivializes every line bundle £,, € Pic*(C),,z. In particular, for every line
bundle £; € Picd(C)LL on C' x Tj, there is a trivialization for £; on the covering
{U, x T1} with the transition functions {g.s(1 + tgo%)}. This gives a bijection
£ : Picd(C)y,, — HY(C, Oc) via £(L1) = [¢'1)].

In general, we fix a family of line bundles £,,,_1 € Picd(C)m_l, . After we also fix

a point M in the fiber of p’_, over L,,_1, we get an isomorphism
(Pm-1) "' (Lim-1) = H'(C, Oc).

Since we will use later the description in terms of Cech cohomology classes, we
describe this isomorphism as follows. We choose a trivialization of L£,,_; with the
(m—1)

transition functions g;”ﬂ_l = gap(l + tgo(alg +- tm’lgoaﬁ ). It is easy to see that

there is a trivialization for M with transition functions

m 1 m— m—1 m _(m
g = Gag(L+toll) + - + U g,
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Every point £, € (p7_,) *(L,,—1) has transition functions

1 m— m—1 m
gaﬂ(l + tQO( ) +-+t 190(()4,8 ) +1 (Qoa,B + 1/’0(5))

where [to5] € H'(C, O¢). We thus obtain an isomorphism
€1 (Pn-1)” (Lm-1) = H'(C,Oc)

given by &(L,,) = [Yap). Abusing the notation, we write [£,,] for the cohomology
class corresponding to L,,. Note, however, that this depends on the choice of M.

Let s,,1 € H°(L,,_1) be a nonzero section. The obstruction to extending s,, 1
to a section of L,, can be described as follows. We have a short exact sequence of
sheaves on C' x T,,,

0O—-L—L,— L,y_1—0.

Let 4., be the connecting map HY(L,,_;) — H'(C, L). The long exact sequence on
cohomology implies that s,,_; can be extended to a section s, of £,,, € (p7_ ;)" (Lp_1)
if and only if 0., (sm-1) = 0.

With the above notation, we get the following more explicit obstruction to ex-

tending a section of £, 1 in terms of Cech cohomology.

Lemma IV.10. Fiz a line bundle M in the fiber of p;'_, over L,,_1. For a fized
m—1 .
section Spy—1 = (Y cg)tj) € H(L,,_1), let sy be the its image under
j=0
T H(Lyy) — HO(L).
The section s,,_1 has an extension to a section of L,, if and only if

(1) v(so ® [L]) is the cohomology class corresponding to (—v,, Z gpaﬁc

where v is the natural pairing H°(C,L) ® H'(C,0) — H*(C, L).
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Proof. Assume there is an extension of s,,_; € H°(L,,_1) to a section s,, € H°(L,,).

Locally s, 1 is given by functions Z Dt € T(Uy X Ty, Ovuxr,_,). We write
7=0

Sm as Z D 4 cEm. Let v Lonlv,xr,, — Ov,xt,, be a trivialization of £, on
=0

Uy X T, We thus have the following equality on (U, NUg) X T,y

(3 ) = G )
3=0 j=0
Since (7)1 = (78) " o gl we have ()" 0 gi (32 ) = (7)1 (3 &),
J= Jj=
More explicitly, we obtain
o580 4 D 4 ) NS ) = (5ol
j=0 3=0

in O((U,NUg) x T,,). We now expend this equation and take the coefficient of ¢* for
i with 0 < i < m. If i < m, the equation we obtain from the coefficient of #* always
holds since s,,_1 is a section of £,, ;. For i = m, we obtain

Gas (W - + D @ls - e 4 eM) = (")
j=1

in O((U,NUg) x T). Note that the restriction to the trivialization 77" to the subsheaf

L of L,, is exactly the trivialization ,, we have

(75) ™" © Gap(thas - © Z D) My = ()TN

as sections of L on (U, N Us).

Clearly (7)™ ogas(cd™)—(y5) ™ (cém)) gives the zero cohomology class in H(C, L).
We obtain that v(so®[L,,]), the cohomology class corresponding to (7, 1(wa5~c&0))) is
equal to the cohomology class corresponding to (—7, (Z go(] ) lm= ))) By reversing

the argument, we also obtain the converse. O

Remark IV.11. The identification between the fiber of Picd(C’)m,L — Picd(C)m_LL

and H'(C,O¢) is not canonical. In particular, the expression for v(so ® [£,,]) in ()
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does depend on M. However, for any fixed nonzero section s,,_1, the dimension of

the subset
(L€ (™ VN Lm) | H (L) — H°(L,,_1) has nonempty fiber over s, ;}

is independent of M.

We now prove Theorem IV.5. The idea is similar to that in Kempf’s proof of
Riemann’s multiplicity formula.
Proof of Theorem IV.5. For every effective Cartier divisor D on a smooth variety X
and a point x € D, the multiplicity of D at z is equal to the minimal positive integer
m such that D,, , is a proper subset of X, .

Let L € © be a line bundle with [ = h%(L). We first show that
@ﬂ%L = Pngil(C)m,L

for every m < [. This follows from the description of © as a determinantal variety.
Indeed, let £, € Pic?"'(C),,.. be a line bundle of type A € Ay,,, then Zl:l)\i >1>m.
By Lemma IV.3, we have L, € ©,, 1. Hence 0,, ; = Pic?'(C),, 1 forievery m <.

We now show that ©,, # Picg_l(C)mL for m = [. Let Z; be the image of
O, under Pic!"*(C),, — Pic?”1(C),. It suffices to show that Z; # Pic?”'(C), 1.
For every L,, € O,,1 of type A = (1 < Ay < --- < ), Lemma IV.3 implies
that zl:)\i > m + 1. Hence \; > 2 and ny(\) > 1. By Lemma IV.8, we have

=1

hO(Ly) — h°(L) = ny(A\) > 1. By Remark IV.9, we see that the map
w5 o HY(Ly) — H°(L)

is not zero. Equivalently, there is a nonzero section sy € H°(L) which can be extended

to a section of H(L;). Let Z5 be the subset

L1 € Pic? 1), | wt: HY(Ly) — H°(L) is not zero}.
0



40

We have seen that 2, is a subset of 2, hence it suffice to show that Z, # Pic?™! (C)1-
We now apply Lemma IV.10 with m = 1. Let M be the trivial deformation of L,
i.e. M represents the zero tangent vector at L. To compute the dimension of Z,,

we consider the proper subset
Z={(W,Ly) | v(so® [L41]) =0 for every s € W}

of P(H°(C, L)) x H'(C,O¢). Here P(H®(C, L)) stands for the projective space of
one dimensional subspaces of H°(C,L). Let W be an element in P(H°(C, L)) and
so a nonzero element of W. The induced map H'(C,O¢) — H'(C, L) taking [£,] to

v(so ® [L4]) is surjective. Hence each fiber of the first projection map
Z - P(H(C,L))

is a codimension [ vector space of H*(C,O¢). We obtain dim Z = g — 1. Since Z,
is a subset of the image of the second projection map Z — H'(C,O¢), we obtain
dim Z5 < g — 1. Hence 25 # Picgfl(C')LL. This completes the proof. O

For smooth projective curves of genus ¢ < 2, Riemann’s Singularity Theorem
implies that the theta divisor is smooth. We consider the singularities of the theta

divisor for curves of genus g > 3 in the next section.
4.2 Singularities of the Theta divisor and of the W} loci
Our first goal in this section is to give an upper bound for dim W} (C'),, 1, for each

L € Pic*(C) and m > 0. We fix a line bundle L of degree d with [ = h°(L).

For every partition A € A;,,11, we denote by C) ,, the subset
{L,, € Picd(C)m,L | L, is of type A}.

It is easy to see that locally C),, is the pull back of a locally closed subset of the

m-th jet scheme of the variety of (d + e+ 1 — g) x e matrices. Therefore C),, is a
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constructible subset of Pic*(C),, . By Lemma IV.4, we have W7 (C)pmr = U Chrm,
X

l—r
where \ varies over the partitions in Ay, 41 satisfying > A, > m + 1. In particular,
i=1

we have a finite union ©,, , = |JC\m, where A varies over all elements in A ;41
A

!

with > A; > m + 1. In order to estimate the dimension of ©,, 1, it is enough to
i=1

bound the dimension of C) ,, for every A € A; ;. The idea is to describe the image

of Cy,, under the truncation map pJ* : Picd(C’)m,L — Picd(C)iﬁL for every i < m.

Definition IV.12. A weak flag of H*(C, L) of signature k = (k;) with k1 > -+ > K,

is a sequence of subspaces of H°(C L),
V: HY(C,L)=V,2V;2--2V,.1 DV,

such that dimV; = k; for every 1 < ¢ < n. Here n is called the length of the weak
flag V. Given a weak flag V of H°(C, L) of length n, for every i < n we denote by

V ;) the truncated weak flag of length i:
Vi H(C,L) =V, 21 2+ 2 Vi 2 Vi

For every £,,, € C),, and every j with 0 < 57 < m, we denote by £; the image of L,,

under plf" : Pic?(C),, — Pic*(C);. Lemma IV.8 implies that the function Cy,, — Z
1

which takes £,, to h°(L;) = > ni(\) is constant. For a fixed £,, € C) ,,,, the images
k=1

V; of the morphisms 7} : H°(£;) — H°(L) give a weak flag V., of H°(L) of length
m. Remark IV.9 implies that dimV; = dim H°(£;) — dim H°(L;_;) = nj1(N).
Hence the signature « of the weak flag V., , with x; = n;1(\), only depends on the

partition \.

Lemma IV.7 shows that there is a short exact sequence

0 = HY(Lo1) 22 HO(L,,) — Vi — 0.
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We now choose a splitting of this short exact sequence, which gives a decomposition
H°(L,,) = H*(L, 1) ® V,, , with V,, mapping isomorphically onto V,,,. The restric-
tion map 7™_, : H*(L,,) — H°(L,,_,) maps V,, isomorphic to its image. For the
short exact sequence

m—1

0— HO(,Cm_Q) %;2) Ho(ﬁm_l) > Vi—1 — 0,

we can choose a splitting HO(L,,_1) = H(Ly—2) & Vio_1 such that the restriction
map m,’_; maps \7m into Vm,l. By descending induction on ¢ with 0 < 72 < m, we

can find a subspace V; € H%(L;) for each i such that

1. The restriction of the truncation map = : H°(L;) — H°(L) to V; induces an

isomorphism onto V;.
2. The truncation map mt_, : HO(L;) — H°(L;_) takes V; into V;_,

Definition IV.13. A weak flag V of H°(C, L) of length m is extended compatibly to
the line bundle £,, if there are linear subspaces \N/Z C H°(C, L;) for each i < m such

that (1) and (2) above hold.

In this case, the set of linear subspaces {17;}1 as above is called a compatible
extension of V to line bundle £,,. The above argument shows that every weak flag
V., associated to a line bundle £, can be extended compatibly to the line bundle
L.

For every ¢ with 1 < i < m, recall that A is the image of \ € Ay g1 under the
map A1 — Ariv1. Given a weak flag V of H°(L) of length m, we denote by Si),\V
the set of line bundles £; € Picd(C’)L ¢ such that £; € C;5 and V;) can be extended
compatibly to £;. For a fixed non-increasing sequence k, we define S{}N =U Si),\V”

v’

where V' varies over all weak flags of H°(L) of signature x. For convenience, we set

S(S\,V = SS\,K] = {L}
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Standard arguments show that Sy, and S}, are constructible subsets of Pic*(C); 1.
For the benefit of the reader, we give the details in the appendix. The truncation
map pf" : Pic!(C)m,, — Pic?(C);, maps Cy,, to the set SY. with r; = njuq(N).
In order to estimate the dimension of C) ,,, we only need to estimate dim SZ-):K for a

suitable 1 < m.

Definition IV.14. For a fixed weak flag V of H°(L) of length m, for every i and j

with 1 <17 < j < m, we define gi),\j,V to be the set of pairs (£;, W) such that
1. £; € S}y and W is a subspace of H°(L;) of dimension ;.

2. There is a compatible extension {\7}}19- of Vi;) to L; such that W is the inverse

image of V; in H°(L;) under the isomorphism ‘72 — V.

We call the W in a pair (£;, W) as above a lifting of V; to £;. For any element
s € V}, the preimage of s via the isomorphism W — Vj is called a lifting of s to the
level 1.

In the appendix we also show that S%%V is a constructible subset of a suitable

Grassmann bundle. For the convenience, we set §6\,j,v = {(L,V})} for every A.

Lemma IV.15. Let X, and Y, be constructible subsets of algebraic varieties X and
Y respectively. Let f : X1 — Y7 be the restriction of a morphism g : X — Y. If all

the fibers of f are of dimension d > 0, then dim X; = dim Y] + d.

Proof. Since Y; is a constructible subset of Y, we write Y; as a finite disjoint union
of locally closed subset V;, of Y. We may assume that all subsets V}, are irreducible.
For every k, the inverse image f~1(V}), as the intersection of ¢g7!(V}) with X, is a

constructible subset of X. We thus have

dimY; = m&x{dim Vi} and dim X, = mkax{dim Vi)l
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Hence it is enough to show the statement for the map f~*(V;) — V4 for every k. We
may thus assume that Y] is an irreducible algebraic variety.

m

Consider the stratification X; = [[(W}), where each W} is a locally closed subset
=1

of X. For every [, the morphism W; — Y has fibers of dimension < d. We get
dim W, < dim f(W;) + d < dim Y] + d.

This implies that dim X; = mlax{dim Wi} <dimY; +d.

We now prove the other direction of the inequality. Let {W;},=1  m, be the

collection of those W, that dominates Y;. (This collection is nonempty since otherwise
f~(y) would be empty for a general point y € Y;.) We choose an open subset V' C Y}
such that dim(W; N f~!(y)) is constant for y € V and I < mg. There is a subset
W, with [ < myg such that dim(f~*(y) N W;) = dim f~!(y) = d. We obtain that

dim W; = d + dim Y;. We thus have
dimX > dimW; =dimY; + d.

This completes the proof. O

Lemma IV.16. For a fired point L € Pic’(C) with | = h°(C,L) and a partition
A€ N i1, let k= (K1, Ka, ..., k) be a signature of length m, with k; < nji1(X\) for
every j < m, and V a weak flag of H°(L) of signature k. For everyi with 1 <1i < m,

we write d; for the dimension of the kernel of
py, - Vi H(C,K @ L") — H°(C, K).
Then the the following holds:
(1) dim S}y —dim S} |y < g+d; — ki - (g —d — 1+ ni(N)),

(2) din )y < gi = {0+ (9 - d = L+, () - )
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Proof. Since we fix the partition A\, we may and will omit the superscript A in the
proof. We apply Lemma IV.10 to compute the dimension of \S; v inductively on i.
Sov = {L} implies that dim Sy v = 0. Consider the following commutative diagram:

- o~
Si,z',V — Sifl,i,V

1o Lo
Si,V — Si—l,V

The horizontal map h maps (L£;, W’) to (L;_1, W), where W is the image of W’
under the truncation map 7t , : H°(C, L;) — H°(C,L;_;). The vertical map p; is
given by mapping (£;, W’) to £; and p is defined similarly.

Let L; be a fixed point in S; v. The fiber of p; over the point £; is the set of linear
subspaces W’ C H°(L;) that map isomorphically onto V; via m} : H°(L;) — H°(L).
Let {sox}x be a basis of V;. A lifting W' of V; is determined by the preimage of sq
in W’ for each k. By Lemma IV.7, we see that for every s € V;, any two liftings of s
to the level ¢ differ up to an element of H°(L; ;). Therefore, the relative dimension

of the map p; is h°(L;_1) - ki = (D> n;(N)) - k;. Similarly the relative dimension of
j=1

the second vertical map ps is (Z_Zi nj(A)) - K.

Consider the horizontal ma;;h. For every element (L£;_1,W) € gz‘—u,v, we Now
give a criterion to decide whether it is in the image of h or not. Fix an element
M in the fiber of pi_; : Pic?(C); — Pic?(C);_y over £;_;. We identify the fiber
(pi_y) M (Li—1) with HY(C, O¢). Let {so}x be a basis of W. We donote by s;_1  the
lifting of s ;, to the level i—1 in W. With the notation in Lemma IV.10, every element
Si1gk = (Z_Z: c,g()ltj) € H°(L;_1) has an extension to a section of M’ € (pi_;)71(L;_1)

=

if and only if the following equation holds

(Tx) v(s0x®[M']) = the cohomology class corresponding to (—7;1(2 gogﬁ)c,(;;j)))
=1
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Hence (L£;-1,W) is in the image of h if and only if there is a point M’ €
(pt_1)~Y(L;_1) such that the above identity (f;) holds for every k. We now assume
that (£;_1, W) is in the image of h and fix an element (M’, W) in the fiber of h over

(L;_1,W). The above argument implies that
pr(h (Lo, W) = {[L] € (pi_) " (Lia) | v(sok @ ([Li] — [M])) = 0 for every k}.

By taking the dual linear spaces, we now deduce that py(h~*(L;_1,WW)) is an
affine space consisting of the elements in H'(C, O¢) that annihilate the image of the
pairing

pyv, : Vi@ H(C,K @ L") — H(C, K).
It follows that dim p; (A~ (L1, W)) =g — (ki- (I —d — 1+ g) — d;).

If £; is an element in p; (A1 (L;_1, W)), then a pair (£;, W’) is in the fiber of h over
(Li_1, W) if and only if the truncation map H°(L;) — H°(L;_;) takes W’ into W. A
lifting W’ of W is determined by the preimage of {s;,_1 4}, in W’. By Lemma IV.7,
we see that any two liftings only differ by an element of H°(L). Hence we deduce
that h=1(L;_1, W)Np;*(L;) is an affine space of dimension #;-I. Thus the dimension
of every nonempty fiber of the horizonal map his g+d; —k;- (I —d—1+g) + K; - L.

By Lemma IV.15, we have:
dim Si;v = dim S; v + # - (32 nj(N))
i=1

dim§i7i7v < 51717i7v+g—|—di — R; (l —d-—1 +g) + K -l
dim gi—l,i,V = dim Si—l,V + K; - (i TL]()\)))

J=1

[y

It follows that
dimSi,V — dimSi,l,V S g — K;- (g —d— 1) + dl — K- nz()\)

This proves (1).
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Part (2) follows from (1) by induction on 4, using dim Sy v = 0. O

Remark IV.17. From the proof, we know that the equality in (1) can be achieved if
the map h : §fzv — §{\—1,i,v is a surjection. In fact, we will see that equality can be

achieved when we apply the above lemma in the proofs of the main theorems.

We now prove our first main result.

Proof of Theorem A. Let C' be a curve of genus g > 3. Since we fix the curve C, we
may and will write W for W} (C') for every r and d. By Remark IV.6, we know that
Oging = W, | = ZL>JQ(ngj ~ W!_}). To bound the dimension of (7)) ! (Oing), it is
enough to bound the dimension of (Wg)_l(W;j ~Wi_)) for each I > 2.

Let L be a point in Wéj N Wéfl. We have seen in the proof of Theorem IV.5 that
O = Picgfl(C')m’L for m < 1. Hence dim ©,,, , = mg for m < [. We now assume
that m > [. Recall that we put Cy,, = {L,, € Oy, 1 | L1, is of type A}, where A is a
partition in A;,,11. By Lemma IV.3, ©,, 1, is a finite union of C) ,,,, with A satisfying

!
Y>> Xi > m+ 1. In order to prove the theorem, we first bound the dimension of each

i=1
Crm-

We now fix a partition A € Ay, 11 with Zl:l)‘i > m+ 1. Let k be the signature
with k; = 1 for every ¢ < A\, — 1 and &; :70 for v > N. If £,, € C), we denote
by L; the image of £,, under p* : Pic™(C),, — Pic(C); for every i < m. The
definition of nx () implies that )\, is the largest index k such that n,(\) # 0. Remark
IV.9 implies that the map m;"' : H°(Ly,_1) — H°(L) is nonzero while the map
mt s HO(Ly,) — HO(L) is zero. Let W € H(C, L) be the 1-dimensional subspace

o=!. Consider a weak flag of H°(L) of signature ,

in the image of 7

Vi  HY(C, L) =VooV=V=-Vo 1 =WDV,, ==V, =0.

Hence £; is in Si),\V for each i < \; — 1. We thus conclude that the truncation map
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pr Pic? 1 (C)p.r, — Pic? 1 (O)y,_1., maps O, into Sﬁl_lﬁ.

Let Flag, be the variety parameterizing all weak flags of signature x. Let W be a
1-dimensional subspace of H°(C, L). It defines a weak flag Vi = {V;} of signature
k. We thus have a bijection between Flag, and P(H°(C, L)). We now compute the

dimension of S} _; v, . Let so be a nonzero element in . The multiplication map
Mg, - HO(C, KC X Lil) — HO(C, Kc)

is always injective. We thus conclude that W @ H°(C, Ko @ L™') — H°(C, K¢) is

injective. Recall that d; is the dimension of the kernel of map
py, Vi@ H(C, Ke ® L™) — H°(C, K¢).

We conclude that d; = 0 for every ¢ with 0 < ¢ < m. Moreover, the dual map of my,,
denoted by m? : H'(C,O¢) — H'(C, L), is a surjection. Lemma IV.10 implies that
for every 1 < \; — 1 and every s;_; € H°(L;_;) which is a lifting of s¢, there are line

bundles £; over £;_; such that s;_; can be extended as a section of £;. Therefore,

the horizontal map h : S}

iV §{\—1,z‘,vw is a surjection. By Lemma IV.16 and

Remark IV.17, we obtain that for every weak flag Vy,

N—1

dim S vy = (N = 1)g = > mi(N).
k=1

By Lemma IV.15, we obtain that dim S} _; ,, < mvzvmx{dim S} _1.vyy S Hdim PHO(L),

where W € H°(C, L). We consider C ,, as a subset of the preimage of S5 under

-1,k
the map pY)_,; : Pic!1(C),, — Picgfl(C'),\l_L
Hence

dimCy,, <g-(m—-XN+1)+ mmaftx{dim Sy —1vy } +dimP(HO(L))
N-1

=mg— > nj+Il—1
=1

I
=mg— (D N—ry)+Il—-1
i=1
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Martens’ theorem says that for every smooth curve of genus g > 3, and every d
and r with 2 < d < g—1and 0 < 2r < d, we have dim W} (C) < d—2r. (See [Kem]).

For 1 <m < [, we have

dim(7&) (Wi N\ W) =dim (W] \W! ) +mg
<g—1-2(1—-1)+mg
— (m+1)(g— 1)+ (m— 20— 1))
<(m+1)(g—1)—-m
For m > [, we have

(4.2)

dim(7§) ' (WIZI N WL ) < max {dim(Cy) +g— 20+ 1}

< g (4 (g = )~ (DA = m= 1) = (1=, ()
where \ varies over partitions in A1 with 22:1 Ai > m-+ 1. We conclude that for
every m,we have dim(wg)’l(ngj ~W._,) < (m+1)(g —1). Furthermore, if the
equality is achieved for some m, then there is A € A;,,,41 such that lel A =m—+1and
Il =ry(N), e Ay =--- = \. It follows that for m such that m +_1 is not divisible
by any integer [ € [2,g — 1], the set (7)™ (Oging) = ZQQ(WT%)_I(WQZZ% ~ W/_,) has
dimension smaller than (m + 1)(g — 1). Hence O,, is irreducible for arbitrarily large
m, which implies that ©,, is irreducible for all m. (See [Musl, Proposition 1.6].)
This implies that

dim(r;,) ™ (Osing) < (m +1)(g — 1) — 1

m

for every m.
In order to get the lower bound for dim (7)™ (G4 ), we need the following lemma,

see [Musl, proposition 1.6].

Lemma IV.18. If X s a locally complete intersection variety of dimension n and

}



50

Z C X s a closed subscheme, then dim(mx )~ (Z) > dim(m;y) Y (Z) + n for every

m > 1.

If C is a hyperelliptic curve, we show that dim (7)™ (Ogpne) = (m+1)(g—1) —1
by induction on m > 1. By [ACGH, §VI.4], we know that Oy, has dimension equal
to g — 3, which implies that dim(7) ™ (Ogng) = g — 3+ g =2(g — 1) — 1. We thus
have the assertion for m = 1. Assume now that the assertion holds for m — 1. A

repeated application of Lemma IV.18 implies that for every m > 1,

dim(7&)7N(L) > (m — 1)(g — 1) + dim (7 ")(L).

m

Hence for every L € Oy, dim(7&)~1(L) > (m — 1)(g — 1) 4+ g. Therefore

dim(my) ! (Oging) > dim Oging + (m —1)(9 = 1) + g = (m + 1)(g — 1) — L.

This completes the proof of the theorem for hyperelliptic curves.

We now assume that C' is a nonhyperelliptic curve of genus g, and show that
dim(72) "1 (Oging) = (m + 1)(g — 1) — 2 by induction on m. By [ACGH, §VL.4], we
have dim Og,g = g — 4, hence dim (7)™} (Ogng) = g — 4+ g = 2(g — 1) — 2. This
proves the assertion for m = 1. A repeated application of Lemma IV.18 implies that
for every L € Ogpg and every m > 1, dim(79)~"H(L) > (m—1)(g—1)+dim(7P)~1(L).

We thus have dim(72) 1 (Ogng) > g —4+ (m—1)(g—1)+g=(m+1)(g—1) — 2.

In order to finish the proof, it is enough to show that

dim(n9) " (Oung) < (m +1)(g — 1) — 1

m

for every m. Assume there is some mq such that
dim(m) ™ (Osing) = (mo +1)(g — 1) — 1.
A repeated application of Lemma IV.18 implies that for every m > my,

dim(m,) ™! (Oging) = (m —mo)(g — 1) + dim(m; ) (Oging) = (m +1)(g — 1) — 1.

m
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On the other hand, for nonhyperelliptic curves, Martens’ theorem has a better bound,

namely dim Wj; < d — 2r — 1. By applying it for the theta divisor, we have

dim(Wip Wéfl) <g-—2l.

g

Arguing as in (}), we obtain
!
im(x9)~ (WL} < W) < max {<m (= 1) = (A —m— 1) — (= (V) — 1}
i=1

where A varies over partitions in A;,,—; with Zﬁzl Ai > m—+ 1. It follows that unless

!
there is a A € Ayypq1 with > A\ =m + 1 and ry,(A) = [, we have
i=1

dim(72) ™ (Oging) < (M +1)(g — 1) — 1.

m

Therefore this holds for every m such that m + 1 is not divisible by any integer
2 <1 < g—1. Since there are arbitrarily large such m, we obtain a contradiction. []

In [Musl], Mustata describes complete intersection rational singularities in terms
of jet schemes as follows. If X is a local complete intersection variety of dimension n

over k, then the following are equivalent:
(i) X has rational singularities.
(ii) X has canonical singularities.
(iii) X, is irreducible for each m.
(iv) dim 7, (Xgng) < n(m + 1) for every m.

The equivalence of the first two parts is due to Elkik, see [Elk]. Note also that by
Theorem 3.3 in [EMY], for a reduced irreducible divisor D on a smooth variety X

of dimension n, the following are equivalent,

(i) The jet scheme D,, is a normal variety for every m.
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(ii) D has terminal singularities.

(iii) For every m, dim(m2)™(Dgyng) < (m+1)(n — 1) — 2.

m

Applying these two results to the theta divisor, we obtain the following result con-

cerning the singularities of this variety.

Corollary IV.19. Let C be a smooth projective curve of genus g > 3 over k. The
theta divisor has terminal singularities if C' is a nonhyperelliptic curve. If C is hyper-
elliptic, then the theta divisor has canonical non-terminal singularities. In particular,

the theta divisor has rational singularities for every smooth curve.

We now apply the above ideas to compute the log canonical threshold of the pair
(Pic?(C), W5 (C)) at a point L € W5(C), where C' is general in the moduli space of
curves.

In [Mus2, Corollary 3.6], one gives the following formula for the log canonical
threshold of a pair in terms of the dimensions of the jet schemes. If Y C X is a
closed subscheme and Z C X is a nonempty closed subset, then the log canonical

threshold of the pair (X,Y) at Z is given by

di WV U(ynZz
letz(X,Y) = dim X — sup m(m,) (V"0 )

m>0 m+1

For every L € W) (C'), the above formula implies that

let, (Pic(C), W(C)) = g — sup S Wd (Chmr.

m>0 m+ 1
Our main goal is to estimate the dimension of W (C),, 1, for each m.
We now turn to the proof of Theorem B. Let C be a general smooth projective
curve of genus g and let L be a line bundle on C'. The generality assumption on C

implies that the natural pairing

po: H(C,L)® H°(C,Kc @ L™') — H°(C, K¢)
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is injective for every L. This was stated by Petri and first proved by Gieseker [Gie].
Before proving the theorem, we need to prove an identity for every partition as

preparation.

Lemma IV.20. Let A € A1 and Ao = 0. We now prove that

l

Al
D i) =D (I =i+ 1)\ — Ais).
i=1 i=1

Proof. Given a partition A\ € Aj,,41, we may write it as:

1§)\1:"':>\m1</\m1+1:"':)\m2</\m2+1"')‘mk<>\mk+1:"':)\l'

For simplicity, we write n; for n;(\). It is easy to see that

no= co=mny, =1
Mapy+1 = =Ny, =1 —my
S A OV [ —my_q

This implies that

D U=i+ 1A= Xic) = PO+ = m)* At = Amy) -+ 4 (= m0) A1 — Am,)

=1

= 12()‘7711) + (l - m1)2(/\m2 - /\ml) +oeet (l - mk)2()‘l - /\mk)

Amy Amg Al

= > P+ Y w4+ Y ow?
i=1 i=Amy +1 i=Amy 41
Al Al

= D> o= niM
i=1 =1

]

Proof of Theorem B. Let C be a general smooth projective curve in the sense of

Petri and Gieseker. Let L be a line bundle in W} (C) with | = h°(C, L) > r + 1.
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Since we are only interested in the asymptotic behavior of Wj(C'),, 1, we can assume
that m > [. By Lemma IV.4 we have a stratification Wj(C),, . = |JChm, where
A € Ayt are taken over all length [ partitions satisfying Z.ZZ)” >m+ 1.

We now fix such a partition A\. Let x be a signature_ with k; = n;1(A\) for
every ¢ with 1 < ¢ < m. For every £,, € C),,, we denote by L; the image of
L,, under the truncation p* : Pic?(C),, — Pic*(C);. The images V; of the maps

7y H°(L;) — H°(C, L) give a weak flag V., . By Remark IV.9, we obtain
lele = ho(ﬁl) — ho(ﬁi_l) = ni—i—l()\)-

Therefore V¢, is a weak flag of signature x. The image of £, in Pic?(C)y,_; is in

S //\\l*LVﬁm' Hence the truncation map
pi_y : Pic!(C) — Pic?(C)y -1

maps Cym to S5 _;, = S} _1v, where V varies over all weak flags of signature
\%

k. The key step is to compute the dimension of Sﬁz—l,V for each V. We keep the

notation in the proof of Lemma IV.16.

The fact that the canonical pairing
po : H'(C,L)® H°(C,Ke @ L™') — H°(C, K¢)

is injective implies that all restrictions uy, : V; @ HY(C, K¢ ® L™') — H°(C, K¢) are
injective. Hence d; = dim ker puy; is zero for every weak flag V of H°(L) of signature
K.

We now show that if the canonical pairing p is injective, then all horizontal maps
h: ngzv — §{\71,¢,v in the proof of Lemma IV.16 are surjective. Let (£;_1, W) be an
element in §{\—1,i,v‘ Given a point M in the fiber of pi_, : Pic?(C); — Pic?(C);_; over

L;_1, we get an isomorphism (pi_ ;) ' (L;—1) = H'(C,O¢). Let {so,}, be a basis of
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Vi, and s;_1, the lifting of sq, to the level i —1 in W. It is easy to see that (L£;_1, W)
is in the image of A if and only if there is an element £; € (p_;) ' (L£;_1) such that
for every p, the section s;_;, has an extension to a section of £;. By Lemma IV.10,
we deduce that for every p, s;,_1, has an extension to a section of £; if and only if

the equation of the following form holds:
(op) v(s0p @ [Li]) = 7.

where 7, is a cohomology class in H'(C, L) determined by the section s;_; ,. In order
to prove that (£;_1, W) is in the image of h, it suffices to show the existence of an
element £; € (pi_;)"'(L;_1) such that the equation (¢,) holds for every p.

Recall that H(C, O¢) is the dual space of H(C, K¢), hence we identify [£;] with a
linear map H°(C, K¢) — k. By the duality between H'(C, L) and H°(C, Kc ® L™1),
we identify 7, with a linear map H°(C, K¢ ® L™') — k. For every p, there is a map
ms,, - H(C,Kc @ L") — H°(C, K¢) taking v € HY(C, K¢ ® L") to io(sop ® 7).
Hence the equation (¢,) holds for £; for all p if and only if the composition map

Ms0.p [£4]

HY(C,Kc® L™ <" HY(C,Ke) = k

is equal to 7, for all p.

Let A, be the image of m, . The fact that V;@ H*(C, Kc®@ L") — H°(C, K¢) is
injective implies that the sum > A, in H(C, K¢) is a direct sum. We conclude that
there is a Cech cohomology Cla:ses [L;] satistying (¢,) for all p. Therefore (L;_;, W)
is in the image of h.

Applying Lemma IV.16 and Remark IV.17 to the case i = \; — 1, we obtain
-1

Al
dim Sy =g\ —1) =Y n(M(g—d—1) =Y nia(Mni(N).
=2 i=1
Recall that Flag, is the variety parameterizing all weak flag variety of signature .

We denote by D, the dimension of Flag,. It is easy to see that Flag, is exactly
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the usual flag variety of signature " where ' is the longest decreasing subsequence
of k. Since k1 = ny(\) < ny(\) = | = HC, L), there are only finitely many
ways to get strictly decreasing sequence with values < [ and length < [. There are
thus only finitely many integers D,. Let K; be the maximal value among these

numbers. Clearly K; only depends on [. In particular, it is independent on m, hence

lim £ =0,
m—oo ™

Note that S}

1—Lk

=USs il—l,V7 where V varies over all weak flags in Flag,. We thus
\%

have dim S5 _; ,, < m‘z}x{dim S} _1.v}+Ki. We have seen that pi'_; (Chm) C S3

1— Lk

hence dim Cy , < (m — X +1)g +dim S} _; .. For each m > I, we thus have
codim(Pic (C)p.p, Wi(Cmp) = m/\in {mg — dim Cy,,,}
Al A—1
> ; . _
> m;n{znz( (g—d—1) +Zm g1 (A Kl}
,\l 1
= mm{Z)\—l g—d—1) +an i1 (A Kl}

l—r
where \ varies over the partitions in A;,,+; with >~ A, > m + 1.
i=1

A—1 Al 2
Note that > n;(M)ni1(A) > S n?(\) — 2, and since lim £ =0 = lim %, we
obtain
nf codim(Pic*(C) ., Wi (C)m.1)
N-1
> W}ggomln{ (Z/\—l g— d—l—l—ZnZH K1>}
S . B
2 niﬂio“"&n{mﬂ (D g-d-1 +Z” )}
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By Lemma IV.20, we thus obtain

g codim(Pic™(C) ., W5 (C)m.r)
m—00 m + 1

> inf min {mLH (Z(z —i+ DN =N (g —d—1)+ ) (I—i+1)°(\ — Ai1)> }

i=1 i=1

m—oo A m+11
1=

!
1
— inf min {—Z(/\i A (g—d+1—D)(1—i+ 1)}
For every ¢ with 1 < ¢ <[, let z; = A\; — \;_1. Consider a linear function of the

!
form > b;z; with b; > 0, defined over the region

i=1
l—r
{(z1,-++,m) € R | 2y > 0 for every i, Z(l—z'—r—i—l)a:i >m+ 1},
i=1
The minimum value of this function is achieved at the vertices of this region, i.e. the

l—r
points with all the z; but one equal to 0 and > (I —i —r+ 1)z; =m + 1.
=1

We thus have

® e (P (€). W3(0) 2 mip{ 0

On the other hand, recall that one can locally define a map from Pic?(C) to
a variety of matrices M(gteq1-g)xe such that W7 (C) is the pull back of a suitable
generic determinantal variety Y defined by e +d + 1 — g — r minors. Let &, be
the image of L. The right hand side in (#) is the log canonical threshold of the
pair (M(4tet1-g)xe; Y) at the point ®; (for the formula of log canonical thresh-
old of a generic determinantal variety, see [Doc, Theorem 3.5.7]). We thus have
letr, (Pic?(C), W5 (C)) < lete, (M(ares1-g)xes Y), by [Lar, Example 9.5.8], which com-

pletes the proof. 0

4.3 Appendix

Let L be a line bundle in Pic*(C) with I = h°(C,L). In this section, we are

going to show that the subsets S}y, and S, of Pic*(C); 1, defined in section 2 are
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constructible subsets of Pic?(C); . The key point is to realize gi),\j,V as a constructible
subset of a suitable product of Grassmann bundles.

Let X be a scheme and E a vector bundle of rank n over X. For every d < n, we
denote by Gr(d, E) the Grassmann bundle of d-dimensional subspaces in £ and by
7 the projection morphism from Gr(d, E) to X. We write elements in Gr(d, E) as

pairs (z, W) where z is a point in X and W is a dimension d subspace of E,.

Lemma IV.21. If & : E — F is a homomorphism of vector bundles on the scheme

X, then we have

1. The subset Iy :={x € X | ®, : E, — F, is an injection} is an open subset of

X.

2. If H is a subbundle of F', then the set My = {z | ®,(E,) C H,} is a closed

subset of X.

The proof of Lemma IV.21 is standard, so we leave it to the reader.

Recall that P is a Poincaré line bundle on Pic?(C') x C. From the definition of
jet schemes, we have Pic?(C),, x C,, = (Pic*(C) x O),, = Hom(T},, Pic’(C) x C).
By the adjunction (3.1) in section 1 for Y = Pic*(C),, x C,, and X = Pic*(C) x C,

the identity map of Pic?(C),, x C,, gives an evaluation morphism

Pic?(C),, x Cyy x Tpy = Pict(C) x C.

For every m, we also have a morphism C' 2 C,, that takes a point to the corre-

sponding constant jet. We have the composition map

id Xy xid

n : PicY(C)y x C x Ty, Pic*(C)p x O x Tpy = Pic(C) x C.

We denote by B,, the pull back of the line bundle P to Pic*(C),, x C x T}, via 1.
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Recall that for every partition A in A;,,11, Ch,, is the locally closed subset
{L,, € PicY(C)pm.r | Ly is of type A}

For every 0 < ¢ < m, there is a natural map A;,,+1 — A;;+1 mapping A to X where
Ap = min{\, 7 + 1} for each k < I. We have seen that p* : Pic?(C),,.r — Pic®(O)ir
maps Cy ,, to C5 ;.

We now fix a partition A € A;,,+1. We denote by B, ,, the restriction of 3,, to the
subscheme C) ,,, x C' x T}, where on C), ,, we consider the reduced scheme structure.
We denote by p; the projection to the first factor Picd(C’)m,L xCxT,, — Picd(C)m,L.
It is easy to check that for every L,, € Picd(C’)WL corresponding to a morphism
f : T, — Pic’(C), the restriction of B, to the fiber of P (L) =2 C x Ty, is
(f X ide) (P) = Ly,

Recall that for every ¢ with 0 <4 < m, there is a closed embedding [ : T; < T,,.
Let

Ut Oy X C X Ty = Oy x Cx T,

be the induced embedding. Let D,; be the sheaf py, (V™). (v")*(Bym) on Ch .

Consider the function C),, — Z that takes £,, to h°(C x T;, L;), where L; is the

image of £,, in Pic?(C); = Pic’(C x T;). Lemma IV.8 implies that this function is

constant on C ,,,. By the Base Change Theorem, we deduce that D, ; is a locally

free sheaf of rank Ziin](/\) on C),, whose fiber over a point £, is H°(C, L;). For
i=

every i and j with 0 < j <7 < m, the embedding map v;" factors through v;". We

thus have a natural morphism of sheaves
(")« (") (Bam) = (") (V") (Bam)
on Cy, X C' x T,,. Applying (p1). to it, we obtain a vector bundle map

@’ : Dy; — D
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on Cl,, whose restriction to the fiber over {£,,} is the truncation map
7T;- : HO(EZ) — HO(EJ)

For a fixed partition A € Ay,,11, we consider Kk = (k1,--- , Ky,) a signature with
ki < nj1(A) for every j < m. For every ¢ < m, a point in the fiber product of

Grassmann bundles
Griw = Gr(k1,Da1) Xy - Xonm GT(Ki, Dag)

over Cy,, is written as an (m + 1)-tuple (L,; ‘71, e ,‘Z), where L, € C),, and
V; is a dimension ; subspace of (Dy;)|z, = H(L;) for every j < i. For every
weak flag V of H°(C, L) of signature x, we denote by P, the subset of points
(Lm; \71, e ‘7;) € Gaix, where £, € Cy,, and {‘71, e ‘Z} is a compatible extension

of Vi;) to the line bundle £;. We also write P

m,i,K

for (J Py, ;> where V varies over
\%

all weak flags of H°(C, L) of signature k.
Recall that Flag, is the variety parameterizing weak flags of H°(C, L) of signature

k. We denote by PA

m,i,K

the subset of points
(L; Vi, Vis V!) € Grie % Flag,,

where V' € Flag, and (L,,; Vi, 7‘7@) S

m,i,V'"

Lemma IV.22. Let A € Ay, 41 and K be a signature of length m with k; < njy1(N)

for every 1 < 5 < m. Then for every i with 1 < i < m, PA s a constructible

m,i,K

subsets of Gy . X Flag,.

Proof. For simplicity, we write X for the scheme Gy, . x Flag,. For j with 1 <j <v4,
we denote by p; the projection X onto Gr(kj, Dy ;) and by p;11 the projection of X

onto Flag,. For a fixed j with 1 < j < i, we denote by g; : Gr(kj,Dy;) = Crm.
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The composition map

X p—]> GT(/{]‘,DAJ) q—J> C>\7m

does not depend on a particular choice of j for j <i. We denote it by Y.

For every j with 1 < j <4, we denote by T} the tautological subbundle of ¢} (D ;)
on Gr(k;,Dyj). Let T; = p;T; and F; be the vector bundle piq;(Dy ;) = x*(Da;)-
Hence 7; is a subbundle of F; for each j. Over a point x = (L,y,; Vi, Vi Ve X,
we have T, , = \7j and F;, is H°(L;) where £; is the image of £,, under Pic?(C),, 1, —
Picd(C’)%L. For every k and j with 0 < k < 5 <1, we write \I/i for the composition
T, = F; — Fr.

Let Ry O Ry O --- D R, be the tautological flag bundles on Flag,, where the
fiber of R; over a point V' = {V/},, in Flag, is V/. We write R; for the pull back
of R; via piy1 : X — Flag,. Over a point x = (ﬁm;‘z,--- ,YZ;V') € X, where
V' = {V/} € Flag, we have R;, = V]. Note that Dy is the trivial vector bundle on
Chm with fiber H°(C, L). Hence Fy is a trivial bundle on X with fiber H°(C, L). It

implies that R; is a subbundle of F;.

With the notation in Lemma IV.21, we have
! Wl )
= ﬂ(l%- N My PN Mg?)

j=1

o

m,i,K
This completes the proof. O

Corollary IV.23. With the notation in Lemma IV.22, let 'V be a weak flag of

H°(C,L) of signature k. For every i with 1 < i < m, P,’}l’m and P,?‘mv are both

constructible subsets of Gy -

Proof. We denote by pr; and pry the projections of Gy ;. x Flag, onto Gy, and

as the image of PA  under pry, is

m,i,K

Flag,, respectively. We thus deduce that P)

m,i,K)

a constructible subset of Gy ;.. It is clear that P, ; v is the image of P) Npry ' (V)

m,i,K
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under pry. Lemma IV.22 implies that P, . N pry; (V) is a constructible subset of

m,i,K

Gz, % Flag,. This completes the proof. O]

Corollary IV.24. Let k be a signature of length m with k; < n;i1(\) for every
Jj <m, and V € Flag,. For every i with 1 < i < m, the subsets SZ»):H and S;:V are

constructible subset of Pic*(C); 1.

Proof. For a fixed ¢, let K be a signature of length ¢ such that ; = x; for every j <.
Recall that X is the image of \ under A mt1 — Ayir1. By the definition of Sfﬁ, we
have S}, = SiX’E for every i < m. It suffice to prove the assertion in case i = m.
Recall that x is the morphism of projection Gy, — Cim. The fact that Sﬁm is
the image of Py, ;. under x and Corollary IV.23 shows that Sﬁw is a constructible

subset of Pic?(C'),,.z. The assertion for S}y is proved similarly. O

Lemma IV.25. gi/\,j,V is a constructible subset of the Grassmann bundle Gr(k;, D;)

on Ch;.

The proof of this lemma is similar to those of Lemma IV.22 and Corollary IV.23,

hence we leave it to the reader.



CHAPTER V

Divisorial Valuations via Arc Spaces

5.1 Cylinder Valuations and Divisorial Valuations

The main goal of this section is to establish the correspondence between cylinders
and divisorial valuations described in the introduction. Let X be a variety over a
field k. Recall that a subset C' of X, is thin if there is a proper closed subscheme Z

of X such that C C Z.

Lemma V.1. Let X be a smooth variety over k. If C is a nonempty cylinder in

X, then C s not thin.
For the proof of Lemma V.1, see [ELM][Proposition 1].

Lemma V.2. Let f : X' — X be a proper birational morphism of schemes over k.
Let Z be a closed subset of X and F = f~1(Z). If f is an isomorphism over X \ Z,

then the restriction map of foo

is bijective on the L—valued points for every field extension L of k. In particular, o

18 surjective.

Proof. Since f is proper, the Valuative Criterion for properness implies that an arc

v : Spec L[t] — X lies in the image of f, if and only if the induced morphism
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Yy Spec L((t)) — X can be lifted to X’. « is not contained in Z,, implies that -,
factor through X \ Z < X. Since f is an isomorphism over X \ Z, hence there
is a unique lifting of 7, to X’. This shows that ¢ is surjective. The injectivity of
@ follows from the Valuative Criterion for separatedness of f. The last assertion
follows from the fact that a morphism of schemes (not necessary to be of finite type)
over k is surjective if the induced map on L—valued points is surjective for every field

extension L. O

The Change of Variable Theorem due to Kontsevish [Kon| and Denef and Loeser
[DL] will play an important role in our arguments. We now state a special case of

this theorem as Lemma 1.6.

Lemma V.3. Let X be a smooth variety of dimension n over k and Z a smooth
irreducible subvariety of codimension ¢ > 2. Let f : X' — X be the blow up of X

along Z and E the exceptional divisor.

(a) For every positive integer e and every m > 2e, the induced morphism

wil(CODte(le/){)) — fm(l/J,),i/(COnte(KX//X)))
18 a precewise trivial A° fibration.

(b) For every m > 2e, the fiber of f,, over a point vy, € fu (v (Cont®(Kxi/x))) is

contained in a fiber of X — X, _..
Although Lemma 1.6 is well-known, we give a proof for completeness. The idea is

similar to that of [Bli, Theorem 3.3].

Proof. Suppose that ' is an element in Cont®(Kx//x) C X.,. We denote by ~ the
image of v in X.. Let v, = ¥:X(y) and o/, = X' (7). We denote by L the residue

field of v, and L’ the residue field of +/,. We now describe the fiber of f,, over v,,.
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Let 2 = ¢X'(7) and = ¥X (7). The residue field of z is a subfield of L. Since
e > 1, then x € Z. Let U be an affine open neighborhood of x in X such that 7 is
defined by ¢ regular local parameters, denoted by z1, ..., 2.

Due to the local nature of the question, we can replace X by U and X’ by the
blow up of U along ZNU. It follows that X' C PCU_l, defined by the 2 x 2 minors of

the matrix

Yy Y2 0 Ye

21 29 e Ze
where the y; are the homogeneous coordinates of P¢~!. Suppose that the point 2’ is
in the affine patch U’ of X’ such that y; is not zero. We set y; = 1, then the above

equations are ;27 = z; for every i > 2. The morphism U’ — U induces the ring map
[P 0U) = OU)]ye, -, ye) = OU).

The exceptional divisor F is defined by z; = 0 in O(U’). Since codim Z = ¢, it follows

ord,y/ KX’/X

that Ky x is defined by 2{~'. Hence ord, B = ——

= 4. For simplicity, we
write « for ﬁ Note that m > 2e > e+a. Consider the induced ring homomorphism

(/) OU') — L't/ (™), since fn(7),) = Ym, we obtain

(Ym)*(21) = ()" (21) :tam;aal,,-ti

()" () = ()" (22) = 3 ant
(51) =0

() (2e) = (V)" () :it

where the coefficients a; ; € L with ay o # 0.
We now fix a finitely generated L—algebra M and show that the M—valued points

of f-1(,,) are the affine space A® over M. Let 7/ be an M-valued m-jet in the
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fiber of f,, : Cont®(Kx//x)m — Xin over yp,. For every 1 < j < ¢, we get
(Vm)"(y5) = ibnti
i=0
with b;; € M.
The equality f,,(7”) = vm implies that
) (2) = () =t E et mod ¢7+1

(Ym)*(22) = () (y221) = (i b2,¢ti)(ia mia auti) mod ™ t!
(5.2) =0 =0

(7m>*(zc) = (77/7,1)*<y021) = (Z:O bc,iti)(ta ;) CLLiti) mod tm+1
Comparing the first rows in equations (1) and (2), we get
Z bt = (Ym) " (21) = t° Z apt*  mod ™.
i=0 i=0

This implies that all coefficients by ; for 1 < j < m are determined in terms of {a;,}.

For the coefficients b, j, we compare the second rows in equations (5.1) and (5.2), i.e.

(Z byit") (1 Z apit') = Z ag;t’  mod "
i=0 i=0 i=0
Expanding the product of two sums, we observe that all the coefficients b2 ;;,—a41, - - -, bam

do not show up. On the other hand, the coefficients of ¢/ with j > « give equations

as follows:
20 = 52,0a1,0
2041 = bopaiy +baiaig
(5.3)
AG2m = b2,0am—a + -+ b?,m—aal,O
Note that a; ¢ # 0, by induction on the second index of b, we can solve by, ..., b2 m—q

in terms of {a;,;} and {az;}. We do the similar computations on z3,...,2. It is
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clear that the set of M—valued points of the fiber of f,, over ~,, is an M—affine space
with coordinates b;; for 2 < j < cand m —a + 1 < ¢ < m. This implies that the
fiber of f, at v, is A§,.. - This complete the proof of the part (a).

Let v € ¥ (Cont®(Kx//x)). The proof of Part (a) implies that any two jets .,
and 7/ in the set f,-!(v,,) only differ in the last a coordinates. Hence they have the

same image via the truncation map p__. In particular, this implies part (b). O]

Let X be a smooth variety of dimension n over k. For every irreducible cylinder
C which does not dominate X, we define a discrete valuation as follows. Let v be the
generic point of C' with residue field L. We thus have an induced ring homomorphism
7"+ Ox () — Spec L[t]. Lemma V.1 implies that ker v* is zero. Hence v* extends

to an injective homomorphism v* : k(X) — L((t)). We define a map
orde : k(X)* — Z

by orde(f) = ord,(f) = ordi(v*(f)). If C' does not dominate X, then ordec is a
discrete valuation. If C” is a dense subcylinder of C', then they define the same
valuation. Given an element f € k(X), we can check that orde(f) = ord.(f) for
general point 7" in C'.

From now on we assume that k is a perfect field. We first prove that every

valuation defined by a cylinder is a divisorial valuation.

Lemma V.4. If C is an irreducible closed cylinder in X, which does not dominate

X, then there exist a divisor E over X and a positive integer q such that
(5.4) orde = ¢ - ordg .

Furthermore, we have codim(C') > ¢ - (1 + ordg(K_/x)).
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Proof. We will prove that such divisor £ can be reached by a sequence of blow
ups of smooth centers after shrinking to suitable open subsets. Let (R, m) be the
valuation ring associated to the valuation ords. Suppose that C'is 4,}(S) for some
closed irreducible subset S in X,,. Chevalley’s Theorem implies that the image of
the cylinder C' by the projection ¥(C) = m,,(S) is a constructible set. We denote
its closure in X by Z. This is the center of orde. If C' is irreducible and does not
dominate X, then Z is a proper reduced irreducible subvariety of X. The generic
smoothness theorem implies that there is an nonempty open subset U of X such
that U N Z is smooth. Since U contains the the generic point of Z, then C N U, is
an open dense subcylinder of C. Note that U, is an open subset of X, we have
codim(C, X)) = codim(C' N Uy, Us) and C' C X, and C N Uy C U, define the
same valuation. This implies that we can replace X by U and C' by C N U,. As a
consequence, we may and will assume that Z is a smooth subvariety of X.

If Z is a prime divisor on X, then the local ring Oy 7 is a discrete valuation ring
of k(X) with maximal ideal my z. Given two local rings (A, p) and (B, q) of k(X),
we denote by (A4,p) < (B, q) if A C B is a local inclusion, i.e. p = ¢NA. This defines
a partial order on the set of local rings of k(X). By the definition of Z, we deduce
that

(Ox.z,mx,z) = (R,m).

Since every valuation ring is maximal with respect to the partial order <, it follows
that Ox 7 is equal to the valuation ring R of ord¢, and ord¢ = ¢-ord; for some integer
q > 0. Therefore we may take X’ = X and £ = Z, in which case ordg(K_,x) = 0.
The equality orde Z = ¢ - ordz Z = q implies that C is a subcylinder of Cont=%(E).

Since E is a smooth divisor, we obtain that codim Cont=?(E) = ¢. This proves the
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inequality

codim(C') > ¢ - (1 +ordg(K_)x)) = q.

We now assume that Z is not a divisor, i.e. codim Z > 2. Let f: X’ — X be the
blow up of X along Z. We claim that there exists an irreducible closed cylinder C’
in X’ such that the morphism f,, maps C’ into C' dominantly.

Let e be the vanishing order orde(Kx/x). We can assume that C' = (¢;5)~1(95)
for some closed irreducible subset S in X,, with m > 2e. The smoothness of X
implies that C'\ Z,, is a dense subset of C. Let F' = f~!(Z) be the exceptional

divisor on X'. Tt is clear that f'(Z.) = F. We denote by
0 : X!\ Foo = Xoo \ Zoo

the restriction of f.. Let « be the generic point of C' and L the residue field of ~.

Hence v induces a morphism
vL : Spec L[t] — X.

Lemma V.1 implies that v € X \ Zoo. By Lemma V.2, we deduce that v is bijective
on L—valued piont, hence there is a unique L—valued point of X mapping to v, via
. We denote by 7/ its underlying point in X/ . It is clear that f.(7') = . For
simplicity we write v, for ¥X(v) and +/ for ¥X'(v). By Lemma L6 part (a), we
deduce that f;-1(7,,) is an affine space of dimension e over the residue field of 7,,.
Hence the image of f,-'(v,) in X/, denoted by T, is irreducible. Since 7, is the
generic point of S, there is a unique component of f1(.S) which contains T. Let S’
be this component and C’ the cylinder (X )71(S") in X’_. We now check that the

closed irreducible cylinder C’ satisfies the above conditions. The fact

Fn(Vi) = fm 00X (V) = ¥ (V) = Ym
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implies that 7/ € T. We deduce that ' € C’. It follows that f. maps C’ into C'
dominantly.

The fact that the center of orde on X is Z implies that orde(F) > 0, hence
e = orde(Kxr/x) > 0. Lemma L.6 implies that f,, : " — S is dominant with general

fibers of dimensional e. We thus have dim S’ = dim S + ¢, hence
codimC’ = dim X, — dim S’ = dim X,;, — (dim S + ¢) = codim C — e

We now set X© = X, X = X’ C© = C and CM = C". Since C’ dominates C,
we get that orde and order are equal as valuations of k£(X). If the center of orde on
X' is not a divisor, we blow up this center again (we may need to shrink X’ to make
the center to be smooth). We now run the above argument for the variety X and
C™ and obtain X® and C®. Since every such blow up decreases the codimension
of the cylinder, which is an non-negative integer, we deduce that after s blow ups,

the center of the valuation ordq«) on X (5) is a divisor, denoted by E. We have
ordg = ordpay = -+ = ordpe) = ¢ - ordg.

We now check the inequality codim C' > ¢ - (1+ordg(K_,x)). At each step, we have

codim(C) = codim(CM) + orde(Kxa),/x)

codim(CM) = codim(C®) + orde (K x @), xm)

codim(C~V) = codim(C®)) + ordo (K xe) ) x(s-1)
We thus obtain that
codim(C) = codim(C®)) + iordC(KX(i)/X<¢1>)
= codim(C™) + orde (K x ) x)
It is clear that ordg E = ¢ - ordg(E) = ¢, hence C® C Cont=?(E), and therefore

codim C®) > codim Cont=4(E) = ¢. This complete the proof. O
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Lemma V.5. Let X be a smooth variety and S a constructible subset of X,, for

some m.
(a) V' (S) = ¥, ! (9).
(b) If U is an open subset of X and C' is a cylinder in Uy, then the closure C in

X 18 a closed cylinder in X .

Proof. We first prove part (a). Since 1, is continuous with respect to the Zariski
topologies, we deduce that 1-(S) is closed. We thus have ¥-1(S) C 4(S).
U 1(S) # ¥;1(S), then there is an arc v € ¥,,1(S) \ ¥,1(S). Let U be an affine

neighborhood of ¥y() in X and W = SN U,,. It is clear that

€ () W)\ (W) 1 (W).

In order to get a contradiction, we can replace X by U and S by W. We thus may
assume that X is an affine variety. It follows from the construction of jet schemes
that X, are smooth affine varieties. Let X,, = Spec A,, for every m > 0. Hence

= Spec A where A = U A,,. We claim that if 1-1(S) # ..*(S), then there is an

integer n > m such that
n(V1(5)) # (97 (5))-

Since ¥ (7, (S)) = (pn) "' (S) and (7, (S)) = (p}r,)~'(S), we deduce that

(o) 71(S) = a1 (5)) € (¥, (S)) C ()~ (S)

On the other hand, since p is a locally trivial affine bundle with fiber AdimX(n=m)
we have (pn)~1(S) = (p")~1(S). We thus get an contraction.
We now prove the claim. Let I be the radical ideal defining ¢;1(S) in X and

J the radical ideal defining v;1(S). If —1(S) # ¥ 1(S), then there is an element
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f € I\ J. There exist an integer n > m such that f € A,. Let I, = I N A, and
J, = JNA,. Itis clear that m is the closed subset of X,, defined by J,.
Similarly ¢, (1-1(S)) = (p)~(S) is the closed subset of X,, defined by the ideal I,,.
Since f € I, \ J,, we thus have the assertion of the claim. This completes the proof
of part (a).

For the proof of part (b), let C' = (¢Y)~(S) for some integer m > 0 and some
constructible subset S of U,,. We now consider S as a constructible subset of X,,
and apply part (a), we thus obtain C' = ¢—~1(S) = (¢.X)~'(S). This completes the

proof. O]

Lemma V.6. Let X and X' be smooth varieties over a field k, and f : X' — X a
blow up with smooth center. If C" is a closed cylinder of X', then the closure of the

image fo(C"), denoted by C, is a cylinder in X'. We also have
orde = order; codim C' = codim € + order Kx//x.

Proof. Let e = order Kx1/x. For simplicity, we write 1), for X" and 1, for X for
every m > 0. We first show that C' is a closed cylinder. We choose an integer p > e
and a constructible subset 7" of X/ such that C" = (¢1,)"'(T"). Let m = e+ p. We
denote by S’ the inverse image of 7" by the canonical projection pi* : X', — X'},
Let S = fn(S"). Lemma L6 part (b) implies that f,*(f.(5")) € (pj) " (T") = 5"

We thus have f,-1(f,(S5") = S'. It follows that f..(C") = ¢,,}(S). Hence

m

C = [(C) = 91 (S) = ¥, (S)

is an irreducible closed cylinder in X,,. Here the last equality follows from Lemma
V.5 part (a). Since C' dominates C, we have ord¢ = order. The codimension equality

follows from the fact that dim S’ = dim S 4+ e by Lemma I.6. O
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Lemma V.7. Let X be a smooth variety over a perfect field k. If f 'Y — X
1s a birational morphism from a normal variety Y and E is a prime divisor, then
for every positive integer q, there exist an irreducible cylinder C C X, such that

ordc = q - ordg and
(5.5) codim(C') = ¢ - (1 4+ ordg(Ky/x))

Proof. Let v be the divisorial valuation ¢-ordg on the function field K (X). We define
a sequence of varieties and maps as follows. Let Z; be the center of ¥ on X and
X© = X. We choose an open subset U of X© such that Z, N U is a nonempty
smooth subvariety of U®. If Z, N U is not a divisor, then let f; : XV — y©
be the blow up of U along Zo N U® and h; : X — X the composition of f;
with the embedding U — X. If f; : X® — UG and h; : XO — X0 are
already defined, then we denote by Z; the center of ¥ on X®. We pick an open
subset UM Cc X® such that Z; N U® is a smooth subvariety of U®. If Z; is not a
divisor, then we denote by fiy1 : XD — U® the blow up of U; along Z; NU® and
hivi 2 X0FD — X® the composition of f;,; with the embedding U® — X By
[KM][Lemma 2.45], we know there is an integer s > 0 such that Z; is a prime divisor
on U® and ord;, = ordg. Hence we can replace Y by a smooth variety U and
E=2,nU®. We write g; : Y — X@ for the composition of morphisms h; for j
with ¢ < j < s and the embedding U®) ¢ X ().

Let Cs be the locally closed cylinder Cont?(E) in Y., and Cy the closure of its
image (g0)s(Cs) in X. It is clear that codim Cs = gq. We now show that C' = Cj is
a cylinder that satisfies our conditions. For every ¢ with 1 < i < s, we denote by C};
the closure of the image of C; in X under the map (gi)oo : Yoo — X9 Similarly,
we denote by D; the closure of the image of C in Uéé). It is clear that D; is the

closure of the image of C;, in UY) under the map (fit1)oo : X&) 5 Ul and C; is
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the closure of D; in X9. By Lemma V.6 and Lemma V.5 part (b), using descending
induction on ¢ < s, we deduce that D; is a cylinder in U and C; is a cylinder in

(Xi)oo- We also deduce that orde, = ordp, = orde,,, and

1+1

codim C; = codim D; = codim Cj;; + ordg, Kx(i+1)/x(i>-

We thus obtain ord¢ = ordg, = -+ = ord¢e, = ¢ - ordg and

codimC' = codim € + ordo(Kxa),x)

s—1
= codim Cy + > ordo (K xa+1),x0) = ¢ + ¢ - ordp(Ky,x).
i=0

]

It is clear that Theorem 1.4 follows from Lemma V.4 and Lemma V.7. We now

prove Theorem [.5.

Proof. It Y = X, the assertion is trivial. Hence we may and will assume Y is a closed

subscheme of X and Y # X. By Theorem 1.4, we deduce that

. A +ordg(K_)x) . .codimC
let(X,Y) := inf = ipf 2R
X Y) =i — ' orde (Y)

where C' varies over the irreducible closed cylinders which do not dominate X.

We first show that

() let(X, 1) < inf 28 m: Xon)

m>0 m+1

For every m > 0, let S,, be an irreducible component of Y;, which computes the
codimension of Y,, in X,, and C,, the closed irreducible cylinder v, 1(S,,) in X,.

We thus obtain

codim(C,,) = codim(S,,, X,,) = codim(Y;,,, X,).
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The image ¥o(Cy,) = pg(Sy) is contained in Y, which implies that C,, does not
dominate X. By the definition of contact loci, we know that Y, = Cont="**(Y),,

in X,,. This implies that orde,, (Y) > m + 1. We conclude that

codim(Cy,)  codim(Y;,, Xy,)

let(X,Y) <
ct(X.Y) < orde,, (Y) m+1

Taking infimum over all integers m > 0, we now have the inequality (7).

We now prove the reverse inequality. Given an irreducible closed cylinder C' which

does not dominate X. If ordc(Y) = 0, then g;’gg?yc) = 00. Hence

codimC _ . . codim(Yy,, X,,)
——— > in .
orde(Y) =~ m>0 m+1

From now on, we may and will assume that ordc(Y) > 0. Let m = orde(Y) — 1.

Since C' is a subcylinder of the contact locus Cont=""(Y) = ¢-1(V,,), we have

codimC' _ codim(Y,,, Xpn) _ . , codim(Y,,, X,,)
> > inf .
orde(Y) m+1 m>0 m+1

We now take infimum over all cylinders C' which do not dominate X and obtain

let(X, V) = inf 2HMC o codim(¥m, Xon)
C Ol”dc(Y> m>0 m+1

O

Let X be a smooth variety over a perfect field k£, Y a closed subscheme of X and

7 a closed subset of X. Recall that

~ordg(K_ +1
0.1 =yt S

where E varies over all divisors over X whose center in X intersects Z. By the
correspondence in Theorem 1.4(2), we deduce that for every such divisor E over X,

the corresponding closed irreducible cylinder C' satisfies

W(CYN Z £ 0.
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Applying the argument in the proof of Theorem 1.5, we can show the following

generalized log canonical threshold formula in terms of jet schemes.

Proposition V.8. Let (X,Y) be a pair over a perfect field k and Z a closed subset

of X. We have

' imy (Y, X
lCtz<X, Y) = inf M — in COdlmZ( ms m)

where C' varies over all irreducible closed cylinders with @/}0( YN Z #£ 0, ho(C) # X
and codimy(Y,,, X,n) is the minimum codimension of an irreducible component T' of

Y, such that m,(T) N Z # 0.

Remark V.9. We have seen that

. A +ordg(K_)x) . . codimC . _ codim(Y;,, X,)
let(X,Y) := inf =inf ——— = inf .
(X, Y) B ordg(Y) Xe orde(Y) m20 m+ 1

If one of the infumums can be achieved, then so are the other two. In particular,
when the base field k is of characteristic 0, log resolutions of (X,Y") exist. Hence the
log canonical threshold lct(X,Y’) can be computed at some exceptional divisor E in

the log resolution. In this case, all the infimums can be replaced by minimuns.

Remark V.10. Let k be an algebraically closed field of characteristic 0 and K = k(s)
the function field of A}. Hence K is not a perfect field. There are examples of pairs
(X, Z) over K such that the formula in Theroem 1.5 does not hold. For instance,
let X = Spec K[z] and Y be a prime divisor on X defined by a single equation
(P — s). It is easy to check that lct(X,Y) = 1. On the other hand, for every
m, X, = A and Y, = A™ %) Hence inf @dmUmXm) _ 1/ We thus have

m>0 m+1

let(X,Y) # inf codim (¥rm, Xm)

m>0 m+1
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5.2 The log canonical threshold via jets

In this section, we apply Theorem 1.5 to deduce properties of log canonical thresh-
old for pairs. Our first corollary of Theorem 1.5 is the following comparison result in
the setting of reduction to prime characteristic. Suppose that X is the affine variety
A% over the ring Z and Y is a subscheme of X defined by an ideal a C Z[z1, - - , z,)
that contained in the ideal (z1,---,,). For every prime number p, let X, = A%,
and Y, be the subscheme of X, defined by a-F,[z,--- ,z,]. Note that a log resolu-
tion of (Xq, Yq) induces a log resolution of the pair (X,,Y,) for p large enough. It

follows that lcto(Yq, Xq) = leto(Y,, X)) for all but finitely many p. We now prove

the following inequality for every prime p.

Corollary V.11. If (X,Y) is a pair as above, then for every prime integer p, we
have

ICto(XQ, YQ) > lCto(Xp, }/p>7
where the log canonical thresholds are computed at the origin.

Proof. Using [Mus2][Corollary 3.6], we obtain

. codim((YQ)m,o, (Xq)m)
1Ct0(YQ, XQ) = rizgfo mt 1 .

By Proposition V.8, for every integer m > 0, we have

codimo((Yp)m, (Xp)m) _ codim((¥y)m,o, (Xp)m)
m+ 1 N m+ 1 ‘

leto(Xp,Yy) <

In order to complete the proof, it is enough to show that for every m > 1 and every
prime p,

coditn((Yy) 0, (X)) < codim((Ya)mos (Xq)m).

Since dim(Xq)m, = dim(X,),, = n(m + 1), it suffices to show that

dlm(Y;,)mﬁ Z dlm(YQ)m,o
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for every p.

Let S be Spec Z. Recall that (Y/S),, is the m'™ relative jet scheme of Y/S. Since
a C (z1,--+ ,xy,), the zero map SpecZ — X factors through Y. Let 7: SpecZ — Y
be the zero section. By Lemma II1.7, we deduce that for every m > 1, the function
f(s) = dim(Ys)mr(s) = dim(Y)m,0 is upper semi-continuous on S. Hence we have

dim(Y})m0 > dim(YQ)m,o for every m and p. This completes the proof. O

This in turn has an application to an open problem about the connection be-
tween log canonical thresholds and F-pure thresholds. Recall that in positive char-
acteristic Takagi and Watanabe [TW] introduced an analogue of the log canonical
threshold, the F-pure threshold. With the above notation, it follows from [HW]
that lcto(X,,Y,) > fpty(X,,Y,) for every prime p, where fpt,(X,,Y,) is the F-pure
threshold of the pair (X,,,Y,) at 0. By combining this with Corollary V.11, we obtain

the following result, which seems to have been an open question.

Corollary V.12. With the above notation, we have lcto(Xq, Yq)) > fpte(X,, Y,) for

every prime p.

Let k be a perfect field and k be the algebraic closure of k. For every scheme X

over k, we denote by X the fiber product X x; Speck.

Corollary V.13. Let X be a smooth variety over a perfect field k and Y a closed

subscheme of X. We have
let(X,Y) = let(X,Y).

Proof. For every scheme Z over field k, we know that dim Z = dim Z. We thus have

for every m > 0,

codim(Y;,, X,,,) = codim(Y ., X ).



79
Our assertion follows from Theorem I.5. O

Remark V.14. Corollary is not true if the base field is not perfect. For instance,
let k& be an algebraically closed field and K = k(s) the function field of A}. Let
X = Spec K[z] and Y be the closed subscheme of X defined by z? —s. We have seen
that let(X,Y) = 1. Let K be the algebraic closure of K. We thus have Xz = AL
and Y% is a nonreduced subscheme of X+ defined by (z — s'/7)P. One can check that

let(Xz, Yg) = 1/p.

Corollary V.15. Let X be a smooth variety over a perfect field k and Y a closed
subscheme of X. If H is a smooth irreducible divisor on X which intersects Y and

Z C H is a nonempty closed subset, then
letz(X,Y) > letz(H,LHNY).

Proof. The case HNY = H is trivial since lctz(H, HNY) = 0. We may thus assume
Y N H # H. Similarly, if ZNY = (, then both letz(X,Y) and lctz(H, HNY) are
equal to co. We should assume Z NY = () from now on.

By Proposition V.8, we only have to prove that for every m > 0,
codimy (Y, X,n) > codimz((H NY ), Hy).
Let T be an irreducible component of Y,, such that
Tm(T)NZ # 0 and codim T = codimz (Y, X,).

Since H is a Cartier divisor on X, H NY is defined locally in Y by one equation.
This implies that (HNY'),, = H,,NY,, is defined locally in Y,, by m+1 equations. If
(T N H,,) N Z # ), then there is a component of T'N H,,, denoted by S, such that

Tm(S)NZ # 0 and dim S > dim T — (m + 1). Note that dim X,,, = dim H,,, + m + 1
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and we conclude that
codimy ((H NY ), Hy) < codim(S, H,,) < codim(T N H,,, H,,) < codim(T, X,,).

We now prove that m,,, (TN H,,) N Z # 0. Let v, € T such that 7,(v,) € Z.
Recall that 0, : Y — Y., is the zero section. Since T is invariant under the action
of A, the orbit of 7, is a subset of T. In particular, o,,(7,,(7m)) € T. Since the
zero section is functorial by its construction, we get o,,(Y N H) C Y,, N H,,. In
particular, o,, (7, (vm)) is in T'N H,, and its image under 7, is in Z. This completes

our proof. O

Corollary V.16. If X is a smooth complex variety and Y C X is a proper closed

subscheme, then for we have let(X,Y) > 0.

Proof. Since log canonical thresholds can be computed after passing to an algebraic
closure of k, we can assume k is algebraically closed. It follows from the definition

that let(X,Y) = in}f/ let, (X, Y). For every € Y, we will show that
re

(5.6) let, (X, Y) > 1/ord,(Y).

We thus have lct,(X,Y) > 1/d where d = Ialjleagc{ordx Y'}. Here ord, Y is the maximal
value ¢ such that Iy, C mg(vx, where mx  is the ideal defining .

We prove the inequality (5.6) by induction on dim(X). If X is a smooth curve,
then it follows from definition that lct,(X,Y) = ord, Y. We now assume that
dim X > 2. After replacing X by an open neighborhood of z, we may find H, a
smooth divisor passing through z, such that ord,(H NY) = ord, Y. By Corollary

V.15, we have
let,.(X,Y) > let,(HLHNY) > 1/ord,(HNY) =1/o0rd, Y.

This completes the proof. O
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